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Preface

Semigroup Theory uses abstract methods of Operator Theory to treat initial bound-
ary value problems for linear and nonlinear equations that describe the evolution of a
system. Due to the generality of its methods, the class of systems that can be treated
in this way exceeds by far those described by equations containing only local oper-
ators induced by partial derivatives, i.e., PDEs. In particular, that class includes the
systems of Quantum Theory.

Another important application of semigroup methods is in field quantization.
Simple examples are given by the cases of free fields in Minkowski spacetime like
Klein-Gordon fields, the Dirac field and the Maxwell field, whose field equations
are given by systems of linear PDEs. The second quantization of such a field replaces
the field equation by a Schrödinger equation whose Hamilton operator is given by
the second quantization of a non-local function of a self-adjoint linear operator. That
operator generates the semigroup given by the time-development of the solutions
of the field equation corresponding to arbitrary initial data as a function of time.
More generally, in these cases the structures used in the formulation of a well-posed
abstract initial value problem for the field equation also provide the mathematical
framework for the quantization of the field. Quantum Theory is an abstract theory,
therefore it should be expected that only an abstract approach to classical field equa-
tions using methods from Operator Theory is capable of providing the appropriate
structures for quantization in the less simple cases of nonlinear fields, like the gravi-
tational field described by Einstein’s field equations.

A demonstration of the strength of semigroup methods can be seen in the first rig-
orous proof of well-posedness (local in time) of the initial value problem for quasi-
linear symmetric hyperbolic systems by T. Kato in 1975 in [110]. This result is a
particular application of a theorem on the well-posedness of the initial value prob-
lem for abstract quasi-linear equations1, which has been successfully applied also to
Einstein’s equation’s [102], the Navier-Stokes equations, the equations of Magne-
tohydrodynamics [109] and more. To my knowledge, there is no other approach to
quasi-linear equations leading to a theorem of such generality.

1 See Theorem 11.0.7 below.
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The semigroup approach goes beyond that of a tool for deciding the well-
posedness of initial boundary value problems. For a autonomous nonlinear equa-
tion the important question of the linearized stability of a particular solution leads
on a spectral problem for the operator generating the semigroup given by the time-
development of the solutions of the linearized equation around that solution corre-
sponding to arbitrary initial data as a function of time.2 These methods also provide,
for autonomous linear equations, a representation of the solution of the initial value
problem as an integral over the resolvent of the infinitesimal generator of the asso-
ciated semigroup.3 The resolvent operators can often be represented in the form of
integral operators with kernels which are defined in terms of special functions. This
is not only true in simple cases where the generator is a partial differential opera-
tor with constant coefficients, but also in a number of cases involving non-constant
coefficients. In this way, an integral representation of the solution of the initial value
problem is achieved for all such cases.4 Finally, semigroup methods provide a frame-
work which is general enough to include numerical forms of evolution equations,
opening the possibility of computing true error estimates to the exact solution, rather
than residual errors.

This should not give the impression that the semigroup approach could replace all
‘hard’ analysis facts. Instead, it reduces such application to a bare minimum, which
gives the approach its efficiency.5 For instance, results from harmonic analysis or the
theory of singular integral operators have applications in so called ‘commutator es-
timates’ where the commutator of an intertwining operator with the principal part of
a partial differential operator, usually two unbounded operators, has to be estimated.
To achieve most general results, it is often necessary to choose intertwining operators
as non-local operators.

These methods are especially attractive if not inevitable for theoretical physi-
cists in view of their comprehension of classical physics and quantum physics. In
addition, their efficiency is of advantage in view of time restrictions in the math-
ematics education of physicists. In spite of their power, efficiency and versatility,
semigroup methods are surprisingly little used in theoretical physics.6,7 This appears
to be related to two misconceptions.

First, because of the requirements of Special Relativity and General Relativity,
current problems in fundamental theoretical physics necessarily lead on hyperbolic

2 For instance, see Chapter 5.4.
3 Roughly speaking, for a precise statement see, e.g., Chapter 4.3.
4 See, e.g., [25].
5 But it is the belief of the author that the necessity of the use of ‘hard’ to achieve analyt-

ical facts in the solution of a problem indicates that its structure has not yet been fully
understood.

6 Paradoxically, in some sense, one could also hold the opposite view that these methods
have been used for a long time in theoretical physics, mostly without realizing that they are
rooted in in Spectral Theory.

7 In addition, the author is not aware of a single introduction to PDE based solely on Semi-
groups/Operator Theory, although this would have been possible even before the appear-
ance of classical introductions like [20] that use less general methods.



Preface IX

partial differential equation systems (‘hyperbolic problems’). Standard texts on semi-
groups of linear operators mainly focus on applications to parabolic partial differen-
tial equation systems (‘parabolic problems’). Differently to the hyperbolic case, this
leads to the consideration of strongly continuous semigroups which are in addition
analytic. Apparently, the consideration of parabolic problems originates from a fo-
cus on engineering applications. Engineering sciences predominantly apply classical
Newtonian physics where signal propagation speeds are not limited by the speed
of light in vacuum as this is the case in Special Relativity/General Relativity. For
example, the evolution of a compactly supported temperature field in space at time
t “ 0 by the parabolic heat equation leads to a temperature field that has no com-
pact support for every t ą 0. As consequence, in the evolution signal propagation
speeds occur that exceed the speed of light in vacuum, and hence the equation is
incompatible with Special Relativity. The same is also true for Schrödinger equa-
tions.8 The evolution of hyperbolic partial differential equations systems preserves
the compactness of the support of the data under time evolution. To my experience,
the focus on engineering applications has lead to the quite common misconception
among physicists, and to some extent also among mathematicians working in the
field of partial differential equations, that semigroup methods cannot be applied to
hyperbolic problems.

Second, to my experience, another common misconception is that semigroups of
linear operators can only be applied to systems of linear partial differential equations.
This might be influenced by the fact that most standard texts on semigroups of linear
operators, indeed, focus mainly on such applications.

As a consequence, the course should lead as rapidly as possible from autonomous
linear equations to the nonlinear (quasi-linear) equations which are now seen in the
hyperbolic problems emanating from current physics. Particular stress is on wave
equations and Hermitian hyperbolic systems. The last cover the equations describing
interacting fields in physics and therefore the major part of nonlinear equations
occurring in fundamental physics. Throughout the course applications to prob-
lems from current relativistic (‘hyperbolic’) physics are provided, which display the
potential of the methods in the solution of current problems in physics. These include
problems from black hole physics, the formulation of outgoing boundary condi-
tions for wave equations and the treatment of additional constraints. The last two are
important current problems in the numerical evolution of Einstein’s field equations
for the gravitational field. Some of the examples contain new unpublished results
of the author. To my knowledge, the major part of the material in the second part of
the notes, including non-autonomous and quasi-linear Hermitian hyperbolic systems,
has appeared only inside research papers.

The orientation of this course towards abstract quasi-linear evolution equations
made it necessary to omit a number of topics that were not directly important for
achieving its goals. On the other hand, texts on semigroups of linear operators that
consider those topics are available [39,47,52,57,90,99,106,120,168,179,224]. Also,

8 This was the reason for the development of Quantum Field Theory.
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there is a theory of nonlinear semigroups that largely parallels that of semigroups of
linear operators [15, 19, 88, 138, 146, 167].

This course assumes some basic knowledge of Functional Analysis which can
be found, for instance, in the first volume of [179]. Some examples assume more
specialized knowledge of properties of self-adjoint linear operators in Hilbert spaces
which can be found, for instance, in the second volume of [179]. In addition, some
applications assume basic knowledge of Sobolev spaces of the L2-type as is pro-
vided, for instance, in [217]. Otherwise this course is self-contained. The material is
presented in as compressed a form as possible and its results are formulated in view
towards applications. In general, theorems contain their full set of assumptions, so
that a study of their environment is not necessary for their understanding. For this
reason and to limit the size of this text, shorter definitions appear as part of theo-
rems. In addition, the abstract theory and its applications appear in separate chapters
to allow the reader to estimate the necessary time to acquire the theory.

Chapters 2–5 constitute the notes of a course given at the Department of Mathe-
matics of the Louisiana State University in Baton Rouge in Spring 2005. They pro-
vide a basic introduction into the properties of strongly continuous semigroups on
Banach spaces and applications to autonomous linear hyperbolic systems of PDEs
from General Relativity and Astrophysics. The theoretical part is kept to a mini-
mum with a view to applications in the field of hyperbolic PDEs. It is formulated in
a way which is expected to be natural to readers with a knowledge of the spectral
theory of self-adjoint linear operators in Hilbert spaces. An exception, to this restric-
tion to the minimum in these chapters, is the treatment of the integration of Banach
space-valued maps which is more detailed than is usual in most other comparable
texts. This is due to the fact that such integration is a basic tool which is usually not
covered in standard Functional Analysis courses, at least not to an extent needed in
the study of semigroups of operators. Otherwise, the theoretical material is standard
and for this reason only few references to literature are given. For more comprehen-
sive introductions into the theory of semigroups of linear operators that give a more
exhaustive list of references, the reader is referred, for instance, to [57, 90, 99, 168].

Chapters 6–12 are the notes of a subsequent course at the same place in Spring
2006. They introduce into the field of abstract evolution equations with applications
to non-autonomous linear and quasi-linear hyperbolic systems of PDEs. This second
part of the notes follows closely the late Tosio Kato’s 1993 paper ‘Abstract evolu-
tion equations, linear and quasilinear, revisited’ in Proceedings of the International
Conference in Memory of Professor Kosaku Yosida held at RIMS, Kyoto Univer-
sity, Japan, July 29-Aug. 2, 1991, [114]. Those results are more general than Kato’s
well-known older results9 [107–109] in that they don’t assume special properties of
the underlying Banach spaces. Proofs of Kato’s results are added along with detailed
examples displaying their application to problems in current relativistic physics. In
a few places, Lemmata were added to his outline that appeared necessary for those
proofs.

9 Those results assume the reflexivity and in some places also the separability of the under-
lying Banach spaces.
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1

Conventions

For every map f , the symbol Ran f denotes the set consisting of its assumed values.
In particular, if f is a linear map between linear spaces, ker f denotes the subspace
of the domain of f containing those elements that are mapped to the zero vector. For
every non-empty set S , the symbol idS denotes the identity map on S . We always
assume the composition of maps (which includes addition, multiplication etc.) to be
maximally defined. For instance, the addition of two maps is defined on the (possibly
empty) intersection of their domains.

The symbols N, R, C denote the natural numbers (including zero), all real num-
bers and all complex numbers, respectively. The symbols N˚, R˚, C˚ denote the
corresponding sets without 0. We call x P R positive (negative) if x ě 0 (x ď 0q.
We call x P R strictly positive (strictly negative) if x ą 0 (x ă 0q.

For every n P N˚, e1, . . . , en denotes the canonical basis of Rn. For every x P
R

n, |x| denotes the euclidean norm of x. Further, in connection with matrices, the
elements ofRn are considered as column vectors. Finally, forK P tR,Cu, Mpnˆn,Kq
denotes the vector space of n ˆ n matrices with entries from K. Also, for every
A P Mpnˆ n,Kq, det A denotes its determinant.

For each k P N, n P N˚, K P tR,Cu and each non-empty open subset M of Rn,
the symbol CkpM,Kq denotes the linear space of continuous and k-times continu-
ously differentiable K-valued functions on M. Further, Ck

0pM,Kq denotes the sub-
space of CkpM,Kq containing those elements that have a compact support in M. If
M is bounded, Ckp M̄,Kq is defined as the subspace of CkpM,Kq consisting of those
elements for which there is an extension to an element of CkpV,Kq for some open
subset V of Rn containing M. The superscript k is omitted if k “ 0. We adopt the
convention from General Relativity that for a map f defined on an open subset of Rn

f, j :“
B f
Bx j

for j P t1, . . . , nu or more generally

f,α :“
B|α| f
Bαx

:“
B|α| f

Bxα1
1 . . . Bxαn

n
,
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for α P Nn if existent.1 For every map f : U Ñ R
n which is defined on some subset

U Ă R
n as well as differentiable in x P U, f 1pxq P Mpnˆn,Rq denotes the derivative

of f in x defined by

f 1pxqi j :“
B fi
Bx j
pxq

for all i, j P t1, . . . , nu. In addition, in the case n “ 1, we define the gradient of f in
x by

p∇ f qpxq :“
n
ÿ

i“1

B f
Bxi
pxq ei .

Further, for every differentiable map γ from some non-trivial open interval I of R
into Rn, we define

γ1pτq :“ ppx1 ˝ γq
1
pτq, . . . , pxn ˝ γq

1
pτqq

for every τ P I where x1, . . . , xn denote the coordinate projections of Rn. Further,
BCpRn,Cq denotes the subspace of CpRn,Cq consisting of those functions which
are bounded. C8pRn,Cq denotes subspace of CpRn,Cq containing those functions f
satisfying

lim
|x|Ñ8

f pxq “ 0 .

Throughout the course, Lebesgue integration theory is used in the formulation of
[182]. Compare also Chapter III in [101] and Appendix A in [216]. If not indicated
otherwise, the terms ‘almost everywhere’ (a.e.), ‘measurable’, ‘summable’, etc. re-
fer to the Lebesgue measure vn on R

n, n P N
˚. The appropriate n will be clear

from the context. Nevertheless, we often mimic the notation of the Riemann-integral
to improve readability. We follow common usage and don’t differentiate between a
function which is almost everywhere defined (with respect to the chosen measure) on
some set and the associated equivalence class consisting of all functions which are
almost everywhere defined on that set and differ from f only on a set of measure zero.
In this sense, for p ą 0 the symbol Lp

C
pM, ρq, where ρ is some strictly positive real-

valued continuous function on M, denotes the vector space of all complex-valued
measurable functions f which are defined on M and such that | f |p is integrable with
respect to the measure ρ vn. For every such f , we define the Lp-norm } f }p corre-
sponding to f by

} f }p :“
ˆ
ż

M
| f |p dvn

˙1{p

.

Equipped with } }p, Lp
C
pM, ρq is a Banach space. In addition, we define in the special

case p “ 2 a scalar product x | y2 on L2
C
pM, ρq by

x f |gy2 :“
ż

M
ρ f ˚g dvn ,

1 But, we don’t use Einstein’s summation convention.
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for all f , g P L2
C
pM, ρq. Here ˚ denotes complex conjugation onC. As a consequence,

x | y2 is antilinear in the first argument and linear in its second. This convention is used
for sesquilinear forms in general. It is a standard result of Functional Analysis that
Ck

0pM,Cq is dense in Lp
C
pM, ρq. If ρ is constant of value 1, we omit any reference

to ρ in the previous symbols. L8
C
pMq denotes the vector space of complex-valued

measurable bounded functions on M. For every f P L8
C
pMq we define

} f }8 :“ sup
xPM
| f pxq| .

Equipped with } }8, L8
C
pMq is a Banach space.

Finally, standard results and nomenclature of Operator Theory are used. For this,
compare textbooks on Functional Analysis, e.g., [179] Vol. I, [182,225]. In particular,
for every non-trivial normed vector space pX, } }Xq and any normed vector space
pY, } }Yq over the same field, we denote by LpX,Yq the vector space of continuous
linear maps from X to Y . Equipped with the operator norm } }Op,X,Y, defined by

}A}Op,X,Y :“ sup
ξPX,}ξ}X“1

}Aξ}Y

for all A P LpX,Yq, LpX,Yq, is a normed vector space which is complete if pY, } }Yq

is complete. Frequently, the indices in } }Op,X,Y are omitted if there is no confusion
possible. Finally, for every non-void subset U of some normed vector space pX, } }Xq

and any normed vector space pY, } }Yq, the symbol CpU,Yq denotes the vector space
of continuous functions from U to Y , and the symbol LippU,Yq denotes its subspace
consisting of all Lipschitz continuous elements, i.e., of those elements f for which
there is a so called Lipschitz constant C P r0,8q such that

} f pξq ´ f pηq}Y ď C}ξ ´ η}X

for all ξ, η P U.
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Mathematical Introduction

2.1 Quantum Theory

We give a very brief sketch of the mathematical structure of quantum theory. For
more comprehensive introductions, see [134, 157, 175]. For mathematical introduc-
tions to quantum field theory, see [13, 38, 95, 191, 202] and the second volume of
[179]. For such introductions to quantum field theory in curved space-times see [81]
for the field theoretic aspects and [214] for the geometrical aspects.

The states1 of a physical system are rays2
C.ξ, ξ P X, in a complex Hilbert space

pX, x | yq called a representation space. Such a space is unique up to Hilbert space iso-
morphisms, only. Hence its elements are not observable3 and in this sense ‘abstract’.

Observables of the system correspond to densely-defined, linear and self-adjoint4

operators in X.
A ‘quantization’ of a classical physical system is the association of such oper-

ators to its classical observables like positions, momenta, angular momenta of its
constituents. In this canonically conjugate observables of the classical system are
required to be mapped into observables satisfying Heisenberg’s commutation rela-
tions or their Weylian form. In addition, any densely-defined, linear and self-adjoint
operator in X is considered to be an observable of the quantum system.

The interpretation of measurements is probabilistic. The elementary events
of a measurement of an observable A are the values of its spectrum σpAq. The
last consists of all those complex numbers a for which the corresponding operator
A ´ a is not bijective. Since A is self-adjoint, those values are necessarily real. The

1 For a brief review of the axioms of Quantum Theory see, for e.g., [31].
2 The use of rays in this definition becomes important in the description of particles with

spin.
3 In particular, ‘wave functions’ are not observable. On the other hand, wave functions be-

come observable in the ‘quasi-classical limit’.
4 The assumption of symmetry is in general insufficient since such operators can have non-

real spectral values.
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non-normalized probability of finding the measured value to be part of a bounded
subset Ω Ă R

5 is given by

ψξpΩq “

ż

R

χ
Ω

dψξ “ xξ|χΩ
pAqξy .

Here C.ξ, ξ P X, is the state of the system, ψξ is the spectral measure6 associated to
A and ξ, χ

Ω
denotes the characteristic function of Ω and χ

Ω
pAq is the orthogonal pro-

jection which is associated to χ
Ω
|σpAq by the functional calculus for A.7 Non spectral

values of A do not contribute to this probability since RzσpAq is a ψξ-zero set.8 In
particular, note for the normalization that

ψξpRq “ ψξpσpAqq “
ż

R

dψξ “ xξ|ξy .

After a measurement of A finds its value to be part of Ω, the system is in the state

C.χ
Ω
pAqξ .

Note that in the particular case that Ω is the disjoint union of two bounded subsets
Ω1, Ω2 Ă R

9 that
C.χ

Ω
pAqξ “ C.

´

χ
Ω1
pAqξ ` χ

Ω2
pAqξ

¯

,

i.e., that the system is in the state corresponding to the superposition of χ
Ω1
pAqξ and

χ
Ω2
pAqξ. If A is not found to be part of Ω, it is in the state

C. pidX ´ χ
Ω
pAqq ξ “ C.χ

RzΩpAqξ .

More generally, according to the usual rules of probability10, for any bounded func-
tion f : σpAq Ñ R

11 being ‘universally measurable’12 the non-normalized expecta-
tion value for the measurement of the observable f pAq is given by

ż

R

f dψξ “ xξ| f pAqξy .

5 In addition, Ω is assumed to be a countable union of bounded intervals of R.
6 ψξ is an additive, monotone and regular interval function defined on the set of all bounded

subintervals of R.
7 See, e.g., [179] Vol. I, Theorem VIII.5.
8 This is the case for all ξ P X.
9 For instance this has application in the double-slit experiment.

10 σpAq is the sample space and ψξ is the probability distribution for the random variable
idσpAq.

11 f is a random variable.
12 In particular pointwise limits of sequences of continuous functions on σpAq are universally

measurable.
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The so called Hamilton operator is the associate of the Hamiltonian of the classi-
cal system. It is the generator of the time evolution of the states in the following
sense13,14 If the system is in the state C.ξ, ξ P X, at time t0 P R, it will be/was in the
state

C.Upt ´ t0qξ

at time t P R. Here
Uptq :“ exp

`

´i pt{�q.idσpHq
˘

pHq

is unitary for every t P R, and � is the reduced Planckian constant. Note that U :
R Ñ LpX, Xq is in particular strongly continuous. The unitarity of time evolution
corresponds to conservation of probability.

If ξ P DpHq, the unique solution u : RÑ DpHq of the ‘Schrödinger equation’

i�.u 1ptq “ Huptq

such that upt0q “ ξ, where 1 denotes the ordinary derivative of a X-valued path, is
given by

uptq :“ Upt ´ t0qξ

for all t P R.15

A simple example for a non-relativistic quantum system is given by a spin-
less point-particle of mass m ą 0 solely interacting with an external potential
V P L8pR3q. In the position representation

H “

ˆ

W2
C
pR

3
q Ñ L2

C
pR

3
q, f ÞÑ ´

�
2

2m
� f ` V f

˙

where � denotes the Laplacian in 3 dimensions. The operator corresponding to the
measurement of the k-th, k P t1, 2, 3u, component of position is given by the maximal
multiplication operator Txk in L2

C
pR3q with the k-th coordinate projection xk : R3 Ñ

R defined by xkpx̄q :“ x̄k for all x̄ P R3. Its spectrum consists of all real numbers
and is purely absolutely continuous. Further, for any f P L2

C
pR3q the corresponding

spectral measure ψ f is given by

ψ f pIq “
ż

x´1
k pIq

| f |2 dv3

for every bounded interval I of R. The quantity ψ f pIq gives the non-normalized prob-
ability in a position measurement of finding the k-th coordinate to be in the range I
if the particle is in the state C. f .

13 This is true if the system is closed. Otherwise the Hamiltonian can depend on time.
14 Here we are using the ‘Schrödinger picture’. In the equivalent ‘Heisenberg picture’ the ob-

servables undergo time-evolution, whereas the states of the system stay the same. Heisen-
berg’s picture is generally used in Quantum Field Theory.

15 See Chapter VIII.4 in Vol. I of [179] on ‘Stone’s theorem’.



8 2 Mathematical Introduction

The operator corresponding to the measurement of the k-th, k P t1, 2, 3u, com-
ponent of the momentum is given by the closure of the densely-defined, linear, sym-
metric and essentially self-adjoint operator pk : C80 pR

3,Cq Ñ L2
C
pR3q given by

pk f :“
�

i
B f
Bxk

for every f P C80 pR
3,Cq. The Hilbert space isomorphism to the momentum repre-

sentation is given by the unitary Fourier transformation F2 : L2
C
pR3q Ñ L2

C
pR3q.

The operator in that representation corresponding to the measurement of the k-th,
k P t1, 2, 3u, component of the momentum is given by

F2Tp̄k F´1
2 “ T�xk .

2.2 Wave Equations

Wave equations are an important prototype of hyperbolic equations frequently
appearing in applications. In the following, we study simple examples of such equa-
tions whose corresponding initial value problems can be solved by applications of
the spectral theorem for self-adjoint linear operators in Hilbert spaces. All examples
describe non-dissipative systems. In all cases there is a conserved total energy. The
theorems below are essentially known and proofs are left to the reader. For applica-
tions of Theorem 2.2.1 below to problems in General Relativity and Astrophysics,
see [22–24, 69, 116, 187, 212, 213]. For the treatment of damped wave equations by
semigroup methods, see Chapter 5.4 and the references given in that section.

Theorem 2.2.1. Let pX, x|yq be some non-trivial complex Hilbert space. Further,
let A : DpAq Ñ X be some densely-defined, linear, strictly positive16 self-adjoint
operator in X. Finally, let ξ, η P DpAq.

(i) There is a uniquely determined twice continuously differentiable map
u : RÑ X assuming values in DpAq and satisfying

u2ptq “ ´A uptq (2.2.1)

for all t P R and
up0q “ ξ , u 1p0q “ η .

For this u, the corresponding function (describing the total energy of the field)
Eu : RÑ r0,8q, defined by

Euptq :“
1
2

`

xu 1ptq|u 1ptqy ` xuptq|Auptqy
˘

for all t P R, is constant.

16 That is, the spectrum of A is a subset of the open interval p0,8q.
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(ii) Let B : DpBq Ñ X be some square root of A, i.e., some densely-defined, linear,
self-adjoint operator commuting with A which satisfies17

B2
“ A ,

(for example, B “ A1{2) . Then u is given by

uptq “ cosptBqξ `
sinptBq

B
η (2.2.2)

for all t P R where cosptBq, sinptBq{B denote the bounded linear operators that
are associated by the functional calculus for B to the restrictions of cos, sin {idR
to the spectrum of B.

Proof. The proof is left to the reader. For this, note that (2.2.2) is suggested by con-
sidering the one-parameter unitary groups generated by B and ´B, respectively, and
the observation that, for any ξ, η P DpAq the maps

`

RÑ X, t ÞÑ eitBξ
˘

and
`

RÑ X, t ÞÑ e´itBη
˘

satisfy (2.2.1). The remaining part of the proof mainly consists in a simple applica-
tion of the functional calculus for B and A. For the case B “ A1{2, it can be found,
e.g., in [105]. See also [142] Chapter 24, §8. [\

Theorem 2.2.1 has important applications in Quantum Field Theory.18 There the
(distributional) ‘kernel’ of the operator

sinppt 1 ´ tqA1{2q

A1{2
,

t, t 1 P R, is referred to as ‘commutator function’ for the Klein-Gordon field. For such
an application see, for example, [21]. For mathematical introductions to quantum
field theory, see [13, 38, 95, 191, 202] and the second volume of [179]. For such
introductions to quantum field theory in curved space-times see [81] for the field
theoretic aspects and [214] for the geometrical aspects.

Theorem 2.2.1 has the corollary

Corollary 2.2.2. More generally, let A : DpAq Ñ X be semibounded. Then for any
ξ, η from DpAq there is a uniquely determined twice continuously differentiable map
u : RÑ X assuming values in DpAq and satisfying

u2ptq “ ´A uptq

for all t P R as well as
up0q “ ξ , u 1p0q “ η .

17 For the interpretation of the following equation compare the conventions.
18 For instance, see [32].
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For this u, the corresponding function Eu : RÑ R, defined by

Euptq :“
1
2

`

xu 1ptq|u 1ptqy ` xuptq|Auptqy
˘

for all t P R, is constant. Moreover, this u is given by

uptq “ rcospt
?

qsepAqξ ` rsinpt
?

q{
?

sepAqη

for all t P R where rcospt
?

qse, rsinpt
?

q{
?

se denote the restrictions to
the spectrum of A of the analytic extensions of cospt

?
q and sinpt

?
q{
?

,
respectively.

Proof. Again, the proof is left to the reader. The proof of part (i) is straightforward.
The proof of part (ii) proceeds by decomposition of X into closed invariant subspaces
of A in which the densely-defined, linear and self-adjoint operators induced by A are
positive and bounded, respectively. [\

Simple examples of such A are, for instance,

A “
`

W2
C
pR

n
q Ñ L2

C
pR

n
q, f ÞÑ ´� f ` V f

˘

where n P N
˚, � denotes the Laplacian in n dimensions and V is a real-valued

element of L8
C
pRnq.

For instance, for the Klein-Gordon field of mass m ą 0 on the real line, X “

L2
C
pRq,

A “ F´1
2 pk0

q
2 F2

“

“
`

W2
C
pRq Ñ X , f ÞÑ ´ f 2 ` m2 f

˘‰

where pk0q2 denotes the maximal multiplication operator in X by the function
pR Ñ r0,8q , k ÞÑ k2 ` m2q and F2 : X Ñ X the unitary Fourier transforma-
tion. In particular, the uniquely determined positive self-adjoint square root A1{2 of
A is given by

A1{2
“ F´1

2 k0 F2

and for any bounded continuous complex-valued function on the spectrum rm,8q
of A1{2:

f pA1{2
q “ F´1

2 f pk0
q F2 . (2.2.3)

Finally, it follows from (2.2.3) and some calculation that

ruptqs pxq “

«

cosptA1{2
q f `

sinptA1{2q

A1{2
g

ff

pxq

“
1
2

«

f px` tq` f px´ tq´m t
ż x`t

x´t

J1pm r t2´px´ x 1q2 s1{2 q
r t2´px´ x 1q2 s1{2

f px 1q dx 1

`

ż x`t

x´t
J0pm r t2

´px´ x 1q2 s1{2 q gpx 1q dx 1
j
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for all t P R, f , g P X and almost all x P I. Here J0, J1 denote Bessel functions of
the first kind defined according to [1]. The verification of these results is left to the
reader.

For the case of the Klein-Gordon field of mass m ą 0 in 4-dimensional
Minkowski space X “ L2

C
pR3q,

A “ F´1
2 pk0

q
2 F2

“

“
`

W2
C
pR

3
q Ñ X , f ÞÑ ´� f ` m2 f

˘‰

where pk0q2 denotes the maximal multiplication operator in X by the function
pR3 Ñ r0,8q , k ÞÑ |k|2 ` m2q and F2 : X Ñ X the unitary Fourier transforma-
tion. In particular, the uniquely determined positive self-adjoint square root A1{2 of
A is given by

A1{2
“ F´1

2 k0 F2

and for any bounded continuous complex-valued function on the spectrum rm,8q
of A1{2:

f pA1{2
q “ F´1

2 f pk0
q F2 . (2.2.4)

Finally, it follows from (2.2.4) by some calculation that
«

e´ε A1{2 e i t A1{2

A1{2
f

ff

pxq

“
m

2π2

ż

R3

K1pm
“

|x´ x 1|2 ´ pt ` i εq2
‰1{2

q

r |x´ x 1|2 ´ pt ` i εq2 s1{2
f px 1q dx 1

”

e´ε A1{2
e i t A1{2

f
ı

pxq

“
im2pt ` iεq

2π2

ż

R3

K2pm
“

|x´ x 1|2 ´ pt ` i εq2
‰1{2

q

|x´ x 1|2 ´ pt ` i εq2
f px 1q dx 1

and that
”

cosptA1{2
q f
ı

pxq

“ ´
m2

2π2 lim
εÑ0`

ż

R3
Im

˜

pt ` iεq
K2pm

“

|x´ x 1|2 ´ pt ` i εq2
‰1{2

q

|x´ x 1|2 ´ pt ` i εq2

¸

f px 1q dx 1

«

sinptA1{2q

A1{2
g

ff

pxq

“
m

2π2 lim
εÑ0`

ż

R3
Im

˜

K1pm
“

|x´ x 1|2 ´ pt ` i εq2
‰1{2

q

r |x´ x 1|2 ´ pt ` i εq2 s1{2

¸

gpx 1q dx 1

for all t P R, f , g P X and almost all x P R3. Here the limits are to be taken in X,
r s1{2 denotes the principal branch of the complex square root function and K0,K1
denote modified Bessel functions defined according to [1]. Again, the verification
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of these results is left to the reader. Note that the representations (2.2.2) involve
only continuous linear operators which are functions of A1{2 depending on time.
Hence by the spectral theorem for self-adjoint operators in Hilbert space19, this gives
the continuous dependence of the solutions on the data also in time and hence the
well-posedness of the initial value problem for (2.2.1) in the sense of Hadamard. In
addition, it provides a much wider class of what may be considered as ‘generalized’
or ‘weak’ solutions’ of (2.2.1).

Corollary 2.2.3. (Reformulation of (2.2.1) as a first order system in time) If A is
in addition strictly positive (i.e, the spectrum of A is contained in p0,8q) and B is as
in (ii), then

(i) Y :“ pDpBq ˆ X, p | qq, where p | q : Y2 Ñ C is defined by

pξ|ηq :“ xBξ1|Bη1y ` xξ2|η2y

for all ξ “ pξ1, ξ2q, η “ pη1, η2q P Y , is a complex Hilbert space.
(ii) AB : DpAq ˆ DpBq Ñ Y , defined by

ABpξ, ηq :“ p´η, Aξq

for all ξ P DpAq and η P DpBq, is the generator of a one-parameter unitary group
U : RÑ LpY,Yq. U is given by

Uptqpξ, ηq “
ˆ

cosptBqξ `
sinptBq

B
η,´ sinptBqBξ ` cosptBqη

˙

for all pξ, ηq P Y and t P R. Hence for any ξ P DpAq, η P DpBq there is a unique
continuously differentiable map pu, vq : RÑ Y assuming values in DpAqˆDpBq
and satisfying

u 1ptq “ vptq , v 1ptq “ ´A uptq

for all t P R as well as
up0q “ ξ , vp0q “ η .

This map is given by
pu, vqptq “ Uptqpξ, ηq

for all t P R.

Proof. The proof is left to the reader. For the proof of the case B “ A1{2, see, e.g.,
[179]. [\

19 See the functional calculus form, Theorem VIII.5, in [179] Vol. I.



3

Prerequisites

3.1 Linear Operators in Banach Spaces

In the following, we introduce basics of the language of Operator Theory that can
also be found in most textbooks on Functional Analysis [179,182,186,216,225]. For
the convenience of the reader, we also include associated proofs.

Lemma 3.1.1. (Direct sums of Banach and Hilbert spaces)

(i) Let pX, } }Xq and pY, } }Yq be Banach spaces over K P tR,Cu and } }XˆY : X ˆ
Y Ñ R be defined by

}pξ, ηq}XˆY :“
b

}ξ}2
X ` }η}

2
Y

for all pξ, ηq P Xˆ Y. Then pX ˆ Y, } }XˆYq is a Banach space.
(ii) Let pX, x | yXq and pY, x | yYq be Hilbert spaces over K P tR,Cu and x | yXˆY :
pX ˆ Yq2 Ñ K be defined by

xpξ, ηq|pξ 1, η 1qyXˆY :“ xξ|ξ 1yX ` xη|η
1
yY

for all pξ, ηq, pξ 1, η 1q P Xˆ Y. Then pX ˆ Y, x | yXˆYq is a Hilbert space.

Proof. ‘(i)’: Obviously, } }XˆY is positive definite and homogeneous. Further, it fol-
lows for pξ, ηq, pξ 1, η 1q P Xˆ Y by the Cauchy-Schwarz inequality for the Euclidean
scalar product for R2 that

}pξ, ηq ` pξ 1, η 1q}2
XˆY

“ }ξ ` ξ 1}2
X ` }η` η 1}2

Y

ď p }ξ}X ` }ξ
1
}Xq

2
` p }η}Y ` }η

1
}Yq

2
“ pa` a 1q2 ` pb` b 1q2

“ a2
` b2

` a 1 2 ` b 1 2 ` 2 pa a 1 ` b b 1q

ď a2
` b2

` a 1 2 ` b 1 2 ` 2
a

a2 ` b2 ¨
a

a 1 2 ` b 1 2

“

´

a

a2 ` b2 `
a

a 1 2 ` b 1 2
¯2
“ p }pξ, ηq}XˆY ` }pξ

1, η 1q}XˆYq
2
,
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where a :“ }ξ}X, a 1 :“ }ξ 1}X, b :“ }η}Y, b 1 :“ }η 1}Y, and hence that

}pξ, ηq ` pξ 1, η 1q}XˆY ď }pξ, ηq}XˆY ` }pξ
1, η 1q}XˆY.

The completeness of pXˆ Y, } }XˆYq is an obvious consequence of the completeness
of X and Y .
‘(ii)’: Obviously, x | yXˆY is a positive definite symmetric bilinear, positive definite
hermitian sesquilinear form, respectively. Further, the induced norm on X ˆ Y coin-
cides with the norm defined in (i). [\

Definition 3.1.2. (Linear Operators) Let pX, } }Xq and pY, } }Yq be Banach spaces
over K P tR,Cu. Then we define

(i) A map A is called a Y-valued linear operator in X if its domain DpAq is a sub-
space of X, Ran A Ă Y and A is linear. If pY, } }Yq “ pX, } }Xq such a map is also
called a linear operator in X.

(ii) If in addition A is a Y-valued linear operator in X:
a) The graph GpAq of A by

GpAq :“ tpξ, Aξq P X ˆ Y : ξ P DpAqu.

Note that GpAq is a subspace of X ˆ Y .
b) A is densely-defined if DpAq is in particular dense in X.
c) A is closed if GpAq is a closed subspace of pX ˆ Y, } }XˆYq.
d) A Y-valued linear operator B in X is said to be an extension of A, symboli-

cally denoted by
A Ă B or B Ą A ,

if GpAq Ă GpBq.
e) A is closable if there is a closed extension. In this case,

č

BĄA,B closed

GpBq

is a closed subspace of X ˆ Y which, obviously, is the graph of a unique Y-
valued closed linear extension Ā of A, called the closure of A. By definition,
every closed extension B of A satisfies B Ą Ā.

f) If A is closed, a core of A is a subspace D of its domain such that the closure
of A|D coincides with A, i.e., if

A|D “ A .

Theorem 3.1.3. (Elementary properties of linear operators) Let pX, } }Xq,
pY, } }Yq be Banach spaces over K P tR,Cu, A a Y-valued linear operator in X
and B P LpX,Yq.
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(i) pDpAq, } }Aq, where } }A : DpAq Ñ R is defined by

}ξ}A :“ }pξ, Aξq}XˆY “

b

}ξ}2
X ` }Aξ}

2
Y

for every ξ P DpAq, is a normed vector space. Further, the inclusion ιA :
pDpAq, } }Aq ãÑ X is continuous and A P LppDpAq, } }Aq,Yq.

(ii) A is closed if and only if pDpAq, } }Aq is complete.
(iii) If A is closable, then GpĀq “ GpAq .
(iv) (Inverse mapping theorem) If A is closed and bijective, then A´1 P LpY, Xq.
(v) (Closed graph theorem) In addition, let DpAq “ X. Then A is bounded if and

only if A is closed.
(vi) If A is closable, then A` B is also closable and

A` B “ Ā` B .

Proof. ‘(i)’: Obviously, pDpAq, } }Aq is a normed vector space. Further, because of

}ιA ξ}X “ }ξ}X ď

b

}ξ}2
X ` }Aξ}

2
Y “ }ξ}A

and
}Aξ}Y ď

b

}ξ}2
X ` }Aξ}

2
Y “ }ξ}A

for every ξ P DpAq, it follows that ιA P LppDpAq, } }Aq, Xq and A P LppDpAq,
} }Aq,Yq.
‘(ii)’: Let A be closed and ξ0, ξ1, . . . a Cauchy sequence in pDpAq, } }Aq. Then
pξ0, Aξ0q, pξ1, Aξ1q, . . . is a Cauchy sequence in GpAq and hence by Lemma 3.1.1
along with the closedness of GpAq convergent to some pξ, Aξq P GpAq. This implies
that

lim
νÑ8

}ξν ´ ξ}A “ 0

and the convergence of ξ0, ξ1, . . . in pDpAq, } }Aq. Let pDpAq, } }Aq be complete and
pξ, ηq P GpAq . Then there is a sequence pξ0, Aξ0q, pξ1, Aξ1q, . . . in GpAq which is
convergent to pξ, ηq. Hence pξ0, Aξ0q, pξ1, Aξ1q, . . . is a Cauchy sequence in X ˆ Y .
As a consequence, ξ0, ξ1, . . . is a Cauchy sequence in pDpAq, } }Aq and therefore
convergent to some ξ 1 P DpAq. In particular,

lim
νÑ8

}pξν, Aξνq ´ pξ 1, Aξ 1q}XˆY “ 0

and hence pξ, ηq “ pξ 1, Aξ 1q P GpAq.
‘(iii)’: Let A be closable. Then the closed graph of every closed extension of A
contains GpAq and hence also GpAq . Therefore GpĀq Ą GpAq . This implies in
particular that GpAq is the graph of a map Ã. Further, DpÃq “ pr1GpAq , where
pr1 :“ pX ˆ Y Ñ X, pξ, ηq ÞÑ ξq, is a subspace of X and Ã is in particular a linear
closed extension of A. Hence Ã Ą Ā and GpAq “ GpÃq Ą GpĀq.
‘(iv)’: Let A be closed and bijective. Then it follows by (ii) that pDpAq, } }Aq is a
Banach space and that A P LppDpAq, } }Aq,Yq. Hence it follows by the ‘inverse
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mapping theorem’, for e.g. see Theorem III.11 in Vol. I of [179], that A´1 P

LpY, pDpAq, } }Aqq and by the continuity of ιA that A´1 P LpY, Xq.
‘(v)’: Let DpAq “ X. If A is bounded and ξ0, ξ1, . . . is some Cauchy sequence in
pX, } }Aq, it follows by the continuity of ιA that ξ0, ξ1, . . . is a Cauchy sequence in
X and hence convergent to some ξ P X. Since A is continuous, it follows the con-
vergence of Aξ0, Aξ1, . . . to Aξ and therefore also the convergence of ξ0, ξ1, . . . in
pX, } }Aq to ξ. Hence pX, } }Aq is complete and A is closed by (ii). If A is closed, it
follows by (ii) that pX, } }Aq is a Banach space and that the bijective X-valued lin-
ear operator ιA is continuous. Hence ιA is closed by the previous part of the proof.
Therefore, the inverse of ιA is continuous by (iv) and hence A is bounded.
‘(vi)’: Let A be closable. In a first step, we prove that Ā ` B is closed. For this, let
pξ, ηq P GpĀ` Bq . Then there is a sequence ξ0, ξ1, . . . in DpĀq which is convergent
to ξ and such that pĀ`Bqξ0, pĀ`Bqξ1, . . . is convergent to η. Since B is continuous,
it follows that Āξ0, Āξ1, . . . is convergent to η ´ Bξ. Since Ā is closed, it follows
that ξ P DpĀq as well as Āξ “ η ´ Bξ and hence that ξ P DpĀ ` Bq as well as
pĀ ` Bqξ “ η. Hence Ā ` B is closed, and therefore A ` B is closable such that
Ā` B Ą A` B . Further, it follows by the previous part of the proof that A` B´ B
is a closed extension of A. Hence A` B´ B Ą Ā and therefore also A` B Ą Ā` B.
Finally, it follows that A` B “ Ā` B. [\

Theorem 3.1.4. (Existence of a discontinuous linear functional on every infi-
nite dimensional normed vector space) Let pX, } }q be some infinite dimensional
normed vector space overK P tR,Cu. Then there is a discontinuous linear functional
ω : X Ñ K.

Proof. For this, let B be a Hamel basis of X, i.e., a maximal linearly independent set,
whose existence follows by an application of Zorn’s lemma or the equivalent axiom
of choice. Without restriction, it can be assumed that B contains only elements of
norm 1. Since pX, } }q is infinite dimensional, B contains infinitely many elements
e0, e1, e2, . . . . We define ω : B Ñ N by ωpenq :“ n for all n P N and ωpeq :“ 0 for
all other e P B. Then there is a unique extension of ω to a linear functional on X.
This functional is unbounded and hence discontinuous. [\

Example 3.1.5. (Example for a non-closable linear operator) Let a, b P R be
such that a ă b and I the open interval between a and b. Define ω : CpĪ,Cq Ñ C by

ωp f q :“ lim
xÑa

f pxq

for all f P CpĪ,Cq. Obviously, ω is a densely-defined C-valued linear operator in
L2
C
pIq. Further, let g P CpĪ,Cq be such that gpaq ‰ 0. Then the sequence g0, g1, . . .

in CpĪ,Cq, defined by gν :“ g for all ν P N, is converging in L2
C
pIq to g and

lim
νÑ8

ωpgνq “ gpaq ‰ 0 .

Since C0pI,Cq is dense in L2
C
pIq, there is a sequence h0, h1, . . . in C0pI,Cq such that

lim
νÑ8

}hν ´ g}2 “ 0 .
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For such a sequence
lim
νÑ8

ωphνq “ 0 .

Hence Gpωq contains the differing elements pg, 0q, pg, gpaqq and therefore ω is not
closable. Note that the non-closability of ω is caused by its discontinuity in g.

Theorem 3.1.6. (An application of the closed graph theorem) Let pX, } }Xq,
pY, } }Yq, pZ, } }Zq be Banach spaces over K P tR,Cu, A a closed bijective Y-
valued linear operator in X and B a closable Z-valued linear operator in X such that
DpBq Ą DpAq. Then there is C P r0,8q such that

}Bξ}Z ď C }Aξ}Y

for all ξ P DpAq and hence in particular B|DpAq P LppDpAq, } }Aq,Zq.

Proof. First, it follows by Theorem 3.1.3 (iv) that A´1 P LpY, Xq. Further, B ˝ A´1

is a Z-valued linear operator on Y since A´1 maps into the domain of B. Let pη, ζq P
Gp B ˝ A´1 q. Then there is a sequence pη0, BpA´1η0qq, pη1, BpA´1η1qq, . . . in GpB ˝
A´1q converging to pη, ζq. In particular,

lim
νÑ8

ην “ η

and therefore also
lim
νÑ8

A´1ην “ A´1η .

Since B is closable, it follows that pA´1η, ζq P GpB̄q and hence because of A´1η P
DpAq Ă DpBq that pA´1η, ζq P GpBq. Therefore also BA´1η “ ζ and pη, ζq P
GpB ˝ A´1q. Hence B ˝ A´1 is in addition closed and therefore by Theorem 3.1.3 (v)
bounded. As a consequence, it follows

}Bξ}Z “ }B ˝ A´1Aξ}Z ď C }Aξ}Y

for every ξ P DpAq where C P r0,8q is some bound for B ˝ A´1. [\

Theorem 3.1.7. (Definition and elementary properties of the adjoint) Let pX,
x | yXq and pY, x | yYq be Hilbert spaces overK P tR,Cu, A a densely-defined Y-valued
linear operator in X and U : X ˆ Y Ñ Y ˆ X the Hilbert space isomorphism defined
by Upξ, ηq :“ p´ η, ξq for all pξ, ηq P X ˆ Y .

(i) Then the closed subspace
rUpGpAqqsK

of Y ˆ X is the graph of an uniquely determined X-valued linear operator A˚

in Y which is in particular closed and called the adjoint of A. If in addition
pX, x | yXq“pY, x | yYq, we call A symmetric if A˚ĄA and self-adjoint if A˚“A.

(ii) If B is a Y-valued linear operator B in X such that B Ą A, then

B˚ Ă A˚ .
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(iii) If A˚ is densely-defined, then A Ă A˚˚ :“ pA˚q˚ and hence A is in particular
closable.

(iv) If A is closed, then A˚ is densely-defined and A˚˚ “ A.
(v) If A is closable, then Ā “ A˚˚.

If in addition pX, x | yXq “ pY, x | yYq:

(vi) (Maximality of self-adjoint operators) If A is self-adjoint and B Ą A is sym-
metric, then B “ A.

(vii) If A is symmetric, then Ā is symmetric, too. Therefore, we call a symmetric A
essentially self-adjoint if Ā is self-adjoint.

(viii) (Hellinger-Toeplitz) If DpAq “ X and A is self-adjoint, then A P LpX, Xq.

Proof. ‘(i)’: First, it follows that

rUpGpAqqsK “ tpη, ξq P Y ˆ X : xpη, ξq|Upξ 1, Aξ 1qyYˆX “ 0 for all ξ 1 P DpAqu

and hence that

rUpGpAqqsK “ tpη, ξq P Y ˆ X : xη|Aξ 1yY “ xξ|ξ
1
yX for all ξ 1 P DpAqu .

In particular, it follows for pη, ξ1q, pη, ξ2q P rUpGpAqqsK that

xξ1 ´ ξ2|ξ
1
yX “ 0

for all ξ 1 P DpAq and hence that ξ1 “ ξ2 since DpAq is dense in X. As a conse-
quence, by

A˚ : pr1rUpGpAqqs
K
Ñ X ,

where pr1 :“ pY ˆ X Ñ Y, pη, ξq ÞÑ ηq, defined by

A˚η :“ ξ ,

for all η P pr1rUpGpAqqs
K, where ξ P X is the unique element such that pη, ξq P

rUpGpAqqsK, there is defined a map such that

GpA˚q “ rUpGpAqqsK .

Note that the domain of A˚ is a subspace of Y . In particular, it follows for all η, η 1 P
DpA˚q and λ P K

xη` η 1|Aξ 1yY “ xη|Aξ
1
yY ` xη

1
|Aξ 1yY “ xA

˚η|ξ 1yX ` xA
˚η 1|ξ 1yX

“ xA˚η` A˚η 1|ξ 1yX

xλ.η|Aξ 1yY “ λp˚q ¨ xη|Aξ 1yY “ λp˚q ¨ xA˚η|ξ 1yX “ xλ.A
˚η|ξ 1yX

for all ξ 1 P DpAq and hence also the linearity of A˚.
‘(ii)’: Obvious.
‘(iii)’: For this, let A˚ be densely-defined. Then, it follows



3.1 Linear Operators in Banach Spaces 19

`

Y ˆ X Ñ X ˆ Y, pη, ξq ÞÑ p´ ξ, ηq
˘

“ ´U´1

and hence

GpA˚˚q “
“

´ U´1
pGpA˚qq

‰K
“
“

U´1
pGpA˚qq

‰K
“
“

U´1
rUpGpAqqsK

‰K

“
“

rU´1UpGpAqqsK
‰K
“ GpAqKK “ GpAq Ą GpAq . (3.1.1)

‘(iv)’: For this, let A be closed. Then, it follows for η P rDpA˚qsK

p0, ηq P
“

U´1
pGpA˚qq

‰K
“
“

U´1
rUpGpAqqsK

‰K
“
“

rU´1UpGpAqqsK
‰K

“ GpAqKK “ GpAq “ GpAq

and hence η “ 0. Hence DpA˚q is dense in X, and it follows by (3.1.1) that GpA˚˚q “
GpAq “ GpAq.
‘(v)’: For this, let A be closable. Since Ā is densely defined and closed, it follows by
(iv) that Ā˚ is densely-defined. Because of A Ă Ā, this implies that A˚ Ą Ā˚ and
hence that A˚ is densely-defined, too. Therefore, it follows by (iii) that A Ă A˚˚ and
by (3.1.1) that GpA˚˚q “ GpAq “ GpĀq and hence, finally, that A˚˚ “ Ā. In the
following, it is assumed that pX, x | yXq “ pY, x | yYq.
‘(vi)’: For this, let A be self-adjoint and B a symmetric extension of A. Then, it
follows by using GpBq Ą GpAq that

GpBq Ă GpB˚q “ rUpGpBqqsK Ă rUpGpAqqsK “ GpA˚q “ GpAq

and hence B Ă A Ă B and therefore, finally, that B “ A.
‘(vii)’: For this, let A be symmetric. Then A˚ Ą A and hence also A˚ Ą Ā.

GpĀ˚q “ rUpGpĀqqsK “ rU GpAq sK “ rUpGpAqq sK “
“

rUpGpAqqsKK
‰K

“ GpA˚q “ GpA˚q Ą GpĀq .

‘(viii)’: For this, let A be self-adjoint and DpAq “ X. Then, A “ A˚ is in particular
closed and hence by Theorem 3.1.3 (v) bounded. [\

Theorem 3.1.8. Let pX, x | yXq be a Hilbert space over K P tR,Cu and Y a dense
subspace of X. Further, let x | yY : Y2 Ñ K be a scalar product for Y such that
pY, x | yYq is a Hilbert space over K and such that there is κ ą 0 such that

}ξ}2
Y ě κ }ξ}2

for all ξ P Y where } }Y : Y Ñ R is the norm induced on Y by x | yY. Then, there is a
uniquely determined densely-defined, linear and self-adjoint operator in X such that
DpAq is a dense subspace of pY, x | yYq and

xξ|Aξy “ xξ|ξyY
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for all ξ P DpAq. This A is given by

DpAq “ tξ P Y : xξ|¨yY P LppY, } }q,Kqu

and for every ξ P DpAq
Aξ “ ξ̂

where ξ̂ P X is the, by the denseness of Y in X, the linear extension theorem and
Riesz’ lemma, uniquely determined element such that

xξ|¨yY “ xξ̂|¨y
ˇ

ˇ

Y . (3.1.2)

In particular, A is semibounded from below with bound κ, i.e.,

xξ|Aξy ě κ xξ|ξy

for all ξ P DpAq.

Proof. For ξ P X, it follows

| xξ|ηy | ď }ξ} ¨ }η} ď κ´1{2
}ξ} ¨ }η}Y

for every η P Y and hence by Riesz’ lemma the existence of a uniquely determined
ξ̂ P Y such that

xξ|ηy “ xξ̂|ηyY

for all η P Y . Hence by Bξ :“ ξ̂ for every ξ P X there is given map B : X Ñ X such
RanB Ă Y . Further, B is obviously linear and because of

xBξ|ηy “ xη|Bξyp˚q “ xBη|Bξyp˚qY “ xBξ|BηyY “ xξ|Bηy

for all ξ, η P X also symmetric. Further, for ξ P ker B, it follows that vanishing of
the restriction of xξ|¨y to Y and hence by the denseness of Y in X and Riesz’ lemma
that ξ “ 0. Hence B is injective. In addition, RanB is dense in pY, } }Yq since for
ξ P RanBKY

0 “ xξ|BηyY “ xBη|ξy
p˚q

Y “ xη|ξyp˚q “ xξ|ηy

for every η P X and hence ξ “ 0. As a consequence,

Ran B “ Ran BKYKY “ t0uKY “ Y

where the closure is performed in pY, } }Yq. Therefore, since the inclusion ιYãÑX of
pY, }}Yq into X is continuous and Y is dense in X, it follows also that RanB is dense
in X. In the following, we define A to be the inverse of the restriction of B in image
to its range. Then A is a densely-defined, linear and symmetric operator in X with
range X. In particular, it follows for pξ1, ξ2q P GpA˚q and ξ P DpAq

xξ1|Aξy “ xξ2|ξy “ xBξ2|ξyY “ xBξ2|BAξyY “ xBAξ|Bξ2y
p˚q

Y “ xAξ|Bξ2y
p˚q

“ xBξ2|Aξy
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and hence that ξ1 ´ Bξ2 is orthogonal to RanA “ X. As a consequence, it follows
that ξ1 “ Bξ2 and therefore that ξ1 P DpAq and Aξ1 “ ξ2. Hence A˚ Ă A. Finally,
since the symmetry of A implies that A˚ Ą A, it follows that A is self-adjoint. In
particular, it follows for ξ P DpAq

xξ|Aξy “ xAξ|ξyp˚q “ xBAξ|ξyp˚qY “ xξ|ξy
p˚q

Y “ xξ|ξyY ě κ }ξ}2

and hence that A is in particular semibounded from below with bound κ. Further, if
ξ P DpAq, then

xξ|ηyY “ xBAξ|ηyY “ xAξ|ηy

for all η P Y and hence xξ|¨yY P LppY, } }q,Kq. On the other hand, if ξ P Y is such
that xξ|¨yY P LppY, } }q,Kq and ξ̂ P X such that (3.1.2) is true, it follows that Bξ̂ “ ξ
and hence ξ P DpAq and Aξ “ ξ̂. Finally, if A 1 is a densely-defined, linear and
self-adjoint operator in X such that DpA 1q is a dense subspace of pY, x | yYq and

xξ|A 1ξy “ xξ|ξyY

for all ξ P DpA 1q, then it follows by polarization that

xξ|ηyY “ xξ|A
1ηy “ xA 1ξ|ηy

for all ξ, η P DpA 1q. Hence it follows for ξ P DpAq by the denseness of DpAq in
pY, } }Yq and the continuity of ιYãÑX that

xξ|ηyY “ xA
1ξ|ηy

for all η P Y . Hence xξ|¨yY P LppY, } }q,Kq and by the foregoing ξ P DpAq and
Aξ “ A 1ξ. As a consequence, it follows A Ą A 1 and since A, A 1 are both self-adjoint
that A 1 “ A. [\

Theorem 3.1.9. Let pX, x | yXq and pY, x | yYq be Hilbert spaces over K P tR,Cu, A
a densely-defined Y-valued, linear and closed operator in X. Then A˚A (as usual
maximally defined) is a densely-defined linear, self-adjoint and positive operator in
X. In particular, DpA˚Aq is a core for A and ker A “ kerpA˚Aq.

Proof. Since A is closed, it follows that pDpAq, x yAq, where x yA : pDpAqq2 Ñ K is
defined by

xξ|ηyA :“ xξ|ηyX ` xAξ|AηyY

for all ξ, η P DpAq, is a Hilbert space. In particular, it follows

}ξ}A “

b

}ξ}2
X ` }Aξ}

2
Y ě }ξ}X

for all ξ P DpAq where } }A denotes the norm induced on DpAq by x | yA. Hence by
the previous theorem, B : DpBq Ñ X, defined by

DpBq “ tξ P DpAq : xAξ|A¨yY P LppDpAq, } }Xq,Kqu
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and for every ξ P DpBq by
Bξ “ ξ̂ ,

where ξ̂ P X is the uniquely determined element such that

xAξ|A¨yY “ xξ̂ ´ ξ|¨yX

ˇ

ˇ

DpAq ,

is densely-defined, linear, self-adjoint and semibounded from below with bound 1
and DpBq is a dense subspace of pDpAq, } }Aq. Hence it follows by the definition of
A˚A that

A˚A “ B´ idX .

As a consequence, A˚A is a densely-defined, linear, self-adjoint and positive operator
in X. Further, since DpBq is dense in pDpAq, } }Aq, for ξ P DpAq there is a sequence
ξ0, ξ1, . . . in DpBq such that

lim
νÑ8

}ξν ´ ξ}A “ 0 .

Hence it follows also that

lim
νÑ8

}ξν ´ ξ}X “ 0 , lim
νÑ8

}Aξν ´ Aξ}Y “ 0

and therefore that DpA˚Aq is a core for A. Further, for ξ P kerpA˚Aq it follows

xAξ|AξyY “ xA
˚Aξ|ξyX “ 0

and hence ξ P ker A. Since ker A Ă kerpA˚Aq, it follows finally that ker A “

kerpA˚Aq. [\

Theorem 3.1.10. Let pX, x | yXq and pY, x | yYq be complex Hilbert spaces, A a
densely-defined Y-valued, linear and closed operator in X. Then ker A is a closed
subspace of X and the orthogonal projection P0 P LpX, Xq onto ker A is given by

P0 “ s´ lim
νÑ8

p1` νA˚Aq´1

where ‘s´lim’ denotes the strong limit. Note in particular that, because of

p1` νA˚Aqξ “ ξ

for all ξ P ker A, the elements of ker A are fixed points of p1 ` νA˚Aq´1 for every
ν P N.

Proof. From the linearity of A, it follows that ker A is a subspace of X. Further, for
ξ P ker A there is a sequence ξ0, ξ1, . . . in ker A converging to ξ. The corresponding
sequence Aξ0, Aξ1, . . . is converging to 0. Hence it follows by the closedness of A
that ξ P ker A and therefore that ker A “ ker A is a closed subspace of X. According
to the previous theorem, ker A equals the kernel of the densely-defined, linear, self-
adjoint and positive operator B :“ A˚A in X. In the next step, we prove for ν P N by
using the functional calculus for B that
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p1` νBq´1
“

1
1` ν idσpBq

pBq

where σpBq denotes the spectrum of B. For this, we first note that 1`νB is a densely-
defined, linear and self-adjoint operator in X which is semibounded from below with
bound 1. Hence the spectrum of 1 ` νB is contained in r1,8q and therefore 1 ` νB
is in particular bijective. Further, 1{p1 ` ν idσpBqq is a bounded real-valued function
on σpBq which is measurable with respect to every additive, monotone and regular
interval function on R. By the functional calculus for B, the Cayley transform UB “

pB´ iqpB` iq´1 “ 1´ 2ipB` iq´1 of B is given by

UB “
idσpBq ´ i
idσpBq ` i

pBq “ 1´ 2i
1

idσpBq ` i
pBq .

Hence it follows that
pB` iq´1

“
1

idσpBq ` i
pBq .

Further,

1` νB “ 1´ νi` νpB` iq “
“

p1´ νiqpB` iq´1
` ν

‰

pB` iq

“

„

1´ νi
idσpBq ` i

` ν

j

pBq pB` iq “
1` ν idσpBq
idσpBq ` i

pBq pB` iq

and hence

p1` νBq´1
“

1
idσpBq ` i

pBq
idσpBq ` i

1` ν idσpBq
pBq “

1
1` ν idσpBq

pBq .

In a further step, we prove that the orthogonal projection P0 P LpX, Xq onto ker B is
given by

`

χt0u |σpBq
˘

pBq

where χt0u denotes the characteristic function of t0u. First, it follows by the func-
tional calculus for B that

`

χt0u |σpBq
˘

pBq is an idempotent, self-adjoint, bounded and
linear on X and hence an orthogonal projection. For ξ P X, it follows that

pB` iq´1 `χt0u |σpBq
˘

pBqξ “
1

idσpBq ` i
pBq

`

χt0u |σpBq
˘

pBqξ

“
1
i

`

χt0u |σpBq
˘

pBqξ

and hence that
`

χt0u |σpBq
˘

pBqξ P ker B .

In particular, it follows in the case that 0 is no eigenvalue of B that
`

χt0u |σpBq
˘

pBq is
the zero operator which projects onto ker B “ t0u. Further, if 0 is an eigenvalue of
B, it follows for ξ P ker B by the functional calculus for B that

`

χt0u |σpBq
˘

pBqξ “
`

χt0u |σpBq
˘

p0qξ “ ξ
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and hence also in this case that Ran
`

χt0u |σpBq
˘

pBq “ ker B. Finally,

ˆ

1
1` ν idσpBq

˙

νPN

is a sequence which is uniformly bounded by 1 and everywhere on σpBq pointwise
convergent to χt0u |σpBq. Hence it follows by the functional calculus for B that

s´ lim
νÑ8

1
1` ν idσpBq

pBq “
`

χt0u |σpBq
˘

pBq .
[\

Theorem 3.1.11. (Elementary properties of the resolvent) Let pX, } }Xq be a non-
trivial Banach space over K P tR,Cu and A a densely-defined closed linear operator
in X.

(i) We define the resolvent set ρpAq Ă K of A by

ρpAq :“ tλ P K : A´ λ is bijectiveu .

Then ρpAq is an open subset of K. Therefore, its complement σpAq :“ KzρpAq,
which is called the spectrum of A, is a closed subset of K.

(ii) We define the resolvent RA : ρpAq Ñ LpX, Xq of A by

RApλq :“ pA´ λq´1

for every λ P ρpAq. Then RA satisfies the first resolvent formula

RApµq ´ RApλq “ pµ´ λqRApµqRApλq (3.1.3)

for every λ, µ P ρpAq and the second resolvent formula

RApλq ´ RBpλq “ RApλqpB´ AqRBpλq (3.1.4)

for every λ P ρpAq X ρpBq where B is some closed linear operator in X having
the same domain as A, i.e., DpBq “ DpAq.

(iii) For every ξ P X, ω P LpX,Kq is the corresponding function

ω ˝ RAξ

real-analytic/holomorphic. Here RAξ : ρpAq Ñ X is defined by pRAξqpλq :“
RApλqξ.

Proof. ‘(i), (iii)’: For this, let λ0 P ρpAq. Then A ´ λ0 is a closed densely-defined
bijective linear operator in X and hence RApλ0q P LpX, Xqzt0u. Then it follows for
every λ P U1{}RApλ0q}pλ0q

A´ λ “
“

idX ´ pλ´ λ0q .RApλ0q
‰

pA´ λ0q
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and therefore, since
idX ´ pλ´ λ0q.RApλ0q

is bijective as a consequence of

}pλ´ λ0q.RApλ0q} ă 1 ,

see e.g. [128] Chapter IV, §2, Theorem 2, that A´ λ is bijective as a composition of
bijective maps and

RApλq “
8
ÿ

k“0

pλ´ λ0q
k
rRApλ0qs

k`1 . (3.1.5)

Hence λ P ρpAq and in particular for every ξ P X, ω P LpX,Kq

pω ˝ RAξqpλq “
8
ÿ

k“0

ω
`

rRApλ0qs
k`1ξ

˘

pλ´ λ0q
k . (3.1.6)

‘(ii)’: For λ, µ P ρpAq and every ξ P DpAq, it follows

pA´ µqξ “ pA´ λqξ ` pλ´ µqξ

and hence for every η P X

pA´ µqRApλqη “ η` pλ´ µqRApλqη .

The last implies
RApλq “ RApµq ` pλ´ µqRApµqRApλq

and hence (3.1.3). Finally, let B : DpAq Ñ X be some closed linear operator in X.
Then it follows for every µ P ρpAq, λ P ρpBq and every ξ P DpAq

pA´ µqξ “ pA´ Bqξ ` pB´ λqξ ` pλ´ µqξ

and hence for every η P X

pA´ µqRBpλqη “ pA´ BqRBpλqη` η` pλ´ µqRBpλqη .

The last implies

RBpλq “ RApµqpA´ BqRBpλq ` RApµq ` pλ´ µqRApµqRBpλq

and hence (3.1.4). [\

3.2 Weak Integration of Banach Space-Valued Maps

The integration of Banach space-valued maps [49, 52, 225] is an essential tool in the
study of semigroups of operators. Most authors use for this the Bochner integral.
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Instead, the so called weak (or Pettis) integral is developed in the following up to
the level needed for the remainder of the course. The use of the more general weak
integral is mainly due to the validity of Theorem 3.2.2 below which seems to favour
the approach via weak integration in the important special case of Hilbert space-
valued maps. On the other hand, in the following only integrals of maps are needed
which are a.e. defined and a.e. continuous on open subsets of Rn for some n P N˚.
For this class of functions, it can easily be seen that the weak integral and the Bochner
integral coincide if existent.

Definition 3.2.1. (Weak Integral/Pettis’ integral) Let n P N
˚ and pX, } }q be a

Banach space over K P tR,Cu. We define for every X-valued map f which is a.e.
defined on Rn:

(i) f is weakly measurable if ω ˝ f is measurable for all ω P LpX,Kq ,
(ii) f is weakly summable if ω ˝ f is summable for every ω P LpX,Kq and if there is

ξ P X such that

ωpξq “

ż

Rn
ω ˝ f dvn

for every ω P LpX,Kq. Such ξ, if existent, is unique since LpX,Kq separates
points on X.1 For this reason, we define in that case the weak (or Pettis) integral
of f by

ż

Rn
f dvn :“ ξ .

Theorem 3.2.2. (Existence of the weak integral for reflexive Banach spaces) Let
n P N

˚, pX, } }q be a reflexive Banach space over K P tR,Cu and f a X-valued
map which is a.e. defined on Rn. Then f is weakly summable if and only if ω ˝ f is
summable for every ω P LpX,Kq.

Proof. If f is weakly summable, by definition, ω ˝ f is summable for every ω P

LpX,Kq. If, on the other hand, ω ˝ f is summable for every ω P LpX,Kq, we define
A : LpX,Kq Ñ L1

K
pRnq by

Aω :“ ω ˝ f

for every ω P LpX,Kq. Obviously, A is linear. A is in addition closed. For this,
let ω P LpX,Kq, ω1, ω2, . . . be a sequence in LpX,Kq such that ω1 ˝ f , ω2 ˝ f , . . .
is convergent to some g P LpX,Kq. Then a subsequence of ω1 ˝ f , ω2 ˝ f , . . . is
converging a.e. pointwise on R

n to g. Hence ω ˝ f is a.e. equal to g on R
n and

therefore Aω “ g. Hence A P LpLpX,Kq, L1
K
pRnqq by the closed graph theorem,

Theorem 3.1.3 (v). As a consequence, IA : LpX,Kq Ñ K, defined by

IApωq :“
ż

Rn
ω ˝ f dvn ,

is an element of LpLpX,Kq,Kq. Since X is reflexive, it follows the existence of ξ P X
such that IApωq “ ωpξq for all ω P LpX,Kq and therefore, finally, the weak summa-
bility of f . [\

1 See, e.g., [186] Theorem 3.4.
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Remark 3.2.3. For an example of an actual calculation of a weak integral, compare
the proof of Lemma 10.2.1 (v).

Theorem 3.2.4. (Elementary properties of the weak integral) Let n P N˚, K P
tR,Cu, pX, } }Xq, pY, } }Yq be Banach spaces over K, f , g be X-valued maps which
are a.e. defined on Rn and weakly summable, λ P K and T P LpX,Yq.

(i) If f is weakly integrable and g is a.e. equal to f , then g is weakly integrable and
ż

Rn
g dvn

“

ż

Rn
f dvn .

(ii) Then f ` g, λ f and T ˝ f are weakly integrable and
ż

Rn
f ` g dvn

“

ż

Rn
f dvn

`

ż

Rn
g dvn ,

ż

Rn
λ f dvn

“ λ

ż

Rn
f dvn ,

ż

Rn
T ˝ f dvn

“ T
ż

Rn
f dvn .

(iii) For every f P L1
K
pRnq and every ξ P X:

ż

Rn
f . ξ dvn

“

ˆ
ż

Rn
f dvn

˙

. ξ

where f . ξ is defined by p f . ξqpxq :“ f pxq. ξ for all x in the domain of f .

Proof. ‘(i)’: Obvious.
‘(ii)’: For every ω P LpX,Kq, ω ˝ p f ` gq “ ω ˝ f ` ω ˝ g, ω ˝ pλ f q “ λω ˝ f is
summable and

ż

Rn
ω ˝ p f ` gq dvn

“ ω

ˆ
ż

Rn
f dvn

`

ż

Rn
g dvn

˙

,

ż

Rn
ω ˝ pλ f q dvn

“ ω

ˆ

λ

ż

Rn
f dvn

˙

.

Further, it follows for every ω P LpY,Kq that ω ˝ T P LpX,Kq and hence the summa-
bility of ω ˝ pT ˝ f q “ pω ˝ T q ˝ f and

ż

Rn
ω ˝ pT ˝ f q dvn

“ pω ˝ T q
ˆ
ż

Rn
f dvn

˙

“ ω

ˆ

T
ż

Rn
f dvn

˙

.

‘(iii)’: For this, let f P L1
K
pRnq and ξ P X. Then it follows for every ω P LpX,Kq that

ω ˝ p f . ξq “ ωpξq . f is summable and that
ż

Rn
ω ˝ p f . ξq dvn

“ ω

ˆˆ
ż

Rn
f dvn

˙

. ξ

˙

.

[\
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Theorem 3.2.5. (Existence of the weak integral) Let K P tR,Cu, pX, } }q be a K-
Banach space, n P N˚, Ω a non-empty open subset of Rn and f : Ω Ñ X almost
everywhere continuous.

(i) There is a sequence psνqνPN of step functions such that supppsνq Ă Ω, Ranpsνq Ă
Ranp f q Y t0Xu for all ν P N and for almost all x P Rn

lim
νÑ8

sνpxq “ f̂ pxq

where f̂ : Rn Ñ X is defined by f̂ pxq :“ f pxq for all x P Ω and f̂ pxq :“ 0X for
all x P RnzΩ. (As a consequence, f̂ is ‘strongly measurable’.)

(ii) f̂ is essentially separably-valued, i.e., there is a zero set M Ă R
n along with an

at most countable subset D of X such that f̂ pRnzMq Ă D.
(iii) If } f̂ pxq} ď hpxq for almost all x P Rn and some a.e. on Rn defined summable

function h, then f̂ is weakly-summable, } f̂ } is summable and
›

›

›

›

ż

Rn
f̂ dvn

›

›

›

›

ď

ż

Rn
} f̂ } dvn . (3.2.1)

Proof. ‘(i)’: For this, we define for every ν P N˚, k P Zn the interval Iνk of side length
1{ν by

Iνk :“
„

k1

ν
,

k1 ` 1
ν

˙

ˆ ¨ ¨ ¨ ˆ

„

kn

ν
,

kn ` 1
ν

˙

.

The family
`

Iνk
˘

kPZn gives a decomposition of Rn into pairwise disjoint bounded
intervals of length 1{ν. We define for every ν P N˚ a corresponding step function
sν : Rn Ñ X by

sνpxq :“ f pxνkq , x P Iνk

for all Iνk Ă Uνp0q X Ω where xνk is some chosen element of Iνk . For all other x P Rn,
we define sνpxq :“ 0X . Note that Ranpsνq Ă Ranp f qYt0Xu. Then it follows for every
point x P Ω of continuity of f that limνÑ8 sνpxq “ f pxq: Since f is continuous in x
and Ω is open, for given ε ą 0, there is δ ą 0 such that Uδpxq Ă Ω and at the same
time such that f pyq P Uεp f pxqq for all y P Uδpxq. Hence for ν ą max t|x|`δ,

?
n{δu

it follows that x P Uνp0q X Ω,

x P Iν
prνx1s,...,rνxnsq

Ă B?n{νpxq Ă Uδpxq Ă Uνp0q X Ω

where r s : R Ñ Z is the floor function defined by rys :“ max tk P Z : k ď yu, and
hence }sνpxq ´ f pxq} “ } f pxνkq ´ f pxq} ă ε where k :“ prνx1s, . . . , rνxnsq. Finally,
for x R Ω, it follows that limνÑ8 sνpxq “ 0X because sνpxq “ 0X for all ν P N˚.
‘(ii)’: Let M consist of those x P Rn for which psνpxqqνPN˚ fails to converge to f̂ pxq.
By (i) M is a zero set. In addition, let D be the union of the ranges of all sν, ν P N˚.
Then D is at most countable, and f pRnzMq is contained in the closure of D.
‘(iii)’: For this, let h be as described in (iii) and psνqνPN˚ be as defined defined in the
proof of (i). Then it follows that } f̂ } is measurable since a.e. on Rn pointwise limit
of a sequence of measurable functions and hence also summable since a.e. on Rn
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majorized by the summable function h. In the following, let ε ą 0. Then we define
for every ν P N˚ the step function

tνpxq :“

#

sνpxq if }sνpxq} ď p1` εq } f̂ pxq}
0 if }sνpxq} ą p1` εq } f̂ pxq}

for every x P Rn. Then also
lim
νÑ8

tνpxq “ f̂ pxq ,

for almost all x P Rn. Further, }tν ´ f̂ } is Lebesgue summable for every ν P N˚. To
prove this, we notice that for any µ P N˚ the corresponding function }tν ´ tµ} is a
step function, and that p}tν´ tµ}qµPN˚ converges almost everywhere on Rn pointwise
to }tν ´ f̂ }. Hence }tν ´ f̂ } is measurable. In addition, p2 ` εqh is a summable
majorant for }tν´ f̂ } and hence }tν´ f̂ } is also summable. Further, p}tν´ f̂ }qνPN˚ is
almost everywhere on Rn convergent to 0 and is majorized by the summable function
p2` εqh. Hence it follows by Lebesgue’s dominated convergence theorem that

lim
νÑ8

ż

Rn
}tν ´ f̂ } dvn

“ 0 . (3.2.2)

In addition, it follows for µ, ν P N˚ that
›

›

›

›

ż

Rn
tµ dvn

´

ż

Rn
tν dvn

›

›

›

›

“

›

›

›

›

ż

Rn
ptµ ´ tνq dvn

›

›

›

›

ď

ż

Rn
}tµ ´ tν} dvn

ď

ż

Rn
}tµ ´ f̂ } dvn

`

ż

Rn
}tν ´ f̂ } dvn

and hence by p3.2.2q and the completeness of X that

lim
νÑ8

ż

Rn
tν dvn

“ ξ

for some ξ P X. Note in particular that
›

›

›

›

ż

Rn
tν dvn

›

›

›

›

ď

ż

Rn
}tν} dvn

ď p1` εq

ż

Rn
} f̂ } dvn

and hence that
}ξ} ď p1` εq

ż

Rn
} f̂ } dvn . (3.2.3)

Further, it follows by Lebesgue’s dominated convergence theorem for every ω P

LpX,Cq
ż

Rn
ω ˝ f̂ dvn

“ lim
νÑ8

ż

Rn
ω ˝ tν dvn

“ ω

ˆ

lim
νÑ8

ż

Rn
tν dvn

˙

“ ωpξq .

Hence f̂ is weakly-summable and
ż

Rn
f̂ dvn

“ ξ .

Finally, (3.2.1) follows by (3.2.3). [\
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Remark 3.2.6. It is not difficult to see that a function f satisfying the assumptions
of Theorem 3.2.5 and the additional assumption of Theorem 3.2.5 (iii) is Bochner
integrable and that its Bochner integral and its weak integral coincide.

Corollary 3.2.7. (Fubini’s theorem for a class of weakly integrable functions)
Let K P tR,Cu, pX, } }q a K-Banach space, m, n P N˚, Ω be a non-empty open subset
of Rm`n, f : Ω Ñ X be almost everywhere continuous and such that } f̂ } is a.e.
on Rm`n majorized by a summable function h where f̂ : Rm`n Ñ X is defined by
f̂ pxq :“ f pxq for all x P Ω and f̂ pxq :“ 0X for all x P Rm`nzΩ. Then there is a zero
set N1 Ă R

m such that

(i) f̂ px, ¨q is weakly summable for all x P RmzN1.
(ii)

ˆ

R
m
zN1 Ñ X, x ÞÑ

ż

Rn
f̂ px, ¨q dvn

˙

is weakly summable and
ż

Rm`n
f̂ dvm`n

“

ż

Rm

ˆ

R
m
zN1 Ñ X, x ÞÑ

ż

Rn
f̂ px, ¨q dvn

˙

dvm .

Proof. ‘(i)’: First, we note that by integration theory for any zero set N Ă R
m`n,

there is a zero set N1 Ă R
m such that

Nx :“ ty P Rn : px, yq P Nu

is a zero set for all x P RmzN1. Further, by Theorem 3.2.5 it follows the weak summa-
bility of f̂ and the summability of } f̂ }. Also, according to the proof of Theorem 3.2.5
(iii), there is a sequence psνqνPN of step functions on Rm`n such that supppsνq Ă Ω,
Ranpsνq Ă Ranp f q Y t0Xu for all ν P N,

lim
νÑ8

sνpxq “ f̂ pxq

for almost all x P Rm`n,
}sνpxq} ď 2 } f̂ pxq}

for all ν P N, x P Rm`n and

lim
νÑ8

ż

Rm`n
sν dvm`n

“

ż

Rm`n
f̂ dvm`n .

Hence there is a zero set N1 Ă R
m such that for all x P RmzN1 the corresponding

sequence of step functions psνpx, ¨qqνPN satisfies

lim
νÑ8

sνpx, ¨q “ f̂ px, ¨q

almost everywhere on Rn and at the same time such that } f̂ px, ¨q} is summable. In
particular, it follows for such x that }sνpx, ¨q ´ f̂ px, ¨q} is Lebesgue summable for
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every ν P N˚. To prove this, we notice that for any µ P N˚ the corresponding function
}sνpx, ¨q ´ sµpx, ¨q} is a step function and that p}sνpx, ¨q ´ sµpx, ¨q}qµPN˚ converges
almost everywhere on Rn pointwise to }sνpx, ¨q ´ f̂ px, ¨q}. Hence }sνpx, ¨q ´ f̂ px, ¨q}
is measurable. In addition, 2} f̂ px, ¨q} is a summable majorant for }sνpx, ¨q ´ f̂ px, ¨q}
and hence }sνpx, ¨q ´ f̂ px, ¨q} is also summable. Further, p}sνpx, ¨q ´ f̂ px, ¨q}qνPN˚ is
almost everywhere on Rn convergent to 0 and is majorized by the summable function
2} f̂ px, ¨q}. Hence it follows by Lebesgue’s dominated convergence theorem that

lim
νÑ8

ż

Rn
}sνpx, ¨q ´ f̂ px, ¨q} dvn

“ 0 .

Further,
›

›

›

›

ż

Rn
sµpx, ¨q dvn

´

ż

Rn
sνpx, ¨q dvn

›

›

›

›

ď

ż

Rn
}sµpx, ¨q ´ sνpx, ¨q} dvn

ď

ż

Rn
}sµpx, ¨q ´ f̂ px, ¨q} dvn

`

ż

Rn
}sνpx, ¨q ´ f̂ px, ¨q} dvn

for all µ, ν P N, and hence it follows by the completeness of pX, } }q the existence of
ξx P X such that

lim
νÑ8

ż

Rn
sνpx, ¨q dvn

“ ξx .

In particular

}ξx} ď

ż

Rn
} f̂ px, ¨q} dvn

since
›

›

›

›

ż

Rn
sνpx, ¨q dvn

›

›

›

›

ď

ż

Rn
}sνpx, ¨q} dvn

ď

ż

Rn
} f̂ px, ¨q} dvn

for every ν P N. Since

ωpξxq “ lim
νÑ8

ż

Rn
ω ˝ sνpx, ¨q dvn

“

ż

Rn
ω ˝ f̂ px, ¨q dvn

for all ω P LpX,Kq, it follows the weak integrability of f̂ px, ¨q and

lim
νÑ8

ż

Rn
sνpx, ¨q dvn

“

ż

Rn
f̂ px, ¨q dvn .

‘(ii)’: Further, we define for every ν P N the corresponding step function tν on Rm by

tνpxq :“
ż

Rn
sνpx, ¨q dvn

for all x P Rm and F : RmzN1 Ñ X by

Fpxq :“
ż

Rn
f̂ px, ¨q dvn
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for all x P RmzN1. Then
lim
νÑ8

tνpxq “ Fpxq

and
}tνpxq} ď

ż

Rn
} f̂ px, ¨q} dvn , }Fpxq} ď

ż

Rn
} f̂ px, ¨q} dvn

for all x P RmzN1. Note that
ˆ

R
m
zN1 Ñ R, x ÞÑ

ż

Rn
} f̂ px, ¨q} dvn

˙

is summable by Fubini’s theorem. Also, it follows by Fubini’s theorem that
ż

Rm
tν dvm

“

ż

Rm`n
sν dvm`n

for every ν P N and hence that

lim
νÑ8

ż

Rm
tν dvm

“

ż

Rm`n
f̂ dvm`n .

In particular, it follows that }tν ´ F} is Lebesgue summable for every ν P N˚. To
prove this, we notice that for any µ P N˚ the corresponding function }tν ´ tµ} is a
step function and that p}tν ´ tµ}qµPN˚ converges almost everywhere on Rn pointwise
to }tν ´ F}. Hence }tν ´ F} is measurable. In addition,

ˆ

R
m
zN1 Ñ R, x ÞÑ

ż

Rn
2 } f̂ px, ¨q} dvn

˙

(3.2.4)

is a summable majorant for }tν ´ F} and hence }tν ´ F} is also summable. Further,
p}tν ´ F}qνPN˚ is almost everywhere on Rm convergent to 0 and is majorized by the
summable function (3.2.4). Hence it follows by Lebesgue’s dominated convergence
theorem that

lim
νÑ8

ż

Rm
}tν ´ F} dvm

“ 0 .

As a consequence,

ω

ˆ
ż

Rm`n
f̂ dvm`n

˙

“ lim
νÑ8

ż

Rm
ω ˝ tν dvm

“

ż

Rm
ω ˝ F dvm

for all ω P LpX,Kq. Finally, this implies the weak integrability of F and that
ż

Rm
F dvm

“

ż

Rm`n
f̂ dvm`n .

[\
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Theorem 3.2.8. Let K P tR,Cu, pX, } }q a K-Banach space and f : ra, bs Ñ X be
bounded and almost everywhere continuous. Then F : ra, bs Ñ X defined by

Fpxq :“
ż x

a
f ptq dt

for every x P ra, bs is continuous. Furthermore, if f is continuous in x P pa, bq, then
F is differentiable in x and

F 1pxq “ f pxq .

Proof. Obviously, by Theorem 3.2.5, it follows the weak integrability of χra,xs. f̂ for
all x P ra, bs. Further, it follows for x, y P ra, bs that

}Fpyq ´ Fpxq} “
›

›

›

›

ż y

x
f ptq dt

›

›

›

›

ď

ż y

x
} f ptq} dt ď M ¨ |y´ x|

if y ě x as well as

}Fpyq ´ Fpxq} “
›

›

›

›

ż x

y
f ptq dt

›

›

›

›

ď

ż x

y
} f ptq} dt ď M ¨ |y´ x|

if y ă x, where M ě 0 is such that } f ptq} ď M for all t P ra, bs, and hence the
continuity of F. Further, let f be continuous in x P pa, bq. Hence for given ε ą 0,
there is δ ą 0 such that

} f ptq ´ f pxq} ă ε

for all t P ra, bs satisfying |t´ x| ă δ. Now let h P R˚ be such that |h| ă δ and small
enough such that x ` h P pa, bq. We consider the cases h ą 0 and h ă 0. In the first
case, it follows that

›

›

›

›

1
h
.
`

Fpx` hq ´ Fpxq
˘

´ f pxq
›

›

›

›

“

›

›

›

›

1
h

„
ż x`h

a
f ptq dt ´

ż x

a
f ptq dt

j

´ f pxq
›

›

›

›

“

›

›

›

›

1
h

ż x`h

x
r f ptq ´ f pxqs dt

›

›

›

›

ď
1
h

ż x`h

x
} f ptq ´ f pxq} dt ď ε .

Analogously, in the second case,
›

›

›

›

1
h
.
`

Fpx` hq ´ Fpxq
˘

´ f pxq
›

›

›

›

“

›

›

›

›

1
h

„
ż x`h

a
f ptq dt ´

ż x

a
f ptq dt

j

´ f pxq
›

›

›

›

“

›

›

›

›

´
1
h

ż x

x`h
r f ptq ´ f pxqs dt

›

›

›

›

ď
1
|h|

ż x

x`h
} f ptq ´ f pxq} dt ď ε .

Hence it follows
lim

hÑ0,h‰0

1
h
.
`

Fpx` hq ´ Fpxq
˘

“ f pxq .

[\
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Theorem 3.2.9. Let K P tR,Cu, pX, } }q be a K-Banach space and f : ra, bs Ñ X
continuous where a and b are some elements of R such that a ă b. Further, let
F : ra, bs Ñ X be continuous and differentiable on pa, bq such that F 1pxq “ f pxq for
all x P pa, bq. Then

ż b

a
f pxq dx “ Fpbq ´ Fpaq . (3.2.5)

Proof. For this, let ω P LpX,Kq. Then ω ˝ f , ω ˝ F are continuous, and ω ˝ F is
differentiable on pa, bqwith derivativeω˝ f |pa,bq. Hence it follows by the fundamental
theorem of calculus that

ω

ˆ
ż b

a
f pxq dx

˙

“

ż b

a
pω ˝ f qpxq dx “ pω ˝ Fqpbq ´ pω ˝ Fqpaq “ ωpFpbq ´ Fpaqq

and hence (3.2.5) since LpX,Kq separates points on X. [\

Theorem 3.2.10. (Substitution rule for weak integrals) Let K P tR,Cu, pX, } }q a
K-Banach space, n P N˚, Ω1, Ω2 non-empty open subsets of Rn, f : Ω2 Ñ X almost
everywhere continuous and such that } f } is summable. Finally, let h : Ω1 Ñ Ω2 be
continuously differentiable such that h 1pxq ‰ 0 for all x P Ω1 and bijective. Then
|detph 1q|.p f ˝ hq is weakly summable and

ż

Ω2

f dvn
“

ż

Ω1

|detph 1q|.p f ˝ hq dvn . (3.2.6)

Proof. First, it follows by the inverse mapping theorem that h´1 : Ω2 Ñ Ω1 is
continuously differentiable. Hence it follows by the substitution rule for Lebesgue
integrals that h´1pNf q Ă Ω1 is a zero set where Nf Ă Ω2 denotes the set of discon-
tinuities of f . In particular, |detph 1q|.p f ˝ hq is a.e. continuous and

}|detph 1q|.p f ˝ hq} ď |detph 1q| ¨ p} f } ˝ hq .

Since |detph 1q| ¨ p} f } ˝ hq is summable, it follows that |detph 1q|.p f ˝ hq is weakly
summable. Further, it follows by the substitution rule for Lebesgue integrals that

ω

ˆ
ż

Ω2

f dvn
˙

“

ż

Ω2

ω ˝ f dvn
“

ż

Ω1

|detph 1q|.rpω ˝ f q ˝ hs dvn

“ ω

ˆ
ż

Ω1

|detph 1q|.p f ˝ hq dvn
˙

for every ω P LpX,Kq and hence (3.2.6). [\

Theorem 3.2.11. (Integration of strongly continuous maps) Let K P tR,Cu,
pX, } }Xq, pY, } }Yq be K-Banach spaces, n P N

˚ and Ω a non-empty open subset
of Rn. Further, let f : Ω Ñ LpX,Yq be such that for every ξ P X the corresponding
map f ξ :“ pΩ Ñ Y, x ÞÑ f pxqξq is almost everywhere continuous and for which
there is some a.e. on Rn defined summable function h such that
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} f̂ pxq} ď hpxq

for almost all x P Rn. Then by
ż

Rn
f̂ dvn :“

ˆ

X Ñ Y, ξ ÞÑ
ż

Rn
f̂ ξ dvn

˙

, (3.2.7)

there is defined a bounded linear operator on X satisfying
›

›

›

›

ż

Rn
f̂ dvn

›

›

›

›

ď }h}1 . (3.2.8)

Proof. For this, let ξ P X. Then f̂ ξ is almost everywhere continuous and

} f̂ ξ}Y ď }ξ}X . h .

Hence it follows by Theorem 3.2.5 that f̂ ξ is weakly integrable, that } f̂ ξ}Y is inte-
grable as well as

›

›

›

›

ż

Rn
f̂ ξ dvn

›

›

›

›

Y
ď

ż

Rn
} f̂ ξ}Y dvn

ď }h}1 ¨ }ξ}X . (3.2.9)

Hence it follows that by (3.2.7) it is defined a map from X to Y which is linear by the
linearity of the weak integral. Finally, the boundedness of that operator and (3.2.8)
follows from (3.2.9). [\

3.3 Exponentials of Bounded Linear Operators

This section defines the exponential function exp on LpX, Xq where X is a Banach
space. The Theorems 3.3.1 and 4.1.1 at the beginning of the next section give a
complete characterization of all semigroups which are continuous in the topology
induced on LpX, Xq by the operator norm. For every such semigroup T : r0,8q Ñ
LpX, Xq, there is a uniquely determined A P LpX, Xq such that T ptq “ expptAq for
every t P r0,8q. Hence there is a unique extension of T to a homomorphism of
pR,`q into pLpX, Xq, ˝q given by pRÑ LpX, Xq, t ÞÑ expptAqq. As a consequence of
Theorem 3.3.1 (i), for every ξ P X the corresponding u :“ pR Ñ X, t ÞÑ expptAqξq
satisfies up0q “ ξ and

u1ptq “ ´Auptq (3.3.1)

for every t P R. Here 1 denotes the ordinary derivative of functions with values in X.
Applications of (3.3.1) with A P LpX, Xq are usually restricted to finite dimensional
X, i.e., to systems of ordinary differential equations of the first order. An excep-
tion to this is given in Chapter 5.2. Equations of the type (3.3.1) in infinite dimen-
sions usually involve partial differential operators. In general, such operators induce
unbounded linear operators in Banach spaces.
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Theorem 3.3.1. (Definition and properties of the exponential function) Let K P
tR,Cu and pX, } }q a K-Banach space. Then we define the exponential function exp :
LpX, Xq Ñ LpX, Xq by

exppAq :“
8
ÿ

k“0

1
k!
. Ak

where A0 :“ idX and Ak`1 :“ A ˝ Ak for all k P N. Note that this series is absolutely
convergent since }Ak} ď }A}k for all k P N.

(i) The map uA : KÑ LpX, Xq, defined by

uAptq :“ exppt.Aq

for every t P K, is differentiable with derivative

u 1Aptq “ A ˝ uAptq

for all t P K.
(ii) For all A, B P LpX, Xq satisfying A ˝ B “ B ˝ A

exppA` Bq “ exppAq ˝ exppBq . (3.3.2)

(iii) For all A P LpX, Xq satisfying }A} ď 1, n P N and ξ P X,
›

› exp
`

n.pA´ idXq
˘

ξ ´ Anξ
›

› ď
?

n ¨ }pA´ idXqξ} . (3.3.3)

Proof. ‘(i)’: For this, let A P LpX, Xq. Then it follows for t P K, h P K˚, by using the
bilinearity and continuity of the composition map on ppLpX, Xqq2 , that

›

›

›

›

1
h
. r expppt ` hq.Aq ´ exppt.Aqs ´ A ˝ exppt.Aq

›

›

›

›

“

›

›

›

›

›

8
ÿ

k“2

1
k!

„

pt ` hqk ´ tk

h
´ ktk´1

j

. Ak

›

›

›

›

›

“ lim
nÑ8

›

›

›

›

›

n
ÿ

k“2

1
k!

„

pt ` hqk ´ tk

h
´ ktk´1

j

. Ak

›

›

›

›

›

. (3.3.4)

Further, for any n P N, n ě 2:
›

›

›

›

›

n
ÿ

k“2

1
k!

„

pt ` hqk ´ tk

h
´ ktk´1

j

. Ak

›

›

›

›

›

ď

n
ÿ

k“2

1
k!

ˇ

ˇ

ˇ

ˇ

pt ` hqk ´ tk

h
´ ktk´1

ˇ

ˇ

ˇ

ˇ

}A}k ,

(3.3.5)

and for any k P N, k ě 2:

ˇ

ˇ

ˇ

ˇ

pt ` hqk ´ tk

h
´ ktk´1

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

t ` h´ t
h

¨

«

k´1
ÿ

l“0

pt ` hql ¨ tk´pl`1q

ff

´ ktk´1

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

k´1
ÿ

l“1

”

pt ` hql ¨ tk´pl`1q
´ tk´1

ı

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

k´1
ÿ

l“1

tk´pl`1q “
pt ` hql ´ t l‰

ˇ

ˇ

ˇ

ˇ

ˇ
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“

ˇ

ˇ

ˇ

ˇ

ˇ

k´1
ÿ

l“1

l´1
ÿ

m“0

pt ` hqm ¨ tk´pm`2q

ˇ

ˇ

ˇ

ˇ

ˇ

¨ |h| ď |h| ¨
k´1
ÿ

l“1

l´1
ÿ

m“0

p |t| ` |h| qk´2

“
|h|
2
¨ kpk ´ 1q ¨ p |t| ` |h| qk´2 .

Inserting the last into (3.3.5) gives
›

›

›

›

›

n
ÿ

k“2

1
k!

„

pt ` hqk ´ tk

h
´ ktk´1

j

. Ak

›

›

›

›

›

ď
|h|
2

n
ÿ

k“2

1
pk ´ 2q!

¨ p |t| ` |h| qk´2
}A}k

ď
|h| ¨ }A}2

2
exp

`

p|t| ` |h|q ¨ }A}
˘

.

Finally, inserting the last into (3.3.4) gives
›

›

›

›

1
h
. rexpppt ` hq.Aq ´ exppt.Aqs ´ A ˝ exppt.Aq

›

›

›

›

ď
|h| ¨ }A}2

2
exp

`

p|t| ` |h|q ¨ }A}
˘

and hence

lim
hÑ0,h‰0

›

›

›

›

1
h
. r expppt ` hq.Aq ´ exppt.Aqs ´ A ˝ exppt.Aq

›

›

›

›

“ 0 .

‘(ii)’: For this, let A, B P LpX, Xq be such that A ˝ B “ B ˝ A and t P K, h P K˚. Then
›

›

›

›

1
h
.
`

uApt ` hq ˝ uBpt ` hq

´uAptq ˝ uBptq
˘

´
`

u 1Aptq ˝ uBptq ` uAptq ˝ u 1Bptq
˘›

›

“

›

›

›

›

„

1
h
.
`

uApt ` hq ´ uAptq
˘

´ u 1Aptq
j

˝ uBptq

` uAptq ˝
„

1
h
.
`

uBpt ` hq ´ uBptq
˘

´ u 1Bptq
j

`
1
h
.
`

uApt ` hq ´ uAptq
˘

˝
`

uBpt ` hq ´ uBptq
˘

›

›

›

›

ď

›

›

›

›

„

1
h
.
`

uApt ` hq ´ uAptq
˘

´ u 1Aptq
j ›

›

›

›

¨ }uBptq}

` }uAptq} ¨
›

›

›

›

„

1
h
.
`

uBpt ` hq ´ uBptq
˘

´ u 1Bptq
j ›

›

›

›

`

›

›

›

›

1
h
.
`

uApt ` hq ´ uAptq
˘

›

›

›

›

¨

›

›

›

›

`

uBpt ` hq ´ uBptq
˘

›

›

›

›

.
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Hence it follows by (i) the differentiability of gA,B : K Ñ LpX, Xq defined by
hA,Bptq :“ uA`Bptq ´ uAptq ˝ uBptq for every t P K and

h 1A,Bptq “ pA` Bq ˝ uA`Bptq ´ A ˝ uAptq ˝ uBptq ´ uAptq ˝ B ˝ uBptq

“ pA` Bq ˝ uA`Bptq ´ A ˝ uAptq ˝ uBptq ´ B ˝ uAptq ˝ uBptq

“ pA` Bq ˝ hA,Bptq

for all t P K where the bilinearity and continuity of the composition map on
pLpX, Xqq2 has been used as well as that A ˝ B “ B ˝ A by assumption. Hence it
follows by hA,Bp0q “ uA`Bp0q ´ uAp0q ˝ uBp0q “ 0 along with Theorem 3.2.9,
Theorem 3.2.5 that

}hA,Bptq} ď }A` B} ¨
ż t

0
} hA,Bpsq} ds

for all t P r0,8q. As a consequence, it follows for ε ą 0 that

}hA,Bptq} ă ε e t}A`B} (3.3.6)

for all t P r0,8q. Because otherwise there is t0 P p0,8q such that

}hA,Bpt0q} ě ε e t0}A`B}

and such that (3.3.6) is valid for all t P r0, t0q. Then

}hA,Bpt0q} ď }A` B} ¨
ż t0

0
} hA,Bpsq} ds ď }A` B} ¨

ż t0

0
ε e t}A`B} ds

“ ε ¨
´

e t0}A`B}
´ 1

¯

ă ε ¨ e t0}A`B} .�

From (3.3.6) it follows that hA,Bptq “ 0 for all t ě 0 and hence (3.3.2).
‘(iii)’: For this, let A P LpX, Xq be such that }A} ď 1, n P N and ξ P X. Then

›

› exp
`

n.pA´ idXq
˘

ξ ´ Anξ
›

› “ e´n
¨ } exppn.Aqξ ´ en. Anξ}

“ e´n
¨ lim

mÑ8

›

›

›

›

›

m
ÿ

k“0

nk

k!
pAk

´ An
qξ

›

›

›

›

›

. (3.3.7)

Further, it follows for m P N by using the Cauchy-Schwarz inequality for the Euclid-
ean scalar product on Rm`1:
›

›

›

›

›

m
ÿ

k“0

nk

k!
pAk

´ An
qξ

›

›

›

›

›

ď

m
ÿ

k“0

nk

k!

›

›pAk
´ An

qξ
›

› ď

m
ÿ

k“0

nk

k!

›

›

›
pA|k´n|

´ idXqξ
›

›

›

“

m
ÿ

k“0

nk

k!

›

›

›

›

›

›

|k´n|´1
ÿ

l“0

Al
˝ pA´ idXqξ

›

›

›

›

›

›

ď }pA´ idXqξ} ¨
m
ÿ

k“0

|k ´ n|
nk

k!
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ď }pA´ idXqξ} ¨

˜

m
ÿ

k“0

pk ´ nq2
nk

k!

¸1{2

¨

˜

m
ÿ

k“0

nk

k!

¸1{2

(3.3.8)

ď }pA´ idXqξ} ¨ en{2
¨

˜

8
ÿ

k“0

pk ´ nq2
nk

k!

¸1{2

“ }pA´ idXqξ} ¨ en{2
¨

˜

8
ÿ

k“0

“

kpk ´ 1q ´ p2n´ 1qk ` n2‰ nk

k!

¸1{2

“ }pA´ idXqξ} ¨ en{2` “n2
´ p2n´ 1qn` n2‰ en˘1{2

“
?

n en
}pA´ idXqξ} .

Finally, (3.3.3) follows from (3.3.7) and (3.3.8). [\
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Strongly Continuous Semigroups

In this chapter, we study strongly continuous semigroups of linear operators on
Banach spaces. Important motivation for this comes from applications. A major goal
of physics is the prediction of the future development of a system from given data in
the past, for instance, at time t “ 0. Denoting the data by the symbol ξ, for all t ě 0
there is to be found the state T ptqξ of the system where T ptq is a map on the space of
the data X. If the system is autonomous, T ptq should map X into X and, clearly,

T p0q “ idX , T pt ` sq “ T ptq ˝ T psq

for all t, s P r0,8q, i.e., the map T of pr0,8q,`q into the set of mappings of X
into X equipped with the operation of composition is a homomorphism. Such T is
called a semigroup of operators. In many important cases, physical systems can be
described to a good approximation by assuming the superposition principle. In such
cases X carries the structure of a vector space and T ptq is a linear operator for all t P
r0,8q. For instance, all systems described by Quantum Theory necessarily have to
satisfy the superposition principle according to the rules of Quantum Theory.1 Such
T is called a semigroup of linear operators if in addition T ptq is bounded for every
t P r0,8q. Semigroups of this type will be studied in the following. Remarkably,
there is a theory of nonlinear semigroups which largely parallels that of semigroups
of linear operators. For this, compare the literature [15, 19, 88, 138, 146, 167].

Usually, in physical applications the determination of the state uptq :“ T ptqξ at
time t P r0,8q corresponding to initial data up0q “ ξ is achieved by finding the
solution of an initial boundary value problem for a differential equation of the form

u1ptq “ ´Auptq (4.0.1)

for every t P R describing the evolution of the system. Here 1 denotes the ordi-
nary derivative of functions with values in X. In this, A is often a partial differential

1 See Chapter 2.1. Currently, one could even go so far to say that nature is linear on a fun-
damental level because all physical systems necessarily have to be described by Quantum
Theory. The only nonlinear classical field still resisting a quantization is the gravitational
field.
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operator. In general, such operators induce unbounded linear operators in Banach
spaces. Hence our experience from Chapter 3.3 suggests that in these cases it cannot
be expected that T is continuous in the topology induced on LpX, Xq by the operator
norm. In this, we assume that r0,8q is equipped with the usual topology. Indeed, it
turns out that in the majority of such cases T is continuous if LpX, Xq is equipped
with the strong topology.2

4.1 Elementary Properties

Theorem 4.1.1. (Strongly continuous semigroups) Let K P tR,Cu, pX, } }q a
K-Banach space and T : r0,8q Ñ LpX, Xq a strongly continuous semigroup, i.e.,
such that

T p0q “ idX , T pt ` sq “ T ptqT psq

for all t, s P r0,8q and

Tξ :“
`

r0,8q Ñ X, ξ ÞÑ T ptqξ
˘

P C
`

r0,8q, X
˘

for all ξ P X. We define the (infinitesimal) generator A : DpAq Ñ X of T by

DpAq :“
"

ξ P X : lim
tÑ0,tą0

1
t
.
“

T ptq ´ idX
‰

ξ exists
*

and for every ξ P DpAq:

Aξ :“ ´ lim
tÑ0,tą0

1
t
.
“

T ptq ´ idX
‰

ξ .

(i) There are µ P R and c P r1,8q such that for every t P r0,8q:

}T ptq} ď c eµt .

(ii) A is a densely-defined, linear and closed operator in X. Furthermore,

A T ptq Ą T ptqA

for all t P r0,8q.
(iii) A is bounded if and only if T is continuous.
(iv) If µ P R and c P r1,8q are such that }T ptq} ď c eµt for all t P r0,8q, then any

λ P K such that Repλq ă ´µ is contained in ρpAq and in particular

rRApλqs
n
“

1
pn´ 1q!

ż 8

0
tn´1eλt T ptq dt

as well as
} rRApλqs

n
} ď

c
|Repλq ` µ|n

for every n P N˚. Here we define Re :“ idR in the case K “ R.

2 But, see [7,60,121,155] for initial value problems for autonomous linear partial differential
equations of second order not belonging to this category and approaches [6,8,48,129,170,
205] to treat such cases.



4.1 Elementary Properties 43

(v) Let t0 ě 0, t1 ą t0 and ξ P DpAq. Then u : pt0, t1q Ñ X, defined by

uptq :“ T pt ´ t0qξ

for all t P pt0, t1q, is the uniquely determined differentiable map such that
Ran u Ă DpAq, limtÑt0 uptq “ ξ and

u 1ptq “ ´A uptq

for all t P pt0, t1q.
(vi) (Different semigroups have different generators) If S : r0,8q Ñ X is a strongly

continuous semigroup different from T and B its generator, then B ‰ A.
(vii) (Infinitesimal generators are maximal) If B is a closable linear extension of A

such that B̄ is the infinitesimal generator of a strongly continuous semigroup on
X, then B “ A.

Proof. ‘(i)’: Since T |r0,1s is strongly continuous and r0, 1s is compact, it follows the
boundedness of

tT ptqξ : t P r0, 1su

for every ξ P X and hence by the principle of uniform boundedness the existence of
a c P r1,8q such that

}T ptq} ď c

for all t P r0, 1s. Further, it follows for n P N and t P rn, n` 1q

}T ptq} “ }T ppn` 1q ¨ t{pn` 1qq} ď }T pt{pn` 1qq}n`1
ď cn`1

“ c en lnpcq
ď c elnpcq¨t

and hence
}T ptq} ď c elnpcq¨t

for all t P r0,8q.
‘(ii)’: Obviously, DpAq is a subspace of X, and A is a linear operator in X as a conse-
quence of the definitions. In a first step, we conclude that for every ξ P X

ż τ

0
T psqξ ds P DpAq (4.1.1)

for all τ P r0,8q. For this, let ξ P X and τ P r0,8q. Then it follows for every
t P p0,8q

1
t
.

ˆ

T ptq
ż τ

0
T psqξ ds´

ż τ

0
T psqξ ds

˙

“
1
t
.

ˆ
ż τ`t

t
T psqξ ds´

ż τ

0
T psqξ ds

˙

“
1
t
.

ˆ
ż τ`t

τ

T psqξ ds´
ż t

0
T psqξ ds

˙
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“
1
t
.

ˆ

T pτq
ż t

0
T psqξ ds´

ż t

0
T psqξ ds

˙

“ pT pτq ´ idXq
1
t
.

ż t

0
T psqξ ds . (4.1.2)

Further,
›

›

›

›

1
t
.

ż t

0
T psqξ ds´ ξ

›

›

›

›

“
1
t

›

›

›

›

ż t

0
pT psqξ ´ ξq ds

›

›

›

›

ď
1
t

ż t

0
}T psqξ ´ ξ} ds

“

ż 1

0
}T ptsqξ ´ ξ} ds .

Obviously, it follows by Lebesgue’s dominated convergence theorem that the last
integral approaches zero for t Ñ 0. Hence it follows

lim
tÑ0`

1
t
.

ż t

0
T psqξ ds “ ξ (4.1.3)

and therefore by (4.1.2) that

lim
tÑ0`

1
t
.

ˆ

T ptq
ż τ

0
T psqξ ds´

ż τ

0
T psqξ ds

˙

“ pT pτq ´ idXq ξ

which implies (4.1.1). Finally, by (4.1.3) it also follows that DpAq is dense in X.
Further, we conclude for ξ P DpAq, s P p0,8q, h ą 0

›

›

›

›

1
h
. pT ps` hqξ ´ T psqξq ` T psqAξ

›

›

›

›

“

›

›

›

›

T psq
ˆ

1
h
. pT phqξ ´ ξq ` Aξ

˙›

›

›

›

and for h ă 0 such that |h| ď s{2
›

›

›

›

1
h
. pT ps` hqξ ´ T psqξq ` T psqAξ

›

›

›

›

“

›

›

›

›

1
|h|
. pT psqξ ´ T ps´ |h|qξq ` T psqAξ

›

›

›

›

“

›

›

›

›

T ps´ |h|q
ˆ

1
|h|
. pT p|h|qξ ´ ξq ` Aξ ` T p|h|qAξ ´ Aξ

˙›

›

›

›

ď Cs

„ ›

›

›

›

1
|h|
. pT p|h|qξ ´ ξq ` Aξ

›

›

›

›

` }T p|h|qAξ ´ Aξ}
j

where Cs P r0,8q is such that
}T ptq} ď Cs
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for all t P rs{2, ss. Hence it follows the differentiability of Tξ on p0,8q and

pTξq 1psq “ ´pT Aξqpsq (4.1.4)

for all s P p0,8q. In addition, since for every s P p0,8q, h ą 0
›

›

›

›

1
h
. pT ps` hqξ ´ T psqξq ` T psqAξ

›

›

›

›

“

›

›

›

›

´
1
h
. pT phq ´ idXqT psqξ ´ T psqAξ

›

›

›

›

,

it also follows that

T psqξ P DpAq and AT psqξ “ T psqAξ (4.1.5)

for every s P r0,8q. Since Tξ and T Aξ are in particular continuous, we conclude by
integrating (4.1.4) that

T ptqξ “ ξ ´

ż t

0
T psqAξ ds (4.1.6)

for all t P r0,8q. In the final step, we conclude that A is also closed. For this, let
pξ, ηq P GpAq and ξ0, ξ1, . . . a sequence in DpAq such that

lim
νÑ8

ξν “ ξ and lim
νÑ8

Aξν “ η .

Then by (4.1.6) for t P p0, 1s

1
t
. pT ptqξν ´ ξνq “ ´

1
t
.

ż t

0
T psqAξν ds . (4.1.7)

In addition,
›

›

›

›

ż t

0
T psqAξν ds´

ż t

0
T psqη ds

›

›

›

›

ď

ż t

0
}T psqpAξν ´ ηq} ds ď Ct }Aξν ´ η}

where C P r0,8q is such that }T psq} ď C for all s P r0, 1s. Hence it follows from
(4.1.7) that

1
t
. pT ptqξ ´ ξq “ ´

1
t
.

ż t

0
T psqη ds .

Because of (4.1.3), this implies ξ P DpAq and Aξ “ η.
‘(iii)’: First, we consider the case that A bounded. Then it follows by the denseness of
DpAq in X as well as the closedness of A that DpAq “ X and hence that A P LpX, Xq.
Further, let t P r0,8q, h P R such that |h| ď 1 and C 1 P r0,8q such that }T psq} ď C 1

for all s P rt ´ 1, t ` 1s X r0,8q. Then it follows by (4.1.6) that

}pT pt ` hq ´ T ptqqξ} ď C 1
}A} |h| }ξ}

for every ξ P X and hence that

}T pt ` hq ´ T ptq} ď C 1
}A} |h| .
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The last inequality implies the continuity of T in t. Finally, if T is continuous, we
conclude as follows. Since pLpX, Xq Ñ X, B ÞÑ Bξq P LpLpX, Xq, Xq for every ξ P X,
it follows from (4.1.6) that

´
1
t
pT ptq ´ idXq ξ “

ˆ

1
t

ż t

0
T psq ds

˙

Aξ (4.1.8)

for all t ą 0 and ξ P DpAq. Further,
›

›

›

›

1
t
.

ż t

0
T psq ds´ idX

›

›

›

›

“
1
t

›

›

›

›

ż t

0
pT psq ´ idXq ds

›

›

›

›

ď
1
t

ż t

0
}T psq ´ idX} ds

“

ż 1

0
}T ptsq ´ idX} ds .

for every t ą 0. Hence it follows by Lebesgue’s dominated convergence theorem
that

lim
tÑ0`

1
t
.

ż t

0
T psq ds “ idX

and therefore that
1
t
.

ż t

0
T psq ds

is invertible for small enough t ą 0. For such t, it follows from (4.1.8) that

Aξ “ ´
ˆ
ż t

0
T psq ds

˙´1

pT ptq ´ idXq ξ

for all ξ P DpAq and hence that A is bounded.
‘(iv)’: For this, let µ P R and c P r1,8q such that }T ptq} ď c eµt for all t P r0,8q.
Further, let λ P K such that Repλq ă ´µ. Then pr0,8q Ñ LpX, Xq, t ÞÑ eλt.T ptqq is
strongly continuous and

›

›eλtT ptq
›

› ď c e rRepλq`µs¨t

for every t P p0,8q. Hence we can define Bλ P LpX, Xq by

Bλ :“
ż 8

0
eλt.T ptq dt

according to Theorem 3.2.11 and in particular

}Bλ} ď c
ż 8

0
e rRepλq`µs¨t dt “

c
|Repλq ` µ|

.

Further, it follows by (4.1.4) for ξ P DpAq

BλpA´ λqξ “

ż 8

0
eλt.T ptqpA´ λqξ dt “ ´

ż 8

0
eλt.rpTξq 1ptq ` λ.T ptqξsdt
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and hence for every ω P LpX,Kq

ω pBλpA´ λqξq “

ż 8

0
eλt.ωpT ptqpA´ λqξq dt

“ ´

ż 8

0
eλt.rpω ˝ Tξq 1ptq ` λ.pω ˝ Tξqptqξsdt

“ ´

ż 8

0

“

eλ.idR ¨ pω ˝ Tξq
‰ 1
ptq dt “ ωpξq

where in the last step Lebesgue’s dominated convergence theorem (along with the
fundamental theorem of calculus) has been used. Hence it follows

ω pBλpA´ λqξq “ ωpξq

and since LpX,Kq separates points on X that

BλpA´ λqξ “ ξ .

In the next step, we prove that

BλDpAq Ă DpAq . (4.1.9)

For this, we notice that for every t P r0,8q, because of

}T ptqξ}2
A “ }T ptqξ}

2
` }AT ptqξ}2

“ }T ptqξ}2
` }T ptqAξ}2

ď }T ptq}2
¨ }ξ}2

A

for every ξ P DpAq, by the restriction TAptq of T ptq in domain and in range to DpAq
there is given a bounded linear operator on pDpAq, } }Aq with bound }T ptq}. Further,
as a consequence of

}TAptqξ ´ TApsqξ}2
A “ }T ptqξ ´ T psqξ}2

A ` }AT ptqξ ´ AT psqξ}2
A

“ }T ptqξ ´ T psqξ}2
A ` }T ptqAξ ´ T psqAξ}2

A

for every t, s P r0,8q and ξ P DpAq, it follows the strong continuity of the associated
semigroup TA. Hence by Theorem 3.2.11

ż 8

0,A
eλt.TAptq dt ,

where the index A in the integration symbol denotes weak integration in the Banach
space pDpAq, } }Aq, defines a bounded linear operator on pDpAq, } }Aq. Finally,
since the inclusion ιA : pDpAq, } }Aq ãÑ X is continuous, (4.1.9) (ii) follows by
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Theorem 3.2.4. Further, since A defines a bounded linear operator on pDpAq, } }Aq, it
follows for ξ P DpAq that

pA´ λqBλξ “ pA´ λq

ż 8

0,A
eλt.TAptqξ dt

“

ż 8

0
eλt.pA´ λqTAptqξ dt “

ż 8

0
eλt.TAptqpA´ λqξ dt “ ξ . (4.1.10)

Finally, let ξ P X. Since DpAq is dense in X, it follows the existence of a sequence
ξ0, ξ1, . . . in DpAq which is convergent to ξ. Hence by the boundedness of Bλ, it
follows the convergence of Bλξ0, Bλξ1, . . . to Bλξ and by (4.1.10) the convergence of
pA´ λqBλξ0, pA´ λqBλξ1, . . . to ξ. Since A is closed, it follows that Bλξ P DpAq and
pA´ λqBλξ “ ξ. Hence it follows that

RApλq “

ż 8

0
eλt.T ptq dt .

The next step uses the following auxiliary result: Let f : p0,8q Ñ K be almost
everywhere continuous and such that there are a P r0,8q, b P R satisfying

} f ptq} ď a ebt

for almost all t ą 0. Then
ż 8

0
eλ
1t f ptq dt “

8
ÿ

n“0

pλ1 ´ λqn

n!
¨

ż 8

0
tneλt f ptq dt (4.1.11)

for all λ, λ1 P K satisfying Repλq ă ´b and |λ1 ´ λ| ă |Repλq ` b|. For the proof let
λ, λ1 P K such that Repλq ă ´b and |λ1 ´ λ| ă |Repλq ` b|. Note that this implies

Repλ1q ` b “ Repλ1 ´ λq ` Repλq ` b ď |λ1 ´ λ| ` Repλq ` b

ă |Repλq ` b| ` Repλq ` b “ 0 .

Then

eλ
1t f ptq “ epλ

1´λqt
¨ eλt f ptq “

8
ÿ

n“0

pλ1 ´ λqn

n!
tneλt f ptq

and
ˇ

ˇ

ˇ

ˇ

ˇ

N
ÿ

n“0

pλ1 ´ λqn

n!
tneλt f ptq

ˇ

ˇ

ˇ

ˇ

ˇ

ď

N
ÿ

n“0

|λ1 ´ λ|n

n!
|tneλt f ptq| ď a e|λ

1´λ|t eRepλqt ebt

“ a e´r|Repλq`b|´|λ1´λ|s¨t

for every t ą 0 and N P N. Hence (4.1.11) follows by Lebesgue’s dominated
convergence theorem. Note that in the particular case that f ptq “ 1 for all t ą 0
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( a “ 1, b “ 0, λ, λ1 P K such that Repλq ă 0 and |λ1 ´ λ| ă |Repλq| ), it follows
from (4.1.11) that

´
1
λ
¨

8
ÿ

n“0

p´1qn ¨
pλ1 ´ λqn

λn “ ´
1
λ
¨

1

1` λ1´λ
λ

“ ´
1
λ1
“

ż 8

0
eλ
1t dt

“

8
ÿ

n“0

pλ1 ´ λqn

n!
¨

ż 8

0
tneλt dt

and hence that
1
n!
¨

ż 8

0
tneλt dt “

ˆ

´
1
λ

˙n`1

(4.1.12)

for every λ P K such satisfying Repλq ă 0 and every n P N. Now, we continue the
proof of (iv). By the foregoing along with the previous auxiliary result, it follows for
every λ1 P K such that |λ1 ´ λ| ă |Repλq ` µ|, note that this implies

Repλ1q ` µ “ Repλ1 ´ λq ` Repλq ` µ ď |λ1 ´ λ| ` Repλq ` µ

ă |Repλq ` µ| ` Repλq ` µ “ 0 ,

ω P LpX,Kq and ξ P X that

ωpRApλ
1
qξq “

ż 8

0
eλ
1t ωpT ptqξq dt “

8
ÿ

n“0

pλ1 ´ λqn

n!
¨

ż 8

0
tneλt ωpT ptqξq dt

“

8
ÿ

n“0

pλ1 ´ λqn

n!
¨ ω

ˆ
ż 8

0
tneλt T ptqξ dt

˙

.

and hence by the identity (3.1.6) in the proof of Theorem 3.1.11 that

ω
`

rRApλqs
n`1ξ

˘

“
1
n!
¨ ω

ˆ
ż 8

0
tneλt T ptqξ dt

˙

for every n P N. Since ω P LpX,Kq and ξ P X were otherwise arbitrary and LpX,Kq
separates points on X, this implies that

rRApλqs
n`1

“
1
n!
¨

ż 8

0
tneλt T ptq dt .

Finally, it follows by (4.1.12) that

}rRApλqs
n`1ξ} ď }ξ} ¨

c
n!
¨

ż 8

0
tnepRepλq`µqt dt “

c
|Repλq ` µq|n`1 ¨ }ξ}
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for every ξ P X and hence that

}rRApλqs
n`1
} ď

c
|Repλq ` µq|n`1 .

‘(v)’: Let t0 ě 0, t1 ą t0 and ξ P DpAq. Then u : rt0,8q Ñ X, defined by

uptq :“ T pt ´ t0qξ

for all t P rt0,8q, is continuous and as a consequence of (4.1.4),(4.1.5) differentiable
on pt0,8q such that

u 1ptq “ ´A uptq

for all t P pt0,8q. On the other hand, if u : pt0, t1q Ñ X is differentiable such that
Ran u Ă DpAq, limtÑt0 uptq “ ξ and

u 1ptq “ ´A uptq

for all t P pt0, t1q, then we define G : pt0, tq Ñ X by Gpsq :“ T pt ´ squpsq for all
s P pt0, tq. Then it follows for every s P pt0, tq and 0 ă h ă t ´ s

1
h
rGps` hq ´Gpsqs “

1
h
rT pt ´ ps` hqqups` hq ´ T pt ´ squpsqs

“ T pt ´ ps` hqq
"

1
h
rups` hq ´ upsqs ´

1
h
rT phq ´ idXs upsq

*

and hence

lim
hÑ0`

1
h
rGps` hq ´Gpsqs “ T pt ´ sqru 1psq ` A upsqs “ 0 .

Also, it follows for every t0 ´ s ă h ă 0

1
h
rGps` hq ´Gpsqs “

1
h
rT pt ´ ps` hqqups` hq ´ T pt ´ squpsqs

“ T pt ´ sq
"

rT p|h|q ´ idXs
1
h
pups` hq ´ upsqq ´

1
|h|
rT p|h|q ´ idXs upsq

`
1
h
rups` hq ´ upsqs

*

and hence

lim
hÑ0´

1
h
rGps` hq ´Gpsqs “ T pt ´ sqru 1psq ` A upsqs “ 0 .

The differentiability of G and G 1psq “ 0 follows for all s P pt0, tq. Note that there
is a continuous extension Ĝ : rt0, ts Ñ X of G such that Ĝpt0q “ T pt ´ t0q ξ and
Ĝptq “ uptq. Hence it follows by weak integration over the interval rt0, ts and by
application of Theorem 3.2.9 that uptq “ T pt ´ t0q ξ.
‘(vi)’: The statement is a simple consequence of (v) along with the denseness of
DpAq in X.
‘(vii)’: Obviously, by (iv), (v) along with the denseness of DpAq in X, it follows that
A “ B̄. Further, it follows B Ą A “ B̄ and hence B “ B̄ “ A. [\
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4.2 Characterizations

Remarkably, infinitesimal generators of strongly continuous semigroups can be char-
acterized by the conditions on the spectrum and the estimate on the powers of op-
erators in its resolvent given in the previous Theorem 4.1.1 (iv). In the case of a
quasi-contractive semigroups, that estimate is equivalent to the quasi-accretivity of
the infinitesimal generator. Usually, the last is easier to prove for a given operator.
The definition of quasi-accretivity is a generalization of the definition of semibound-
edness (from below) for self-adjoint linear operators in Hilbert spaces. Theorem 4.2.7
states that every strongly continuous semigroup ‘is’ quasi-contractive if the under-
lying Banach space is chosen in a particular specified way. Unfortunately, the con-
struction of that space uses the semigroup and not just the infinitesimal generator.
Usually, in applications only a formal linear operator 3 is given for which a represen-
tation space along with boundary conditions have to be chosen such that the resulting
operator is the infinitesimal generator of a strongly continuous semigroup. Of course,
usually the generated semigroup is unknown also on a formal level.

Theorem 4.2.1. (The Hille-Yosida-Phillips theorem) Let K P tR,Cu, pX, } }q a
K-Banach space and A a densely-defined closed linear operator in X. Then A is the
generator of a strongly continuous semigroup T : r0,8q Ñ LpX, Xq if and only if
there are c P r1,8q, µ P R such that p´8,´µq Ă ρpAq and

} rRApλqs
n
} ď

c
|λ` µ|n

(4.2.1)

for all λ P p´8,´µq and n P N˚. In this case,

}T ptq} ď c eµt

for all t P r0,8q.

Proof. First, if A is the generator of a strongly continuous semigroup, then it follows
by Theorem 4.1.1 the existence of c P r1,8q and µ P R such that p´8,´µq Ă ρpAq
and such that (4.2.1) is valid for every λ P p´8,´µq, n P N˚. On the other hand, if
c P r1,8q, µ P R are such that p´8,´µq Ă ρpAq and such that (4.2.1) is valid for
every λ P p´8,´µq and n P N˚, then we conclude as follows. For this, we define
the bounded linear operator

An :“ pn´ µq.idX ´ n2.RAp´pn` µqq

for all n P N˚. In a first step, it follows that

lim
nÑ8

Anξ “ Aξ (4.2.2)

3 This is an operator which is linear on some linear space that is not yet embedded into a
Banach space.
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for every ξ P DpAq. For the proof, let η P DpAq and n P N˚. Then

}rpn´ µq.RAp´pn` µqq ´ idXsη}

“ }RAp´pn` µqqrpn´ µq.η´ pA` n` µqηs}

“ }RAp´pn` µqqpAη` 2µηq} ď
c
n
}Aη` 2µη}

and hence
lim

nÑ8
pn´ µq.RAp´pn` µqqη “ η .

Therefore it follows because of

}pn´ µq.RAp´pn` µqq} ď
c |n´ µ|

n
ď c ¨ p1` |µ|q

for every n P N˚ and the denseness of DpAq in X that

s´ lim
nÑ8

pn´ µq.RAp´pn` µqq “ idX . (4.2.3)

Further, for every n P N˚ and ξ P DpAq

Anξ “ pn´ µq.RAp´pn` µqqpA` n` µqξ ´ n2.RAp´pn` µqqξ

“ pn´ µq.RAp´pn` µqqAξ ´ µ2RAp´pn` µqqξ

is satisfied and hence finally because of (4.2.3) and

}RAp´pn` µqq} ď
c
n

also the relation (4.2.2). In the next step, we define for every n P N˚ a corresponding
S n : r0,8q Ñ LpX, Xq by

S nptq :“ expp´tAnq

for every t P r0,8q. Then it follows by Theorem 3.3.1 and Theorem 4.1.1 that S n is
a strongly continuous semigroup on X with generator An. In addition,

}S nptq} “ e´pn´µqt } exppn2t.RAp´pn` µqqq}

ď e´pn´µqt
8
ÿ

k“0

pn2tqk

k!
}rRAp´pn` µqqsk}

ď c e´pn´µqt
8
ÿ

k“0

pntqk

k!
“ c e´pn´µqtent

“ c eµt (4.2.4)

for every t P r0,8q. Further, it follows for m, n P N˚, t P r0,8q by Theorem 3.3.1
and by using that Am ˝ An “ An ˝ Am for η P DpAq

}S mptqη´ S nptqη} “ } expp´sAmq expp´pt ´ sqAnqη |
t
0}

“

›

›

›

›

ż t

0
expp´sAmq expp´pt ´ sqAnqpAn ´ Amqη ds

›

›

›

›
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ď }Anη´ Amη}

ż t

0
} expp´sAmq} ¨ } expp´pt ´ sqAnq} ds

ď }Anη´ Amη}

ż t

0
c exppµsq c exppµpt ´ sqq ds

“ c2 t eµt
}Anη´ Amη}

and hence for ξ P X

}S mptqξ ´ S nptqξ} “ }S mptqpξ ´ ηq ´ S nptqpξ ´ ηq ` S mptqη´ S nptqη}

ď c eµt
r2 }ξ ´ η} ` c t }Anη´ Amη} s

ď c eµt
r2 }ξ ´ η} ` c t }Anη´ Aη} ` c t }Amη´ Aη} s . (4.2.5)

Hence it follows by (4.2.2) along with the denseness of DpAq in X that S 1ptqξ,
S 2ptqξ, . . . is a Cauchy sequence and hence convergent to an element S ptqξ P X.
Performing the limit m Ñ8 in (4.2.5) leads to the relation

}S nptqξ ´ S ptqξ} ď c eµt
r2 }ξ ´ η} ` c t }Anη´ Aη} s . (4.2.6)

Obviously, S ptq :“ pX Ñ X, ξ ÞÑ S ptqξq is in particular linear and by (4.2.4)
bounded such that

}S ptq} ď c eµt

for all t P r0,8q. Further, S :“ pr0,8q Ñ LpX, Xq, t ÞÑ S ptqq satisfies S p0q “ idX
and because of

}S npt ` sqξ ´ S ptqS psqξ} “ }S nptqrS npsqξ ´ S psqξs ` rS nptq ´ S ptqsS psqξ}

ď c eµt
}S npsqξ ´ S psqξ} ` }rS nptq ´ S ptqsS psqξ} ,

for all ξ P X, S pt ` sq “ S ptqS psq for all t, s P r0,8q. Again by (4.2.2) along
with the denseness of DpAq in X, it follows from (4.2.6) for every compact subset
I of r0,8q the uniform convergence of ppI Ñ X, t ÞÑ S nptqξqqnPN˚ in CpI, Xq to
pI Ñ X, t ÞÑ S ptqξq and therefore that pI Ñ X, t ÞÑ S ptqξq P CpI, Xq and finally
that pr0,8q Ñ X, t ÞÑ S ptqξq P Cpr0,8q, Xq. Hence S is a strongly continuous
semigroup. In the final step, we show that its infinitesimal generator Ã coincides with
A. For this, let ξ P DpAq. Then it follows by (4.1.6) from the proof of Theorem 4.1.1
that

S nptqξ “ ξ ´

ż t

0
S npsqAnξ ds

for n P N˚ and t P p0,8q. Further,

}S npsqAnξ ´ S psqAξ} “ }S npsqpAnξ ´ Aξq ` pS npsq ´ S psqqAξ}

ď c eµs
}Anξ ´ Aξ} ` }pS npsq ´ S psqqAξ}

for every s P r0, ts. Hence the sequence of integrable functions pr0, ts Ñ R, s ÞÑ
}S npsqAnξ ´ S psqAξ}qnPN˚ is everywhere pointwise convergent to 0 on r0, ts and is
majorized by the summable function pr0, ts Ñ R, s ÞÑ c eµs}Anξ´Aξ}`2c eµs}Aξ}q.
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Hence it follows by Lebesgue dominated convergence theorem along with (4.1.6)
that

1
t
.pS ptqξ ´ ξq “ ´

1
t

ż t

0
S psqAξ ds

and therefore, since by the proof of Theorem 4.1.1

lim
tÑ0`

1
t

ż t

0
S psqAξ ds “ Aξ ,

that ξ P DpÃq and Ãξ “ Aξ. Hence it follows Ã Ą A. Further, it follows from (4.2.4)
by Theorem 4.1.1 that p´8,´µq Ă ρpÃq. In particular, it follows for λ P p´8,´µq,
η P X

pÃ´ λqRApλqη “ pA´ λqRApλqη “ η

and therefore
RÃpλqη “ RApλqη .

Hence DpÃq “ DpAq and Ã “ A. [\

Corollary 4.2.2. Let K P tR,Cu, pX, } }q a K-Banach space, A the generator of
a strongly continuous semigroup on X. Further, let c P r1,8q, µ P R such that
}T ptq} ď c eµt for all t P r0,8q. Then

T ptq “ s´ lim
nÑ8

e´pn´µqt. exp
`

n2t.RA p´pn` µqq
˘

for all t P r0,8q.

Definition 4.2.3. Let K P tR,Cu, pX, } }q a K-Banach space.

(i) Per definition, a normalized tangent functional to ξ P X is an element ω P

LpX,Kq satisfying
ωpξq “ }ξ}2 and }ω} “ }ξ} .

Note that there is a normalized tangent functional to every ξ P X by the Hahn-
Banach theorem.4

(ii) In addition, let A a linear operator in X. Then we call A accretive if for every
ξ P DpAq there is a normalized tangent functional ω P LpX,Kq to ξ such that

Re pωpAξqq ě 0

where we define as usual Re :“ idR in the case K “ R. In addition, we call A
quasi-accretive with bound µ P R if A ´ µ.idX is accretive. Obviously, this is
the case if and only if for every ξ P X there is a normalized tangent functional
ω P LpX,Kq to ξ such that

Re pωpAξqq ě µ }ξ}2 .

4 See, e.g., [179] Vol.I, Theorem III.5.
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Theorem 4.2.4. Let K P tR,Cu, pX, } }q a K-Banach space and A a linear operator
in X. Then A is accretive if and only if

}pA` λqξ} ě λ}ξ} (4.2.7)

for all λ P p0,8q and ξ P DpAq.

Proof. Let A be accretive, λ P p0,8q, ξ P DpAq and ω P LpX,Kq a normalized
tangent functional such that Re pωpAξqq ě 0. Then

λ }ξ}2
ď Re pω ppA` λqξqq ď |ω ppA` λqξq | ď }ξ} ¨ }pA` λqξ}

and hence (4.2.7). On the other hand, if p4.2.7q is true for all λ P p0,8q and ξ P
DpAq, we conclude as follows. For this, let λ P p0,8q, ξ P DpAq, ωλ P LpX,Kq a
normalized tangent functional to pA`λqξ andω 1λ :“ ωλ{}pA`λqξ} if }pA`λqξ} ‰ 0,
ω 1λ :“ ωλ if pA` λqξ “ 0. Then

λ}ξ} ď }pA` λqξ} “ ω 1λ ppA` λqξq “ Re pω 1λ pAξqq ` λRe pω 1λ pξqq

ď Re pω 1λ pAξqq ` λ |ω 1λ pξq | ď Re pω 1λ pAξqq ` λ}ξ} .

Hence
Re pω 1λ pAξqq ě 0 (4.2.8)

and

Re pω 1λ pξqq ě }ξ}´
1
λ

Re pω 1λ pAξqq ě }ξ}´
1
λ
|ω 1λ pAξq | ě }ξ}´

1
λ
}Aξ} . (4.2.9)

We define

F :“

#

F Ă B1p0LpX,Kqq :
ł

Rą0

pF Ą tω 1λ : λ ą R u q

+

.

Obviously, F is a filter on B1p0LpX,Kqq. Since B1p0LpX,Kqq is weak˚´compact, there
is ω 1 P B1p0LpX,Kqq which is adherent to every F P F . Further, since pB1p0LpX,Kqq Ñ

K, ω ÞÑ ωpηqq is weak˚´continuous, it follows for every η P X that ω 1pηq is adher-
ent in particular to every tω 1λpηq : λ ą ν u for every ν P N˚. Hence for every ν P N˚

there is λν ą ν such that

|ω 1λνpηq ´ ω 1pηq| ă
1
ν

and therefore
lim
νÑ8

ω 1λνpηq “ ω 1pηq .

Hence it follows from (4.2.8), (4.2.9) that

Re pω 1 pAξqq ě 0 and |ω 1pξq| ě Re pω 1 pξqq ě }ξ} .

Further, since |ω 1pξq| ď }ξ}, it follows that |ω 1pξq| “ }ξ} and }ω 1} “ 1. Hence
ω :“ }ξ}ω 1 is a normalized tangent functional to ξ such that Re pω pAξqq ě 0. [\
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Theorem 4.2.5. Let K P tR,Cu, pX, } }q a K-Banach space and A a densely-defined,
linear operator in X which is quasi-accretive with bound µ P R. Then A is closable
and Ā is quasi-accretive with bound µ P R.

Proof. In the first step, we consider the special case µ “ 0 and lead the assumption
that A is not closable to a contradiction. If A is not closable, GpAq is not the graph
of a map. Then there exists p0, ηq P GpAq such that }η} “ 1. In particular, let
ξ0, ξ1, . . . be a sequence in DpAq which is convergent to 0 and such that Aξ0, Aξ1, . . .
is convergent to η. Further, since DpAq is dense in X, there is ξ P DpAq such that
}ξ} “ 1 and }ξ ´ η} ă 1{2.5 Then it follows by Theorem 4.2.4 that

}Aξ ` c pξ ´ Aξνq ´ c2ξν} “ } pA` cq pξ ´ c ξνq} ě c }ξ ´ c ξν}

for every ν P N, c ą 0 and hence that

}ξ ´ η` c´1Aξ} ě }ξ} .

Since c can be chosen arbitrarily large, this leads to the contradiction

1
2
ą }ξ ´ η} ě }ξ} “ 1 . �

Hence A is closable. Further, let λ P p0,8q and ξ P DpĀq. Then there is a sequence
ξ0, ξ1, . . . in DpAq which is convergent to ξ and such that Aξ0, Aξ1, . . . is convergent
to Āξ. In particular, by Theorem 4.2.4

}pA` λqξν} ě λ}ξν}

and hence also
}pĀ` λqξ} ě λ}ξ} .

Hence it follows by Theorem 4.2.4 that Ā is accretive. Finally, if µ ‰ 0, then A ´ µ
is a densely-defined, linear and accretive operator in X and hence closable with an
accretive closure by the foregoing. Hence it follows by Theorem 3.1.3 (vi) that A “
pA´ µq ` µ is closable and that Ā “ A´ µ` µ is quasi-accretive with bound µ. [\

Theorem 4.2.6. (Lumer-Phillips) Let K P tR,Cu, pX, } }q a K-Banach space, A
a densely-defined, linear operator in X and µ P R. Then A is closable and Ā the
generator of a strongly continuous semigroup T on X satisfying

}T ptq} ď eµt (4.2.10)

for all t P r0,8q if and only if A is quasi-accretive with bound´µ and RanpA´λq is
dense in X for some λ P p´8,´µq. A strongly continuous semigroup T satisfying
(4.2.10) for all t P r0,8q is called a quasi-contraction and a contraction in the special
case that µ “ 0.

5 For instance choose ξ 1 P X such that }ξ 1 ´ η} ă 1{5 and define ξ :“ }ξ 1}´1.ξ 1.
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Proof. If A is closable and Ā the generator of a strongly continuous semigroup T
on X satisfying (4.2.10) for all t P r0,8q, then it follows by Theorem 4.1.1 that
p´8,´µq Ă ρpĀq as well as

}RĀpλq} ď
1

|λ` µ|

for every λ P p´8,´µq. Hence

|λ` µ| ¨ }ξ} “ |λ` µ| ¨ }RĀpλqpA´ λqξ} ď } ppA` µq ` |µ` λ| q ξ}

for every λ P p´8,´µq, ξ P DpAq and therefore A ` µ is accretive by The-
orem 4.2.4. As a consequence, A is quasi-accretive with bound ´µ. In addition,
for λ P p´8,´µq, the statement RanpĀ ´ λq “ X holds. Finally, since accord-
ing to Theorem 3.1.3 (vi) Ā ´ λ coincides with the closure of A ´ λ, it follows that
RanpA ´ λq is dense in X. On the other hand, if A is quasi-accretive with bound
´µ and λ0 P p´8,´µq is such that RanpA ´ λ0q is dense in X, we conclude as
follows. First, it follows by Theorem 4.2.5 that A is closable as well as that Ā is
quasi-accretive with bound ´µ. Hence according to Theorem 4.2.4

}pĀ´ λq ξ} “ }pĀ` µ` |λ` µ| q ξ} ě |λ` µ| ¨ }ξ} (4.2.11)

for all λ P p´8,´µq and ξ P DpĀq which implies in particular the injectivity of
Ā´ λ for every λ P p´8,´µq. Also is

Ran pĀ´ λ0q “ X .

For the proof, let η P X. Since RanpA´λ0q is dense in X, there is a sequence ξ0, ξ1, . . .
in DpAq such that

lim
νÑ8

pA´ λ0qξν “ η .

Then it follows by (4.2.11) that ξ0, ξ1, . . . is a Cauchy sequence in X and hence
convergent to some ξ P X. Since Ā is closed, it follows by Theorem 3.1.3 (vi) that
ξ P DpĀq and pĀ ´ λ0q “ η. Hence Ā ´ λ0 is bijective and λ0 P ρpĀq. Now,
let λ P p´8,´µq be such that Ā ´ λ is surjective and hence bijective. Then as a
consequence of (4.2.11)

›

›

›
pĀ´ λq

´1
›

›

›
ď

1
|λ` µ|

. (4.2.12)

Further, for every λ1 P pλ´ |λ` µ|,´µq

pĀ´ λ1qpĀ´ λq´1
“ idX ´ pλ

1
´ λqpĀ´ λq´1

and hence because of
›

›pλ1 ´ λqpĀ´ λq´1
›

› ă 1

also Ā´ λ1 bijective for all λ1 P pλ´ |λ` µ|,´µq. Hence it follows that p´8,´µq P
ρpĀq and from (4.2.12) that

} rRĀpλqs
n
} ď

1
|λ` µ|n
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for all λ P p´8,´µq and n P N˚. Finally, it follows from Theorem 4.2.1 that Ā is
the infinitesimal generator of a strongly continuous semigroup T on X which satisfies
(4.2.10) for every t P r0,8q. [\

Theorem 4.2.7. Let K P tR,Cu, pX, } }q a K-Banach space and T a strongly contin-
uous semigroup on X. Then there is a norm ~~ on X which is equivalent to } } and
such that T defines a strongly continuous quasi-contraction semigroup on pX,~~q.

Proof. Since T is a strongly continuous semigroup on X, there are c P r1,8q and
µ P R such that

}T ptq} ď c eµt

for all t P r0,8q. We define ~~ : X Ñ R by

~ξ~ :“ }e´µ.idR .Tξ}8

for all ξ P X. Obviously, ~~ defines a norm on X. Because of

~ξ~ ě }T p0qξ} “ }ξ}

and
}e´µtT ptqξ} ď c }ξ}

for all ξ P X, it follows that
~ξ~ ď c }ξ}

for all ξ P X and hence that } } and ~~ are equivalent. Therefore, pX,~~q is a K-
Banach space and T defines a strongly continuous semigroup on pX,~~q. Further, it
follows

~T ptqξ~ “ }e´µ.idR .TT ptqξ}8 “ sup
!

eµte´µps`tq
¨ }T ps` tqξ} : s P r0,8q

)

ď eµt
~ξ~

for all t P r0,8q, ξ P X and hence

~T ptq~ ď eµt

for all t P r0,8q. Therefore, T defines in particular a quasi-contraction on pX,~~q.
[\

4.3 An Integral Representation in the Complex Case

The following theorem gives a ‘weak’ integral representation of any strongly con-
tinuous semigroup on a complex Banach space as integral over its resolvent along
a parallel to the imaginary axis in the resolvent set. If the resolvent is known ana-
lytically, this leads to ananalytic integral representation of the solutions of the initial
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value problem of the associated differential equation. For an application of this the-
orem see [25].

Theorem 4.3.1. (An integral representation of semigroups on complex Banach
spaces) Let pX, } }q be a complex Banach space and T a strongly continuous semi-
group on X with infinitesimal generator A. Further, let c P r1,8q, µ P R be such
that }T ptq} ď c eµt for every t P r0,8q. Finally, let µ1 P p´8,´µq, ξ P X and
ω P LpX,Cq. Then pRÑ C, � ÞÑ ω pRApµ

1 ` i�qξq q P L2
C
pRq and, moreover,

eµ
1t ωpT ptqξq “

1
2π
¨ lim
νÑ8

ż ν

´ν

e´it� ω pRApµ
1
` i�qξq d� , (4.3.1)

t P r0,8q where ‘lim’ denotes the limit in the mean.

Proof. First, it follows by Theorem 4.1.1 that any λ P C such that Repλq ă ´µ is
contained in ρpAq and in particular

RApλq “

ż 8

0
eλt T ptq dt .

Hence it follows for every � P R that

ωpRApµ
1
` i�qξq “

1
?

2π

ż

R

e i�t hptq dt

where
hptq :“

?
2π e µ

1t ωpT ptqξq

for all t P r0,8q and hptq :“ 0 for all t P p´8, 0q. In particular,

|hptq| ď
?

2π c }ω} }ξ} ¨ e´|µ
1`µ| t

for every t ě 0 and hence h P L2
C
pRq. Hence pRÑ C, � ÞÑ ω pRApµ

1 ` i�qξq q P
L2
C
pRq as well as (4.3.1) follows by the Fourier inversion theorem. [\

4.4 Perturbation Theorems

The following perturbation theorems are of major importance for applications. Fre-
quently, in applications there is given a formal linear operator6 which is read off from
a formal differential equation describing the evolution of a physical system. Often,
a representation space can be found such that the closure of one of its parts can be
seen to generate a strongly continuous semigroup. The theorems below give sufficient
conditions on the remaining part such that the whole induced operator generates a
strongly continuous semigroup.

6 This is an operator which is linear on some linear space that is not yet embedded into a
Banach space.
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Theorem 4.4.1. (Relatively bounded perturbations of generators of quasi-
contraction semigroups) Let K P tR,Cu, pX, } }q a K-Banach space, A : DpAq Ñ X
a densely-defined, linear and closable operator whose closure is the infinitesimal
generator of a strongly continuous quasi-contraction semigroup, B : DpAq Ñ X a
K-linear operator in X such that

}Bξ} ď a}Aξ} ` b}ξ} (4.4.1)

for all ξ P DpAq and some a P r0, 1q, b P r0,8q. In addition, let A ` αB be quasi-
accretive for every α P r0, 1s. Then A` B is closable and its closure is the infinitesi-
mal generator of a strongly continuous quasi-contraction semigroup.

Proof. The first part of the proof considers the case a ă 1{2. By (4.4.1) it follows

}Bξ} ď pa` bq ¨ }ξ}Ā

for every ξ P DpAq and hence by Theorem 3.1.3 (ii), (iii) that B is a densely defined
bounded X-valued linear operator in pDpĀq, } }Āq. Hence this operator has a unique
extension to a X-valued bounded linear operator B̂ on pDpĀq, } }Āq.7 In particular, it
follows from (4.4.1) that

}B̂ξ} ď a}Āξ} ` b}ξ} (4.4.2)

for all ξ P DpĀq. This can be seen as follows. If ξ P DpĀq and ξ0, ξ1, . . . is a se-
quence in DpAq converging to ξ and such that Aξ0, Aξ1, . . . is converging to Āξ, then
ξ0, ξ1, . . . is converging to ξ in pDpĀq, } }Āq and therefore Bξ0, Bξ1, . . . is converg-
ing to B̂ξ. Note that as a consequence pA ` Bqξ0, pA ` Bqξ1, . . . is converging to
pĀ ` B̂qξ and therefore pξ, pĀ ` B̂qξq P GpA` B q and Ā ` B̂ Ă A` B . Also note
that since A ` B is by assumption quasi-accretive, it follows by Theorem 4.2.5 that
A ` B is closable and that its closure is quasi-accretive. Therefore, Ā ` B̂ is quasi-
accretive, too. Further, since Ā is the infinitesimal generator of a strongly continuous
quasi-contraction semigroup, there is µ P R such that Ā is quasi-accretive with bound
´µ P R and p´8,´µq Ă ρpĀq. In particular, it follows for every λ P p´8,´µq and
ξ P DpĀq:

}B̂ξ} ď a}Āξ} ` b}ξ} ď a}pĀ´ λqξ} ` pa |λ| ` bq }ξ}

and hence for every η P X:

}B̂RĀpλqη} ď a}η} ` pa |λ| ` bq }RĀpλqη} ď

„

a`
a |λ| ` b
|λ` µ|

j

}η}

ď

„

2a`
a |µ| ` b
|λ` µ|

j

}η} .

Therefore,
pĀ` B̂´ λqRĀpλq “ idX ´ B̂RĀpλq

7 See, e.g., Theorem 4 in Chapter IV, §3 of [128].
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is bijective for λ P p´8,´µq such that

2a`
a |µ| ` b
|λ` µ|

ă 1 .

Hence it follows by Theorem 4.2.6 that Ā ` B̂ is closable and that its closure is
the infinitesimal generator of a strongly continuous quasi-contraction semigroup. In
particular, it follows from the bijectivity of Ā` B̂´ λ for λ P p´8,´µq that Ā` B̂
coincides with its closure and hence is closed. Therefore, it follows A` B Ă Ā` B̂
and finally that Ā ` B̂ “ A` B . In the following, we drop the condition that in
a ă 1{2. For this, let α P r0, 1s, β P r0,8q and n P N˚. Then it follows for ξ P DpAq

}pA` αBqξ} ě }Aξ} ´ α}Bξ} ě }Aξ} ´ }Bξ} ě p1´ aq}Aξ} ´ b}ξ} ,

hence
}βBξ} ď βa}Aξ} ` βb}ξ} ď

βa
1´ a

}pA` αBqξ} `
βb

1´ a
}ξ}

and by replacing α by α{n P r0, 1s and choosing β :“ 1{n
›

›

›

›

1
n

Bξ
›

›

›

›

ď
1
n

a
1´ a

›

›

›

´

A`
α

n
B
¯

ξ
›

›

›
`

1
n

b
1´ a

}ξ} .

Hence for n large enough such that n´1a{p1´aq ă 1{2 and by applying the previous
result consecutively to the cases α “ 0, 1, . . . , n´ 1, it follows that A` B is closable
and that its closure is the infinitesimal generator of a strongly continuous quasi-
contraction semigroup. [\

Remark 4.4.2. Note for the Hilbert space case that (4.4.1) is a consequence of the
inequality

}Bξ}2
ď a2

}Aξ}2
` b2

}ξ}2

which should be easier to prove.

Theorem 4.4.3. (Bounded perturbations) Let X be a Banach space, A : DpAq Ñ X
the infinitesimal generator of a strongly continuous semigroup T : r0,8q Ñ
LpX, Xq, µ P R and c P r1,8q such that }T ptq} ď c e µt for all t P r0,8q and
B P LpX, Xq. Then A ` B is the infinitesimal generator of a strongly continuous
semigroup T 1 : r0,8q Ñ LpX, Xq such that

}T 1ptq} ď c e rµ`c }B}s¨t (4.4.3)

for all t P r0,8q.

Proof. First, obviously, it follows from the closedness of A and the continuity of B
the closedness of the densely-defined linear operator A` B in X. Further, p´8,´µq
is contained in the resolvent set of A and

›

›

“

pA´ λq´1‰n›
› ď

c
|λ` µ|n
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for all λ P p´8,´µq and n P N˚. In the following, let µ 1 :“ µ ` c }B} and λ P
p8,´µ 1q. Then

A` B´ λ “ pA` B´ λqpA´ λq´1
pA´ λq “

`

idX ` B pA´ λq´1˘
pA´ λq .

Hence because of
›

›B pA´ λq´1
›

› ď q :“
c }B}
|λ` µ|

ă 1 ,

it follows the bijectivity of idX ` B pA´ λq´1 and hence also of A` B´ λ and

pA` B´ λq´1
“ pA´ λq´1

ÿ

kPN

“

p´Bq pA´ λq´1‰k

“

ÿ

kPN

pA´ λq´1 “
p´Bq pA´ λq´1‰k

.

Note that the involved families of elements of LpX, Xq are absolutely summable.
Hence it follows also for any n P N˚ the absolute summability of

´

pA´ λq´1 “
p´Bq pA´ λq´1‰k1

. . . pA´ λq´1 “
p´Bq pA´ λq´1‰kn

¯

kPNn

and
“

pA` B´ λq´1‰n

“

ÿ

kPNn

pA´ λq´1 “
p´Bq pA´ λq´1‰k1

. . . pA´ λq´1 “
p´Bq pA´ λq´1‰kn

.

Hence it follows the absolute summability of
´›

›

›
pA´ λq´1 “

p´Bq pA´ λq´1‰k1
. . . pA´ λq´1 “

p´Bq pA´ λq´1‰kn
›

›

›

¯

kPNn

and
›

›pA` B´ λq´1‰n
} (4.4.4)

ď
ÿ

kPNn

›

›

›
pA´ λq´1 “

p´Bq pA´ λq´1‰k1
. . . pA´ λq´1 “

p´Bq pA´ λq´1‰kn
›

›

›
.

Further, for every k P Nn,
›

›

›
pA´ λq´1 “

p´Bq pA´ λq´1‰k1
. . . pA´ λq´1 “

p´Bq pA´ λq´1‰kn
›

›

›

ď
c|k|`1

|λ` µ||k|`n
¨ }B}|k| “

c
|λ` µ|n

¨ q |k| (4.4.5)

where |k| :“ k1 ` ¨ ¨ ¨ ` kn. Because of q ă 1, it follows the absolute summability of
pq kqkPN with sum 1{p1´ qq and hence also for any n P N˚ the absolute summability
of pq |k|qkPNn with sum 1{p1´ qqn. Hence it follows from (4.4.4), (4.4.5) that

›

›

“

pA` B´ λq´1‰n›
› ď

1
p1´ qqn

¨
c

|λ` µ|n
“

c
|λ` µ 1|n

.

Hence, finally, it follows by Theorem 4.2.1 that A` B is the generator of a strongly
continuous semigroup T 1 : r0,8q Ñ LpX, Xq and (4.4.3). [\
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4.5 Strongly Continuous Groups

The theorem below gives necessary and sufficient conditions which have to be satis-
fied in order that two strongly continuous semigroups can be joined to one strongly
continuous group. This is important for hyperbolic problems which for physical rea-
sons should generally lead on strongly continuous groups.

Theorem 4.5.1. (Strongly continuous groups) Let K P tR,Cu, pX, } }q a K-Banach
space and T : RÑ LpX, Xq a strongly continuous group, i.e., such that

T p0q “ idX , T pt ` sq “ T ptqT psq

for all t, s P R and

Tξ :“
`

RÑ X, ξ ÞÑ T ptqξ
˘

P C
`

R, X
˘

for all ξ P X. We define the (infinitesimal) generator A : DpAq Ñ X of T by

DpAq :“
"

ξ P X : lim
tÑ0,t‰0

1
t
.
“

T ptq ´ idX
‰

ξ exists
*

and for every ξ P DpAq:

Aξ :“ ´ lim
tÑ0,t‰0

1
t
.
“

T ptq ´ idX
‰

ξ .

Finally, let S`, S´ : r0,8q Ñ LpX, Xq be strongly continuous semigroups with
corresponding infinitesimal generators B` and B´ satisfying B´ “ ´B`.

(i) A and´A are the infinitesimal generators of the strongly continuous semigroups
T |r0,8q and T ˝ p´idRq|r0,8q, respectively.

(ii) If in addition a, b P R are such that a ă b, t0 P pa, bq and ξ P DpAq, then
u : pa, bq Ñ X, defined by

uptq :“ T pt ´ t0qξ

for all t P pa, bq, is the uniquely determined differentiable map such that Ran u Ă
DpAq, upt0q “ ξ and

u 1ptq “ ´A uptq

for all t P pa, bq.
(iii) S : R Ñ LpX, Xq defined by S ptq :“ S`ptq for all t P r0,8q and S ptq :“

S´p´tq for all t P p´8, 0q is a strongly continuous group with infinitesimal
generator B`.

Proof. ‘(i)’: First, since ´idR is additive, it follows that T |r0,8q and T ˝ p´idRq|r0,8q
are strongly continuous semigroups with corresponding infinitesimal generators A`
and A´, respectively. In particular, it follows that A` Ą A. Further, it follows for
ε ą 0, t P p0, εq and ξ P DpA`q
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›

›

›

›

1
´t
.
“

T p´tq ´ idX
‰

ξ ` A`ξ
›

›

›

›

“

›

›

›

›

T p´tq
1
t
.
“

T ptq ´ idX
‰

ξ ` A`ξ
›

›

›

›

“

›

›

›

›

T p´tq
"

1
t
.
“

T ptq ´ idX
‰

ξ ` A`ξ
*

´ rT p´tq ´ idXs A`ξ
›

›

›

›

ď C
›

›

›

›

1
t
.
“

T ptq ´ idX
‰

ξ ` A`ξ
›

›

›

›

` }rT p´tq ´ idXs A`ξ}

where C ě 0 is such }T p´tq} ď C for all t P r0, εs. Hence it follows

´ lim
tÑ0,tă0

1
t
.
“

T ptq ´ idX
‰

ξ “ A`ξ

and therefore ξ P DpAq and Aξ “ A`ξ. As a consequence, A Ą A` and hence finally
A` “ A. Application of the foregoing to the strongly continuous group T ˝ p´idRq
leads to A´ “ ´A.
‘(ii)’: For this, let a, b P R such that a ă b, t0 P pa, bq, ξ P DpAq and u : pa, bq Ñ X
be defined by uptq :“ T pt´t0qξ. Then it follows for s0 P pa, t0q, t P ps0, bq that uptq “
T pt´ s0qT ps0´ t0qξ and hence by (i), Theorem 3.1.3 (ii),(v) that Ranu|ps0,bq Ă DpAq,
upt0q “ ξ and that u|ps0,bq is differentiable with derivative

u 1ptq “ ´AT pt ´ s0qT ps0 ´ t0qξ “ ´Auptq

for all t P ps0, bq. On the other hand, if v : pa, bq Ñ X is differentiable such that
Ran v Ă DpAq, vpt0q “ ξ and

v 1ptq “ ´Avptq

for all t P pa, bq, then it follows by (i) and Theorem 3.1.3 (ii),(v) that vptq “ T pt ´
t0qξ “ uptq for t P pt0, bq. Further, consider ṽ :“ pp´t0,´aq Ñ X, t ÞÑ vp´tqq. Then
Ran ṽ Ă DpAq, limtÑ´t0 ṽptq “ ξ and ṽ is differentiable such that

ṽ 1 “ ´p´Aq ṽptq

for all t P p´t0,´aq. Hence it follows by (i) and Theorem 3.1.3 (ii),(v) that vp´tq “
ṽptq “ T p´pt ` t0qqξ for t P p´t0,´aq and hence vptq “ T pt ´ t0qξ “ uptq for all
t P pa, t0q. Finally, it follows v “ u.
‘(iii)’: First, it follows by Theorem 3.1.3 (ii), (v) for ξ P DpB`q, t ě 0 that uξ :“
pp0,8q Ñ X, s ÞÑ S´ptqS`psqξq maps into DpB`q, is differentiable with derivative
u 1ξpsq “ ´S´ptqB`S`psqξ “ ´B`uξpsq for all s P p0,8q and satisfies

lim
sÑ0

S´ptqS`psqξ “ S´ptqξ P DpB`q .

Hence it follows by Theorem 3.1.3 (v) that uξpsq “ S`psqS´ptqξ and hence
S´ptqS`psqξ “ S`psqS´ptqξ for all s P r0,8q. Since DpB`q is dense in X this
implies that

S´ptqS`psq “ S`psqS´ptq

for all t, s P r0,8q. Further, by
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S`pt ` hqS´pt ` hqξ ´ S`ptqS´ptqξ

“ rS`pt ` hq ´ S`ptqsS´ptqξ ` rS`pt ` hq ´ S`ptqsrS´pt ` hqξ ´ S´ptqξs

` S`ptqrS´pt ` hqξ ´ S´ptqξs

for all ξ P X, t P r0,8q, h P r´t,8q it follows that pr0,8q Ñ LpX, Xq, t ÞÑ
S`ptqS´ptqq is a strongly continuous semigroup on X. By

1
t
.pS`ptqS´ptqξ ´ ξq “

1
t
.pS`ptq ´ idXqξ ` pS`ptq ´ idXq

1
t
.pS´ptq ´ idXqξ

`
1
t
.pS´ptq ´ idXqξ

for t P p0,8q, ξ P X, it follows that DpB`q is contained in the domain of this con-
tinuous semigroup and that its infinitesimal generators vanishes on DpB`q. Hence,
since this generator is in particular closed and DpB`q is dense in X, that generator
coincides with 0 operator on X. Since that operator generates pr0,8q Ñ X, t ÞÑ idXq,
it follows

S`ptqS´ptq “ S´ptqS`ptq “ idX

and therefore the bijectivity of S`ptq and

S´ptq “ pS`ptqq´1

for all t P r0,8q. In particular, it follows for t, s P R, if t ě 0 and s ě 0

S pt ` sq “ S`pt ` sq “ S`ptqS`psq “ S ptqS psq ,

if t ě 0 and ´t ď s ă 0

S pt ` sq “ S`pt ` sq “ S`pt ` sqS`p´sqpS`p´sqq´1
“ S`ptqS´p´sq

“ S ptqS psq ,

if t ă 0, s ě ´t

S pt ` sq “ S`pt ` sq “ pS`p´tqq´1S`p´tqS`pt ` sq “ S´p´tqS`psq

“ S ptqS psq ,

if s ă ´t
S pt ` sq “ S ps` tq “ S psqS ptq “ S ptqS psq

and hence that S is a strongly continuous group. Finally, it follows by (i) that the
infinitesimal generator of S is given by B`. [\

Corollary 4.5.2. LetK P tR,Cu, pX, } }q aK-Banach space and A a linear operator in
X. Then A is the infinitesimal generator of a strongly continuous group T if and only
if A and ´A are infinitesimal generators of strongly continuous semigroups T` and
T´, respectively. In this case, T ptq “ T`ptq for all t P r0,8q and T ptq :“ T´p´tq
for all t P p´8, 0q.
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4.6 Associated Inhomogeneous Initial Value Problems

This section treats the inhomogeneous differential equation that is associated with a
strongly continuous semigroup. In particular, there is given a sufficient condition on
the inhomogeneity such that the corresponding initial value problem is well-posed
for data from the domain of the generator.

Lemma 4.6.1. Let K P tR,Cu, pX, } }q a K-Banach space, A : DpAq Ñ X the
infinitesimal generator of a strongly continuous semigroup T : r0,8q Ñ LpX, Xq.
Further, let t0 ě 0, t1 ą t0, ξ P X and f : rt0, t1q Ñ X be continuous. Finally, let
u : pt0, t1q Ñ X be differentiable with Ran u Ă DpAq, limtÑt0 uptq “ ξ and

u 1ptq ` A uptq “ f ptq

for all t P pt0, t1q. Then

uptq “ T pt ´ t0qξ `
ż t

t0
T pt ´ sq f psq ds (4.6.1)

for all t P pt0, t1q.

Proof. For this, let t P pt0, t1q. We define G : pt0, tq Ñ X by Gpsq :“ T pt ´ squpsq
for all s P pt0, tq. Then it follows for every s P pt0, tq and 0 ă h ă t ´ s

1
h
rGps` hq ´Gpsqs “

1
h
rT pt ´ ps` hqqups` hq ´ T pt ´ squpsqs

“ T pt ´ ps` hqq
"

1
h
rups` hq ´ upsqs ´

1
h
rT phq ´ idXs upsq

*

and hence

lim
hÑ0`

1
h
rGps` hq ´Gpsqs “ T pt ´ sqru 1psq ` A upsqs “ T pt ´ sq f psq .

Also it follows for every t0 ´ s ă h ă 0

1
h
rGps` hq ´Gpsqs “

1
h
rT pt ´ ps` hqqups` hq ´ T pt ´ squpsqs

“ T pt ´ sq
"

rT p|h|q ´ idXs
1
h
pups` hq ´ upsqq ´

1
|h|
rT p|h|q ´ idXs upsq

`
1
h
rups` hq ´ upsqs

*

and hence

lim
hÑ0´

1
h
rGps` hq ´Gpsqs “ T pt ´ sqru 1psq ` A upsqs “ T pt ´ sq f psq .

Altogether, it follows the differentiability of G and G 1psq “ T pt ´ sq f psq for all
s P pt0, tq. Note that there is a continuous extension Ĝ : rt0, ts Ñ X of G such that
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Ĝpt0q “ T pt ´ t0q ξ and Ĝptq “ uptq. Finally, note that F : rt0, ts Ñ X defined by
Fpsq :“ T pt ´ sq f psq for every s P rt0, ts is continuous, too. Hence it follows by
Theorem 3.2.9

uptq ´ T pt ´ t0qξ “ Ĝptq ´ Ĝpt0q “
ż t

t0
Fpsq ds “

ż t

t0
T pt ´ sq f psq ds

and hence (4.6.1). [\

Theorem 4.6.2. Let K P tR,Cu, pX, } }q a K-Banach space, A : DpAq Ñ X the
infinitesimal generator of a strongly continuous semigroup T : r0,8q Ñ LpX, Xq.
Further, let t0 ě 0, t1 ą t0, ξ P DpAq and f P Cprt0, t1q, Xq such that Ran f Ă DpAq
and A f :“ prt0, t1q Ñ X, t ÞÑ A f ptqq P Cprt0, t1q, Xq. Then u : rt0, t1q Ñ X, defined
by

uptq :“ T pt ´ t0qξ `
ż t

t0
T pt ´ sq f psq ds (4.6.2)

for all t P rt0, t1q where integration denotes weak Lebesgue integration with respect
to LpX,Kq, is continuous and such that upt0q “ ξ, Ran u Ă DpAq, Au :“ prt0, t1q Ñ
X, t ÞÑ Xq P Cprt0, t1q, Xq. Finally, u is continuously differentiable on pt0, t1q such
that

u 1ptq ` A uptq “ f ptq (4.6.3)

for all t P pt0, t1q.

Proof. First, we introduce some notation. We define Y :“ DpAq and } }Y :“ } }A.
Since A is closed, pY, } }Yq is a Banach space Further, the inclusion ιYãÑX of Y into
X is continuous, A P LpY, Xq, for every t P r0,8q the part TYptq of T ptq in Y is a
bounded linear operator on Y and TY :“ pr0,8q Ñ LpY,Yq, t ÞÑ TYptqq is strongly
continuous. Further, it follows from the continuity of f and A f because of

} f pt 1q ´ f ptq}Y ď } f pt 1q ´ f ptq} ` }A f pt 1q ´ A f ptq}

for all t, t 1 P rt0, t1q that f P Cprt0, t1q,Yq. In addition, we define I :“ ra, bs, where
a, b P R are such that t0 ă a and b ă t1,

�pIq :“ tpt, sq P R2 : a ď s ď t ď bu

and U P C˚p�pIq, LpX, Xqq by U :“ p�pIq Ñ LpX, Xq, pt, rq ÞÑ T pt ´ rqq where
here and in the following the lower index ˚ denotes strong continuity. Then UY :“
p�pIq Ñ LpY,Yq, pt, rq ÞÑ TYpt ´ rqq P C˚p�pIq, LpY,Yqq. Then the Theorem is
concluded as follows. First, it follows trivially that upt0q “ ξ. Further, it follows for
every t P pt0, t1q, s P rt0, ts and h P rt0 ´ s, t ´ ss:

}Upt, s` hq f ps` hq ´ Upt, sq f psq}Y

“ }Upt, s` hq f ps` hq ´ Upt, s` hq f psq ` Upt, s` hq f psq ´ Upt, sq f psq}Y

ď }U}8,Y,Y ¨ } f ps` hq ´ f psq}Y ` }Upt, s` hq f psq ´ Upt, sq f psq}Y
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and hence because of UY P C˚p�pIq, LpY,Yqq, f P Cprt0, t1q,Yq the continuity of
prt0, ts Ñ Y, s ÞÑ Upt, sq f psqq and therefore also the continuity of prt0, ts Ñ X, s ÞÑ
Upt, sq f psqq. As a consequence, it follows that uptq P Y and

ż t

t0
Upt, sq f psq ds “

ż t

t0,Y
Upt, sq f psq ds ,

for all t P rt0, t1q where the index Y denotes weak integration with respect to LpY,Kq.
In particular, it follows for every t P rt0, t1q and h ě 0 such that t ` h P rt0, t1q
›

›

›

›

ż t`h

t0,Y
Upt ` h, sq f psq ds´

ż t

t0,Y
Upt, sq f psq ds

›

›

›

›

Y

ď

›

›

›

›

ż t

t0,Y
pUpt ` h, sq f psq ´ Upt, sq f psqq ds

›

›

›

›

Y
`

›

›

›

›

ż t`h

t,Y
Upt ` h, sq f psq ds

›

›

›

›

Y

ď

›

›

›

›

pUpt ` h, tq ´ Upt, tqq
ż t

t0,Y
Upt, sq f psq ds

›

›

›

›

Y
` }U}8,Y,Y ¨

ż t`h

t,Y
} f psq}Y ds ,

for h ď 0 such that t ` h P rt0, t1q
›

›

›

›

ż t`h

t0,Y
Upt ` h, sq f psq ds´

ż t

t0,Y
Upt, sq f psq ds

›

›

›

›

Y

ď

›

›

›

›

ż t`h

t0,Y
pUpt, sq f psq ´ Upt ` h, sq f psqq ds

›

›

›

›

Y
`

›

›

›

›

ż t

t`h,Y
Upt, sq f psq ds

›

›

›

›

Y

ď

ż t`h

t0
}Upt, sq f psq ´ Upt ` h, sq f psq}Y ds` }U}8,Y,Y ¨

ż t

t`h
} f psq}Y ds

and hence by UY P C˚p�pIq, LpY,Yqq and Lebesgue’s dominated convergence the-
orem that u P Cprt0, t1q,Yq and hence also that u P Cprt0, t1q, Xq and Au P

Cprt0, t1q, Xq. Finally, for every pt, rq P D :“ tpt, rq : r P rt0, t1q ^ t P rr, bsu
and all h, h 1 P R such that pt, rq ` ph, h 1q P D,

}AUpt ` h 1, r ` hq f pr ` hq ´ AUpt, rq f prq}

ď }Upt ` h 1, r ` hq f pr ` hq ´ Upt, rq f prq}Y

“ }Upt ` h 1, r ` hq p f pr ` hq ´ f prqq ` pUpt ` h 1, r ` hq ´ Upt, rqq f prq}Y

ď }U}8,Y,Y ¨ } f pr ` hq ´ f prq}Y ` }pUpt ` h 1, r ` hq ´ Upt, rqq f prq}Y.

Hence pD Ñ X, pt, rq ÞÑ AUpt, rq f prqq is continuous. As consequence, it follows by
the Theorem of Fubini that

ξ `

ż t

t0
p f psq ´ A upsqq ds

“ ξ `

ż t

t0

„

f psq ´ A
ˆ

Ups, t0qξ `
ż s

t0,Y
Ups, s 1q f ps 1q ds 1

˙j

ds
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“ ξ `

ż t

t0

„

f psq ´ A Ups, t0qξ ´
ż s

t0
A Ups, s 1q f ps 1q ds 1

j

ds

“ ξ `

ż t

t0
f psq ds´

ż t

t0
A Ups, t0qξ ds´

ż t

t0

ˆ
ż s

t0
A Ups, s 1q f ps 1q ds 1

˙

ds

“ ξ `

ż t

t0
f psq ds´ pξ ´ Upt, t0qξq ´

ż t

t0

ˆ
ż t

s 1
A Ups, s 1q f ps 1q ds

˙

ds 1

“ Upt, t0qξ `
ż t

t0
f psq ds´

ż t

t0
p f ps 1q ´ Upt, s 1q f ps 1qq ds 1

“ Upt, t0qξ `
ż t

t0
Upt, sq f psq ds “ uptq

for all t P rt0, t1q. Hence, finally, it follows by Lemma 3.2.8 the relation (4.6.3) for
all t P pt0, t1q. [\
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Examples of Generators of Strongly Continuous
Semigroups

5.1 The Ordinary Derivative on a Bounded Interval

In the following, let a be some positive real number different from zero. In addition,
we denote by I the open interval p0, aq with end points 0 and a, respectively, and by
Ī its corresponding closure in R. For applications see Chapters 7.1, 7.2.

Definition 5.1.1. We define the densely-defined linear operator Ar in X :“ L2
C
pIq by

Ar f :“ f 1

for any f P C1pĪ,Cq satisfying in addition

lim
xÑ0`

f pxq “ 0 . (5.1.1)

We give now some facts on Ar and its adjoint operator A˚r .

Theorem 5.1.2. The closure Ār of Ar is accretive with an empty spectrum and a
compact resolvent and generates a contractive strongly continuous semigroup Tr :
r0,8q Ñ LpX, Xq. For any t P r0,8q and f P X the corresponding Trptq f is given
by the restriction of

f̂ pidR ´ tq

to I. Here f̂ denotes the extension of f to an almost everywhere defined function on
R assuming zero values on the complement of I.

Proof. Ar is accretive since for any f P C 1pĪ,Cq with the additional property (5.1.1)
it follows by partial integration that

x f |Ar f y “ | f paq|2 ´ xAr f | f y

and hence that
Re x f | Ar f y “ | f paq|2 ě 0 .
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Hence Ar is in particular closable with an accretive closure Ār. For every complex
number σ and every f P X we define the Rσ f : I Ñ C by

pRσ f q pxq :“ eσx
ż x

0
e´σy f pyqdy “

ż

I
Kσpx, yq f pyqdy , x P I ,

for all x P I where Kσ : I2 Ñ C is defined by

Kσpx, yq :“
"

eσpx´yq for x ě y
0 for x ă y .

Rσ f is in particular continuous and has a unique extension to a continuous function
on Ī. That extension vanishes at 0. Hence by Rσp f q :“ Rσ f for all f P X there is
defined a mapping Rσ : X Ñ X which, obviously, is in particular linear. Moreover,
Rσ is Hilbert-Schmidt and hence also compact since the kernel Kσ is an element
of L2

C
pI2q. Moreover, by partial integration it follows for all f P C 1pĪ,Cq with the

additional property (5.1.1) that

Rσ pAr ´ σq f “ f

and for all g P C0pI,Cq that

pĀr ´ σqRσg “ g .

Hence it follows also
Rσ pĀr ´ σq f “ f

for all f P DpĀ0q and since C0pI,Cq is dense in X and Rσ is in particular continuous
that

pĀr ´ σqRσg “ g

for all g P X. Hence Ār ´ σ is bijective with a compact inverse and the spectrum
of Ār is empty. Further, since Ār is accretive and, as a consequence of the foregoing
for e.g., the range of Ār ` 1 is dense in X, it follows that Ār generates a contractive
strongly continuous semigroup Tr : r0,8q Ñ LpX, Xq.

In the following, let σ be some element of p´8, 0q ˆ R and f P X. Then by

τt f :“ f̂ pidR ´ tq
ˇ

ˇ

I

for all t P r0,8q there is given a bounded uniformly continuous function τ f :
r0,8q Ñ X (see e.g. [185]). Note that for any t P r0,8q the corresponding τt f
has its support in rt, as and hence that the support of τ f is contained in r0, as. Hence
for any g P X

ż 8

0
eσt
xg|τt f y dt “

ż a

0
g˚pxq

„
ż x

0
eσt f px´ tqdt

j

dx

“

ż a

0
g˚pxq

„

eσx
ż x

0
e´σy f pyqdy

j

dx “ xg|Rσ f y

“

ż 8

0
eσt
xg|Trptq f y dt .
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Since this is true for any σ P p´8, 0q ˆR, we get from the injectivity of the Fourier
transform on L1

C
pRq and the continuity of the involved functions:

xg|Trptq f y “ xg|τt f y

for all t P r0,8q and hence
Trptq f “ τt f

for all t P r0,8q. Since this true for any f P X, finally, the theorem follows. [\

As a corollary, it follows for the densely-defined linear operator Al in X
defined by

Definition 5.1.3.
Al f :“ ´ f 1

for any f P C1pĪ,Cq satisfying in addition

lim
xÑa´

f pxq “ 0 .

Corollary 5.1.4. The closure Āl of Al is accretive with an empty spectrum and a
compact resolvent and generates a contractive strongly continuous semigroup Tl :
r0,8q Ñ LpX, Xq. For any t P r0,8q and f P X the corresponding Tlptq f is given
by the restriction of

f̂ pidR ` tq

to I.

Proof. The proof is a straightforward consequence of the identity

Al “ UArU

where U : X Ñ X is the unitary linear map defined by

U f :“ f ˝ pa´ idIq

for all f P X. [\

Corollary 5.1.5. The operator Āl is the adjoint operator of Ar

Āl “ A˚r .

Proof. By using
A˚r “ pĀrq

˚
,

it follows that the spectrum of A˚r is equal to the complex-conjugate of the spectrum
of Ār and hence by Theorem 5.1.2 empty and that

pA˚r q
´1
“
`

Ā´1
r

˘˚
.
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Now by the proof of Theorem 5.1.2 we have:

`

Ā´1
r f

˘

pxq “
ż x

0
f pyq dy

for all x P I and f P X and hence

´

pA˚r q
´1 f

¯

pxq “
ż a

x
f pyq dy

for all x P I and f P X. Further, by the proof of Corollary 5.1.4

Ā´1
l “ UĀ´1

r U

and hence

`

Ā´1
l f

˘

pxq “
`

Ā´1
r U f

˘

pa´ xq “
ż a´x

0
f pa´ yq dy

“

ż a

x
f py 1q dy 1 “

´

pA˚r q
´1 f

¯

pxq

for all x P I and f P X. From this follows

pA˚r q
´1
“ Ā´1

l

and finally the corollary. [\

5.2 Linear Stability of Ideal Rotating Couette Flows

In the following we consider Couette flow [43, 51], i.e., an incompressible ideal
fluid contained between two infinitely long concentric cylinders of radii R1, R2
(R2 ą R1 ą 0) rotating about there common axis, which is assumed to be the z-axis
of a Cartesian coordinate system, with angular velocities Ω1 and Ω2, respectively.
Stationary divergence free axial solutions of Euler’s equation with vanishing normal
components at the cylinders are given by

v0px, y, zq :“
´

´y ¨ Ω
´

a

x2 ` y2
¯

, x ¨ Ω
´

a

x2 ` y2
¯

, 0
¯

p0px, y, zq :“ ρ

ż

?
x2`y2

R1

r2 Ω2
prq dr

for all px, y, zq P U ˆ R where

U :“ tpx, yq P R2 : R2
1 ă x2

` y2
ă R2

2u ,
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ρ ą 0 is the (constant) density of the fluid and Ω is some element of C2pI,Rq X
CpĪ,Rq. Here I :“ pR1,R2q. Note that

v0 “ ∇ˆ p0, 0, ψ0q

where

ψ0px, y, zq :“ ´
ż

?
x2`y2

R1

rΩprq dr

for all px, y, zq P U ˆ R and that the vorticity ω0 :“ ∇ˆ v0 is given by

ω0px, y, zq “ p0, 0,´p�ψ0q px, y, zqq “
´

0, 0, ω0z

´

a

x2 ` y2
¯¯

for all px, y, zq P U ˆ R. Here ω0z : I Ñ R is defined by

ω0zprq :“ rΩ 1prq ` 2Ωprq

for all r P I. In the vorticity formulation the governing equation for reduced small
axial variations of such a ω0 of the form

p0, 0, ωpr, zq exppimϕqq ,

pr, zq P I ˆ R, ϕ P p´π, πq, where m P Z and polar coordinates have been introduced
in the px, yq-plane, is given by

Bω

Bt
“ ´Am ω .

Here

pAmωqpr, zq :“ im

«

Ωprqωpr, zq `
ω 10zprq

r2

ż R2

R1

Gmpr, r 1qωpr 1, zq dr 1
ff

(5.2.1)

where the kernel Gm is defined by

Gmpr, r 1q :“
"

´ fm2prq fm1pr 1q for r 1 ă r
´ fm1prq fm2pr 1q for r 1 ě r

for all pr, r 1q P I2 and

f01 :“ ´
r

ln η
ln
ˆ

r
R1

˙

,

f02 :“ r ln
ˆ

r
R2

˙

for m “ 0,

fm1 :“
ηm

2mp1´ η2mq

´

Rm
1 r´pm´1q

´ R´m
1 rm`1

¯

,

fm2 :“ Rm
2 r´pm´1q

´ R´m
2 rm`1 .
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for m ‰ 0 for all r P I and

η :“
R1

R2
.

Note that we use the same symbol for functions in Cartesian coordinates and their
corresponding transformations in cylindrical coordinates. Obviously, for every m P Z
the corresponding Gm : I2 Ñ R can be extended to a continuous and symmetric
function on Ī2. Hence it follows

Gm P L2
C
pI2
q

and that by

rIntpGmq f sprq :“
ż R2

R1

Gmpr, r 1q f pr 1q dr 1

for all r P I and every f P L2
C
pIq, there is defined a linear self-adjoint Hilbert-Schmidt

and hence also compact operator on L2
C
pIq.

Theorem 5.2.1. Let
ω 10z P L8pIq .

Then it follows for every m P Z:

(i)
Am :“ im.

´

TΩ ` Tω 10z{idR
IntpGmq

¯

,

where for every a.e. on I defined complex-valued and measurable function f the
symbol T f denotes the maximal multiplication operator in L2

C
pIq, is a bounded

linear operator on L2
C
pIq and hence the generator of a strongly continuous semi-

group on L2
C
pIq.

(ii) The essential spectrum σesspAmq of Am, defined by its spectrum minus its iso-
lated eigenvalues of finite multiplicity, is given by

σesspAmq “ RanpimΩq . (5.2.2)

(iii) If ω 10z is not a.e. zero as well as either a.e. positive or a.e. negative on I:

σpAmq Ă i.R .

Proof. For this, let m P Z. ‘(i)’: Since Ω and ω 10z{idR are bounded, it follows
that TΩ,Tω 10z{idR

are bounded linear operators on L2
C
pIq and hence also that Am is

a bounded linear operator on L2
C
pIq.

‘(ii)’: Since IntpGmq is in particular compact, it follows also the compactness of
Tω 10zidR

˝ IntpGmq and therefore by ‘Weyl’s essential spectrum theorem’, for e.g., see
Corollary 2 of Theorem XIII.14 in Vol. IV of [179], that TimΩ and Am have the same
essential spectrum. Since Ω is continuous, the spectrum σ pTimΩq of TimΩ is given by

σ pTimΩq “ RanpimΩq .
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Now, let λ P σ pTimΩq be in particular an eigenvalue of finite multiplicity of TimΩ.
Then pimΩq´1pλq is not a set of measure zero. Since imΩ is continuous, it follows
that pimΩq´1pλq is bounded as well as measurable and hence also summable and of
measureą 0. Hence there exists for any n P N˚ a decomposition of pimΩq´1pλq into
disjoint subsets of positive measure. This leads to the contradiction that KerpTimΩq

is not finite dimensional. As a consequence, TimΩ has no eigenvalues of finite multi-
plicity and it follows (5.2.2).
‘(iii)’: For this, let ω 10z be not a.e. zero as well as either a.e. positive or a.e. negative
on I. Further, let λ P C be an eigenvalue of finite multiplicity of Am and f P L2

C
pIq

be a corresponding eigenvector. Then

m.IntpGmq f “ ´
idR
ω 10z

pmΩ` iλq f

and hence
m x f | IntpGmq f y “ ´

ż

I

idR
ω 10z

pmΩ` iλq | f |2 dv1 .

Since IntpGmq is in particular self-adjoint, this implies that

Repλq ¨
ż

I

idR
ω 10z

| f |2 dv1
“ 0

[\

and hence that Repλq “ 0.
The evolution of ‘small’ perturbations of ideal rotating Couette flows is one of the

rare cases in applications where the governing operator is a bounded linear operator.1

From a physical point of view, the example is interesting because of the occurrence
of a continuous part in the oscillation spectrum of a finitely extended system. On the
other hand, in Quantum Theory such occurrence would be very surprising because
continuous parts in the spectrum of a Schrödinger operator are usually associated to
scattering states reaching infinity. See [26] for a similar example of an occurrence
of a continuous part in the oscillation spectrum of rigidly rotating general relativistic
stars. See [18] for the proof of the existence of unstable inviscid plane Couette flows
under the assumption of periodic boundary conditions. For further results on the
stability of Couette flows, see [34, 184].

5.3 Outgoing Boundary Conditions

In the following, we give a well-posed formulation of the initial-boundary value
problem for

B2u
Bt2 ´

B2u
Bx2 ` Vu “ 0 (5.3.1)

1 Note that instead of L2
C
pIq a large number of other choices of the representation space of

the formal operator Am in (5.2.1) is possible.
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on the interval I “ p0, aq, where a ą 0, for standard Sommerfeld outgoing boundary
conditions

ˆ

Bu
Bt
´
Bu
Bx

˙

ˇ

ˇ

ˇ

ˇ

ˇ

x“0

“ 0 ,

ˆ

Bu
Bt
`
Bu
Bx

˙

ˇ

ˇ

ˇ

ˇ

ˇ

x“a

“ 0

and Engquist-Majda [58] outgoing boundary conditions
ˆ

B2u
BxBt

´
B2u
Bx2 `

V
2

u
˙

p0q “ 0 ,

ˆ

B2u
BxBt

`
B2u
Bx2 ´

V
2

u
˙

paq “ 0 .

The choice of the used function spaces is suggested by formulations of (5.3.1) as
a first order system given in Chapters 7.1, 7.2. The motivation of considering such
initial boundary value problems comes from numerical evolutions. Frequently, in
such evolutions it is performed an artificial space cut off because of the necessarily
finite extension of computational domains. Therefore, boundary conditions have to
be posed in such a way that the numerical solution of the cut off system approximates
as best as possible the solution of the original problem on infinite space. Ideally, the
boundaries of the cutoff problem should be ‘transparent’, i.e., let energy dissipate
through the boundaries. In particular, reflections from the boundaries have to be min-
imized. If the data have compact support inside the computational domain, then there
should be no incoming waves entering that domain.2 For this reason, such conditions
are named ‘outgoing’ boundary conditions. The formulation of such boundary con-
ditions for Einstein’s evolution equations for the gravitational field is an important
current problem in numerical relativity. See, for instance, [181, 192, 211] and for a
review on the Cauchy problem for Einstein’s equations [78]. For a review of the
formulation of outgoing boundary conditions for wave equations, see [85]. In this
connection, see also [3, 16, 92]. For an approach to the difference method in the nu-
merics of PDEs which is related to the semigroup method, see [123–125]. In this
connection, see [55] for a major generalization of Kreiss’ condition. Theorem 5.3.4
below is a new result.

Definition 5.3.1.

(i) We define for every k P N the densely-defined linear operator

Dk
I : C8

0 pI, Cq Ñ L2
C
pIq

in L2
C
pIq by

Dk
I f :“ f pkq ,

for every f P C8
0 pI, Cq.

(ii) For any n P N˚,

Wn
C
pIq :“

n
č

k“0

D pDk˚
I q .

2 In this strictness, this is reasonable only for linear constant coefficient systems.
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Equipped with the scalar product

x , yn : pWn
C
pIqq2 Ñ C

defined by

x f , gyn :“
n
ÿ

k“0

xDk˚
I f |Dk˚

I gy2

for all f , g P Wn
C
pIq, Wn

C
pIq is a complex Hilbert space.

(iii) Let V P CpĪ,Rq be such that V ě ε for some ε ą 0. Then, obviously, W1
C
pIq

equipped with the scalar product

x f |gy1 :“ xD1˚
I f |D1˚

I gy ` xV1{2 f |V1{2gy

for all f , g P W1
C
pIq is a Hilbert space with induced topology being equivalent

to the standard topology on W1
C
pIq.

(iv) Finally, we define the linear operator

AV : DpAVq Ñ W1
C
pIq ˆ L2

C
pIq

in X :“ W1
C
pIq ˆ L2

C
pIq by

DpAVq :“ tp f , gq P C2
pĪ,Cq ˆC1

pĪ,Cq : f 10 ´ g0 “ f 1a ` ga “ 0u

and
AVp f , gq :“ p´g,´ f 2 ` V f q

for all p f , gq P DpAVq.

Theorem 5.3.2.

(i) AV is a densely-defined, linear and accretive operator in X.
(ii) ĀV generates a contractive strongly continuous semigroup TV : r0,8q Ñ

LpX, Xq.

Proof. Obviously, by AV there is defined a linear operator in X. That DpAVq is dense
in X can be proved as follows. For this, let p f , gq be some element of X and ε some
nonvanishing positive real number. Since C2pĪ,Cq is dense in W1

C
pIq, there is some

u P C2pĪ,Cq such that

}u´ f }1 ď

b

ε2{2 .

Further, since C80 pI,Cq is dense in L2
C
pIq, there is some v1 P C80 pI,Cq such that

}v1 ´ g} ď
b

ε2{8 .

Obviously, in addition, there is some v2 P C1pĪ,Cq such that

v20 “ u 10 , v2a “ ´u 1a
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and at the same time such that

}v2} ď

b

ε2{8 .

Then by construction pu, v1 ` v2q P DpAVq and

}p f , gq ´ pu, v1 ` v2q}
2
“ } f ´ u}2

1 ` }g´ pv1 ` v2q}
2

ď } f ´ u}2
1 ` 2}g´ v1}

2
` 2}v2}

2
ď ε2 .

Since ε and p f , gq were otherwise arbitrary, from this it follows that DpAVq is dense
in X.

For the proof that AV is accretive, let pu, vq be some otherwise arbitrary element
from DpAVq. Moreover, denote by p | q the scalar product of X. Then we conclude by
partial integration and by using the definition of DpAVq that

Re ppu, vq | AVpu, vqq “ Re
ż a

0
ru 1˚p´v 1q ` Vu˚p´vq ` v˚p´u2 ` Vuqs dx

“ ´
1
2

ż a

0
pv˚u 1 ` vu 1˚q 1 dx “ |va|

2
` |v0|

2
ě 0

and hence that AV is accretive. Finally, the statement (i) follows.
The statement of (ii) follows from that of (i) if it can be shown that RanpAV ` λq

is dense in X for some real λ ą 0. For this, let λ be such a real number and let f , g
be some elements of C1pĪ,Cq and C0pI,Cq, respectively. In addition, we define

α :“
fa ´ f0
λa` 2

, β :“
1
λ

fa ` f0 ` λa f0
λa` 2

and us P C8pĪ,Cq by
uspxq :“ αx` β , x P I .

Finally, consider the operator B : DpBq Ñ L2
C
pIq defined by

DpBq :“ tu P C2
pĪ,Cq : u 10 ´ λu0 “ u 1a ` λua “ 0u

and
Bu :“ ´u2 ` pV ` λ2

qu , u P DpBq .

By the theory of regular Sturm-Liouville operators, B is a densely-defined, linear,
symmetric and essentially self-adjoint operator in L2

C
pIq. By partial integration, it

follows for every u P DpBq that

xu|Buy “ λ p|ua|
2
` |u0|

2
q `

ż a

0
r |u 1|2 ` pV ` λ2

q|u|2 s dx ě λ2
}u}2

and hence that B̄ is bijective. Again, by the theory of regular Sturm-Liouville opera-
tors, from this follows the existence of u P DpBq such that

´u2 ` pV ` λ2
qu “ λ f ` g´ pV ` λ2

qus .
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Hence u` us is an element of C2pĪ,Cq such that

´ pu` usq
2
` pV ` λ2

qpu` usq “ λ f ` g

pu` usq
1
0 ´ λpu` usq0 ` f0 “ pu` usq

1
a ` λpu` usqa ´ fa “ 0

and, finally,
pu` us, λpu` usq ´ f q P DpAvq

and
pAV ` λqpu` us, λpu` usq ´ f q “ p f , gq .

Since f , g were otherwise arbitrary and C1pĪ,Cq ˆ C0pI,Cq is dense in X, from this
follows that RanpAV ` λq is dense in X and hence finally (ii) and the theorem. [\

Definition 5.3.3.

(i) Let V be some element of C1pĪ,Rq such that V ě ε for some ε ą 0. Then we
define the positive definite Hermitian sesquilinear forms x | y1 , x | y2 by

x f |gy1 :“ 4 xD1˚
I f |D1˚

I gy ` 2 xV1{2 f |V1{2gy

for all f , g P W1
C
pIq and

x f |gy2 :“ xp2 D2˚
I ´ Vq f |p2 D2˚

I ´ Vqgy

` 2 xV1{2D1˚
I f |V1{2D1˚

I gy ` xV f |Vgy

for all f , g P W2
C
pIq. By the inequalities

}p2D2˚
I ´Vq f }2

ď 6}D˚2
I f }2

`3}V f }2 , }p2D2˚
I ´Vq f }2

ě 2}D2˚
I f }2

´}V f }2

for all f P W2
C
pIq, it follows that the induced topologies are equivalent to the

standard topologies on W1
C
pIq and W2

C
pIq, respectively.

(ii) Finally, we define the linear operator

AV,1 : DpAV,1q Ñ W2
C
pIq ˆW1

C
pIq

in X1 :“ W2
C
pIq ˆW1

C
pIq by

DpAV,1q : “ tp f , gq P C3
pĪ,Cq ˆC2

pĪ,Cq : 2 f 20 ´ V0 f0 ´ 2g 10
“ 2 f 2a ´ Va fa ` 2g 1a “ 0u

and
AV,1p f , gq :“ p´g,´ f 2 ` V f q

for all p f , gq P DpAV,1q.

Theorem 5.3.4.

(i) AV,1 is a densely-defined, linear and quasi-accretive operator in X1 with left
bound

´}plnpVqq 1}8 .
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(ii) ĀV,1 generates a strongly continuous semigroup TV,1 : r0,8q Ñ LpX1, X1q satis-
fying

}TV,1ptq} ď expp}plnpVqq 1}8 ¨ tq

for all t P r0,8q.

Proof. Obviously, by AV,1 there is defined a linear operator in X1. That DpAV,1q is
dense in X1 can be proved as follows. For this, let p f , gq be some element of X1 and
ε some nonvanishing positive real number. Since C3pĪ,Cq is dense in W2

C
pIq, there is

some u P C3pĪ,Cq such that

}u´ f }2 ď

b

ε2{2 .

Further, since C2pĪ,Cq is dense in W1
C
pIq, there is some v1 P C2pĪ,Cq such that

}v1 ´ g}1 ď

b

ε2{8 .

Finally, define

s0 :“ u20 ´
1
2

V0u0 ´ v 110 , sa :“ ´ u2a `
1
2

Vaua ´ v 11a

and for every δ P p0, a{2q

v2pxq :“

$

&

%

ps0{p3δ2qq ¨ px´ δq3 for 0 ă x ă δ
0 for δ ď x ď a´ δ

psa{p3δ2qq ¨ px` δ´ aq3 for a´ δ ă x ă a .

Then v2 is an element of C2pĪ,Cq such that

v 120 “ s0 , v 12a “ sa .

Moreover, some calculation gives
ż a

0
p|v 12|

2
` |v2|

2
q dx “ p|sa|

2
` |s0|

2
q

ˆ

1
5
`
δ2

63

˙

δ .

Hence there is some δ P p0, a{2q such that

}v2}1 ď

b

ε2{8 .

By construction, for such a δ pu, v1 ` v2q P DpAV,1q and

}p f , gq ´ pu, v1 ` v2q}
2
“ } f ´ u}2

2 ` }g´ pv1 ` v2q}
2
1

ď } f ´ u}2
2 ` 2}g´ v1}

2
1 ` 2}v2}

2
1 ď ε2 .

Since ε and p f , gq were otherwise arbitrary, from this follows that DpAV,1q is dense
in X1.
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For the proof that AV,1 is accretive, let pu, vq be some otherwise arbitrary element
from DpAV,1q. Moreover, denote by p | q the scalar product of X1. Then we conclude
by partial integration, the Hölder inequality for L2

C
pIq and by using the definition of

DpAV,1q that

Re ppu, vq | AV,1pu, vqq

“ Re
ż a

0

“

´p2u2 ´ Vuq˚p2u2 ´ Vuq ´ 2Vu 1˚v 1 ´ V2u˚v` 4V 1p´u2 ` Vuq 1

`2Vv˚p´u2 ` Vuqs dx

“ 4p|v 1a|
2
` |v 10|

2
q ` 2 Re

ż a

0
V 1v 1˚u dx ě ´}plnpVqq 1}8 }pu, vq}2

and hence that AV,1 is accretive. Finally, the statement (i) follows.
The statement of (ii) follows from that of (i) if it can be shown that RanpAV,1`λq

is dense in X1 for some real λ ą 0. For this let λ be such a real number and let
f , g be some elements of C2pĪ,Cq and C1pĪ,Cq, respectively. In addition, let α, β be
complex numbers such that us P C8pĪ,Cq defined by

uspxq :“ αx` β , x P I .

satisfies

u 1s 0 ´

ˆ

λ`
V0

2λ

˙

us 0 “
1
λ
p f 10 ´ λ f0 ´ g0q

u 1s a `

ˆ

λ`
Va

2λ

˙

us a “
1
λ
p f 1a ` λ fa ` gaq .

Obviously, such α, β do exist. Finally, consider the operator B : DpBq Ñ L2
C
pIq

defined by

DpBq :“ tu P C2
pĪ,Cq : u 10 ´ rλ` pV0{p2λqqsu0 “ u 1a ` rλ` pVa{p2λqqsua “ 0u

and
Bu :“ ´u2 ` pV ` λ2

qu , u P DpBq .

By the theory of regular Sturm-Liouville operators, B is a densely-defined, linear,
symmetric and essentially self-adjoint operator in L2

C
pIq. By partial integration, it

follows for every u P DpBq that

xu|Buy “
ˆ

λ`
Va

2λ

˙

|ua|
2
`

ˆ

λ`
V0

2λ

˙

|u0|
2

`

ż a

0
r |u 1|2 ` pV ` λ2

q|u|2 s dx ě λ2
}u}2
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and hence that B̄ is bijective. Again by the theory of regular Sturm-Liouville opera-
tors, from this follows the existence of u P DpBq XC3pĪ,Cq such that

´u2 ` pV ` λ2
qu “ λ f ` g´ pV ` λ2

qus .

Hence u` us is an element of C3pĪ,Cq such that

´ pu` usq
2
` pV ` λ2

qpu` usq “ λ f ` g

pu` usq
1
0 ´

ˆ

λ`
V0

2λ

˙

pu` usq0 “
1
λ
p f 10 ´ λ f0 ´ g0q

pu` usq
1
a `

ˆ

λ`
Va

2λ

˙

pu` usqa “
1
λ
p f 1a ` λ fa ` gaq

and finally
pu` us, λpu` usq ´ f q P DpAV,1q

and
pAV,1 ` λqpu` us, λpu` usq ´ f q “ p f , gq .

Since f , g were otherwise arbitrary and C2pĪ,Cq ˆC1pĪ,Cq is dense in X1, from this
follows that RanpAV,1 ` λq is dense in X1 and hence finally (ii) and the theorem. [\

5.4 Damped Wave Equations

In the following, we consider wave equations of the form

pu 1q 1ptq ` iBu 1ptq ` pA`Cquptq “ 0

for all t P R where A, B and C are suitable linear operators. Such equations occur
in particular in the description of rotating systems in General Relativity and Astro-
physics. The main stress of this section is on the development of sufficient condi-
tions for the stability of the solutions of such equations, i.e., the absence of solutions
that grow exponentially with time. For applications of the results in this section,
see [27, 28, 54]. For work on the stability of the solutions of the wave equation and
Dirac equations on the background of a rotating Kerr black hole using related meth-
ods, see [62–65].

In addition, there is a large literature on damped wave equations. See, for in-
stance, [56,89,91,122,126,133,154,156,162,189,190,218,223,226]. For additional
references, see [57], Section VI.3.

Assumption 5.4.1. In the following, let pX, x | yq be a non trivial complex Hilbert
space. Denote by } } the norm induced on X by x | y. Further, let A : DpAq Ñ X be
a densely-defined, linear self-adjoint operator in X for which there is an ε P p0,8q
such that

xξ|Aξy ě ε xξ|ξy (5.4.1)
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for all ξ P DpAq. Denote by A1{2 the square root of A with domain DpA1{2q. Further,
let B : DpA1{2q Ñ X be a linear operator in X such that for some a P r0, 1q and b P R

}Bξ}2
ď a2

}A1{2ξ}2
` b2

}ξ}2 (5.4.2)

for all ξ P DpA1{2q. Finally, let C : DpA1{2q Ñ X be linear and such that for some
real numbers c and d

}Cξ}2
ď c2

}A1{2ξ}2
` d2

}ξ}2 (5.4.3)

for all ξ P DpA1{2q.

Note that as a consequence of (5.4.1) the spectrum of A is contained in the inter-
val rε,8q. Hence A is in particular positive and bijective, and there is a uniquely
defined linear and positive self-adjoint operator A1{2 : DpA1{2q Ñ X such that
pA1{2q2 “ A. That operator is the so called square root of A. Further, note that from
its definition and the bijectivity of A it follows that A1{2 is in particular bijective. This
can be concluded for instance as follows. By using the fact that A1{2 commutes with
A, it easy to see that for every λ P r0, ε1{2q by pA1{2`λqpA´λ2q´1 there is given the
inverse to A1{2´λ. Hence the spectrum of A1{2 is contained in the interval rε1{2,8q.
All these facts will be used later on.

Definition 5.4.2. We define

Y :“ DpA1{2
q ˆ X (5.4.4)

and p | q : Y2 Ñ C by

pξ|ηq :“ xA1{2ξ1|A1{2η1y ` xξ2|η2y

for all ξ “ pξ1, ξ2q, η “ pη1, η2q P Y .

Then we have the following

Theorem 5.4.3.

(i) pY, p | qq is a complex Hilbert space.
(ii) The operator H : DpAq ˆ DpA1{2q Ñ Y in Y defined by

Hξ :“ p´iξ2, iAξ1q

for all ξ “ pξ1, ξ2q P DpAqˆDpA1{2q is densely-defined, linear and self-adjoint.
(iii) The operator B̂ : DpHq Ñ Y defined by

B̂ξ :“ p0,´Bξ2q

for all ξ “ pξ1, ξ2q P DpHq is linear. If B is symmetric, then B̂ is symmetric, too.
If B is bounded, then B̂ is bounded, too, and the corresponding operator norms
}B} and |B̂| satisfy

|B̂| ď }B} . (5.4.5)

(iv) The sum H ` B̂ is closed. If B is symmetric, then H ` B̂ is self-adjoint.
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(v) The operator V : Y Ñ Y defined by

Vξ :“ p0, iCξ1q

for all ξ “ pξ1, ξ2q P Y is linear and bounded. The operator norm |V| of V
satisfies

|V| ď pc2
` d2

{εq1{2 .

Proof. ‘(i)’: Obviously, p | q defines a Hermitian sesquilinear form on Y2. That p | q
is in addition positive definite follows from the positive definiteness of x | y and the
injectivity of A1{2. Finally, the completeness of pY, | |q, where | | denotes the norm on
Y induced by p | q, follows from the completeness of pX, } }q together with the fact
that A1{2 has a bounded inverse. Here it is essentially used that 0 is not contained in
the spectrum of A.
‘(ii)’: That DpAq ˆ DpA1{2q is dense in Y is an obvious consequence of the facts
that DpAq is a core for A1{2 (see e.g. Theorem 3.24 in Chapter V.3 of [106]) and that
DpA1{2q is dense in X. The linearity of H is obvious. Also the symmetry of H follows
straightforwardly from the symmetry of A1{2. By that symmetry, one gets for every
ξ “ pξ1, ξ2q P DpH˚q and any η “ pη1, η2q P DpHq:

pH˚ξ|ηq “ xpH˚ξq1 |Aη1y ` xpH˚ξq2 |η2y

“ pξ|Hηq “ x´iξ2|Aη1y ` xiA1{2ξ1|A1{2η2y ,

and from this by using that A is bijective and A1{2 is self-adjoint that ξ1 P DpAq and

pH˚ξq1 “ ´iξ2 , pH˚ξq2 “ iAξ1 .

Hence H is an extension of H˚ and thus H “ H˚.
‘(iii)’: The linearity of B̂ is obvious. Also it is straightforward to see that B̂ is sym-
metric if B is symmetric. If B is bounded, then

|B̂ξ|2 “ }Bξ2}
2
ď }B}2

}ξ2}
2
ď }B}2

|ξ|2

for all ξ “ pξ1, ξ2q P DpHq. Hence B̂ is also bounded and |B̂|, }B} satisfy the claimed
inequality.
‘(iv)’: Obviously, (5.4.2) implies

|B̂ξ|2 ď a2
|Hξ|2 ` b2

|ξ|2 (5.4.6)

for all ξ P DpHq. From this, it is easily seen that H ` B̂ is closed (see, e.g., [86],
Lemma V.3.5). Moreover, in the case that B (and hence by (iii) also B̂) is symmetric,
(5.4.6) implies according to the Kato-Rellich Theorem (see, e.g., Theorem X.12 in
[179] Vol. II) that H ` B̂ is self-adjoint. For the application of these theorems, the
assumption a ă 1 made above is essential.
‘(v)’: The linearity of V is obvious. For every ξ “ pξ1, ξ2q P Y one has

|Vξ|2 “ }iCξ1}
2
ď c2

}A1{2ξ1}
2
` d2

}ξ1}
2

“ c2
}A1{2ξ1}

2
` d2

}pA1{2
q
´1A1{2ξ1}

2
ď pc2

` d2
{εq |ξ|2 . (5.4.7)
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In the last step, it has been used that

}pA1{2
q
´1
} ď 1{

?
ε .

This follows by an application of the spectral theorem (see, e.g. Theorem VIII.5
in [179] Vol. I) to A1{2. Since ξ is otherwise arbitrary, from (5.4.7) it follows the
boundedness of V and the claimed inequality. [\

Assumption 5.4.4. In the following, we assume in addition that B is symmetric or
bounded.

Note that condition (5.4.2) is trivially satisfied if B is bounded. We define:

Definition 5.4.5.

G` :“ ´ipH ` B̂` Vq , G´ :“ ipH ` B̂` Vq .

Then

Lemma 5.4.6. The operators G` and G´ are closed and quasi-accretive. In
particular,

Repξ|Gξq ě ´pµB ` |V|q pξ|ξq

for G P tG`,G´u and all ξ P DpHq. Here Re denotes the real part and

µB :“
"

0 if B is symmetric
}B} if B is bounded .

Proof. That G` and G´ are closed is an obvious consequence of (iv) and (v) of the
previous theorem. Further, if B is symmetric, one has because of (iv) and (v) of the
preceding theorem

Repξ|G˘ξq “ ¯Repξ|iVξq ě ´|pξ|iVξq| ě ´|V| pξ|ξq

for all ξ P DpHq. Similarly, if B is bounded, one has because of (ii), (iii), (iv), (5.4.5)

Repξ|G˘ξq “ ¯Repξ|ipB̂` Vqξq ě ´|pξ|ipB̂` Vqξq| ě ´p}B} ` |V|q pξ|ξq

for all ξ P DpHq. Hence in both cases G` and G´ are quasi-accretive. [\

Theorem 5.4.7. The operators G` and G´ are infinitesimal generators of strongly
continuous semigroups T` : r0,8q Ñ LpY,Yq and T´ : r0,8q Ñ LpY,Yq, respec-
tively. If µ˘ P R are such that

Repξ|G˘ξq ě ´µ˘ pξ|ξq

for all ξ P DpHq, then the spectra of G` and G´ are contained in the half-plane
r´µ`,8q ˆ R and r´µ´,8q ˆ R, respectively, and

|T`ptq| ď exppµ`tq , |T´ptq| ď exppµ´tq

for all t P r0,8q.
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Proof. Obviously, by Theorem 4.2.6 and the preceding lemma, the theorem follows
if we can show that there is a real number λ ă mint´µ`,´µ´u such that G˘ ´ λ
has a dense range in Y . For the proof, let ξ be some element of DpHq and λ be some
real number such that |λ| ě |V|2. Then we get from the symmetry of H

|pH ´ iλqξ|2 “ |Hξ|2 ` λ2
|ξ|2

and
|pH ´ iλqξ| ě maxt|Hξ|, |λ|1{2|Vξ|u .

Using these identities together with (5.4.2)

|pB̂` Vqξ|2 ď |B̂ξ|2 ` 2|B̂ξ| |Vξ| ` |Vξ|2

ď a2
|Hξ|2 ` 2|B̂ξ| |Vξ| ` pb2

` |V|2q|ξ|2

ď a2
|Hξ|2 ` 2a|Hξ| |Vξ| ` pb` |V|q2|ξ|2

ď a2
|pH ´ iλqξ|2 ` 2a|pH ´ iλqξ| |Vξ| ` rpb` |V|q2 ´ a2λ2

s|ξ|2

ď apa` 2|λ|´1{2
q|pH ´ iλqξ|2 ` rpb` |V|q2 ´ a2λ2

s|ξ|2 .

Hence for any real λ with

|λ| ą maxt|V|2, 4p1´ aq´2, pb` |V|q{a, |µ`|, |µ´|u ,

where we assume without restriction that a ą 0, we get

|pB̂` Vqξ| ď a1|pH ´ iλqξ|

where a1 is some real number from r0, 1q. Since ξ P DpHq is otherwise arbitrary, we
conclude that

pB̂` VqpH ´ iλq´1

defines a bounded linear operator on Y with operator norm smaller than 1. Since

H ` B̂` V ´ iλ “
`

1` pB̂` VqpH ´ iλq´1˘
pH ´ iλq ,

we conclude that H` B̂`V´ iλ is bijective and hence also that G`´λ and G´´λ
are both bijective. Hence the theorem follows. [\

We note that Assumption 5.4.4 has been used only to conclude that G` and G´
are both quasi-accretive. Now it is easy to see that if B is in addition such that iB is
quasi-accretive (but not necessarily bounded or antisymmetric), then ´iB̂ and hence
also G` are quasi-accretive, too. As a consequence, we have the following

Corollary 5.4.8. Instead of Assumption 5.4.4 let B be such that iB is quasi-accretive.
Then G` is the infinitesimal generator of a strongly continuous semigroup T` :
r0,8q Ñ LpY,Yq. If µ` P R is such that
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Repξ|G`ξq ě ´µ` pξ|ξq

for all ξ P DpHq, then the spectrum of G` is contained in the half-plane r´µ`,8qˆ
R and

|T`ptq| ď exppµ`tq

for all t P r0,8q.

In addition, it follows

Corollary 5.4.9.

(i) By

T ptq :“
"

T`ptq for t ě 0
T´p´tq for t ă 0

for all t P R there is defined a strongly continuous group T : RÑ LpY,Yq.
(ii) For every t0 P R and every ξ P DpG`q, there is a uniquely determined differen-

tiable map u : RÑ Y such that

upt0q “ ξ

and
u1ptq “ ´G`uptq (5.4.8)

for all t P R. Here 1 denotes differentiation of functions assuming values in Y .
(iii) The function pu|uq : RÑ R defined by

pu|uqptq :“ p uptq|uptq q , t P R

is differentiable and

pu|uq1ptq “ ´2 Re p uptq|G`uptq q

for all t P R.

Proof. Parts (i) and (ii) follow from the previous theorem by Theorem 4.5.1. Part
(iii) is an obvious consequence of (ii). [\

Note in particular the the special case3 that there is a non trivial element η in the
kernel of A`C for which there is ξ P DpAq such that

pA`Cqξ “ ´iBη .

Then by
uptq :“ pξ ` tη, ηq , t P R

there is given a growing solution of (5.4.8).

3 Such cases are easy to construct.
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The following lemma is needed in the formulation of the subsequent theorem.

Lemma 5.4.10. By
}ξ}A1{2 :“ }A1{2ξ} , ξ P DpA1{2

q

there is defined a norm } }A1{2 on DpA1{2q. Moreover,

W1 :“ pDpA1{2
q, } }A1{2q

is complete.

Proof. The lemma is a trivial consequence of the completeness of X and the bijec-
tivity of A1{2. [\

Theorem 5.4.11. Let t0 P R, ξ P DpAq and η P DpA1{2q. Then there is a uniquely
determined differentiable map u : RÑ W1 satisfying

upt0q “ ξ and u 1pt0q “ η (5.4.9)

and such that u 1 : RÑ X is differentiable with

pu 1q 1ptq ` iBu 1ptq ` pA`Cquptq “ 0 (5.4.10)

for all t P R.

Proof. For this, let v “ pv1, v2q : RÑ Y be such that

vpt0q “ pξ, ηq (5.4.11)

and
v 1ptq “ ´G`vptq , t P R . (5.4.12)

Such v exists according to Corollary 5.4.9 (ii). Using the continuity of the canonical
projections of Y onto W1 and X, it is easy to see that u :“ v1 is a differentiable map
into W1 such that u 1 : R Ñ X is differentiable and such that (5.4.9), (5.4.10) are
both satisfied. On the other hand, if u : R Ñ W1 has the properties stated in the
corollary, it follows by the continuity of the canonical imbeddings of W1, X into Y
that w :“ pu, u 1q satisfies both equations (5.4.11) and (5.4.12). Then u “ v1 follows
by Corollary 5.4.9 (ii). [\

Corollary 5.4.12. In addition to the assumptions, let C be in particular bounded.4

Further, let u : RÑ W1 be differentiable with a differentiable derivative u 1 : RÑ X
and such that (5.4.10) holds. Finally, define Eu : RÑ R by

Euptq :“
1
2
pxu 1ptq|u 1ptqy ` xuptq|pA` RepCqquptqyq . (5.4.13)

4 Note that in this case (5.4.3) is trivially satisfied.
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Then Eu is differentiable and

E 1uptq “
"

´ Im xuptq| ImpCqu 1ptqy for symmetric B
xu 1ptq| ImpBqu 1ptqy ´ Im xuptq| ImpCqu 1ptqy for bounded B (5.4.14)

for all t P R where for any bounded linear operator F on X:

RepFq :“
1
2
pF ` F˚q , ImpFq :“

1
2i
pF ´ F˚q .

Proof. For this, define v :“ pu, u 1q. Then according to the preceding proof v satisfies
(5.4.12). For a symmetric B it follows by Corollary 5.4.9 and Theorem 5.4.3 (iv)
that

pv|vq1ptq “ 2 Re p vptq|iVvptq q

“ ´ xu 1ptq|Cuptqy ´ xCuptq|u 1ptqy (5.4.15)

“ ´xu|RepCquy 1 ptq ´ 2 Im xuptq| ImpCqu 1ptqy

for all t P R. In the last step, it has been used that u is also differentiable with the same
derivative viewed as map with values in X. This follows from the fact the canonical
imbedding of W1 into X is continuous since A1{2 is bijective. Further, the definition

xu|RepCquy ptq :“ xuptq|RepCquptqy , t P R

for the map xu|RepCquy : R Ñ R has been used. Obviously, (5.4.14) follows from
(5.4.15) by using definition (5.4.13). In this step also the symmetry of A1{2 is used
together with the fact that u assumes values in DpAq. For a bounded B by Corol-
lary 5.4.9 and Theorem 5.4.3 (ii), it follows that

pv|vq1ptq “ 2 Re p vptq|ipB̂` Vqvptqq

“ 2 Im xu 1ptq|Bu 1ptqy

´ xu 1ptq|Cuptqy ´ xCuptq|u 1ptqy

“ 2 xu 1ptq| ImpBqu 1ptqy

´ xu|RepCquy 1 ptq ´ 2 Im xuptq| ImpCqu 1ptqy

for all t P R. Obviously, (5.4.14) follows from (5.4.15) by using definition (5.4.13).
[\

The next theorem relates the spectrum of G` to the spectrum of the so called
operator polynomial A ` C ´ λB´ λ2 where λ runs through the complex numbers
[137, 183].

Theorem 5.4.13. Let λ be some complex number.

(i) Then H` B̂`V´λ is not injective if and only if A`C´λB´λ2 is not injective.
If H ` B̂` V ´ λ is not injective, then

kerpH ` B̂` V ´ λq “ tpξ, iλξq : ξ P kerpA`C ´ λB´ λ2
qu .
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(ii) Further, H ` B̂` V ´ λ is bijective if and only if A`C ´ λB´ λ2 is bijective.
If H ` B̂` V ´ λ is bijective, then for all η “ pη1, η2q P Y:

pH ` B̂` V ´ λq´1η “ pξ, ipλξ ` η1qq

where
ξ “ pA`C ´ λB´ λ2

q
´1
rpB` λqη1 ´ iη2s . (5.4.16)

Proof. ‘(i)’: If H` B̂`V´λ is not injective and ξ “ pξ1, ξ2q P kerpH` B̂`V´λq,
it follows from the definitions in Theorem 5.4.3 that

ξ2 “ iλξ1 , pA`C ´ λB´ λ2
qξ1 “ 0

and hence also that A ` C ´ λB ´ λ2 is not injective. If A ` C ´ λB ´ λ2 is not
injective, it follows again from the definitions in Theorem 5.4.3 that

pH ` B̂` V ´ λqpξ, iλξq “ 0

and hence also that H ` B̂` V ´ λ is not injective.
‘(ii)’: If H` B̂`V´λ is bijective, it follows by (i) that A`C´λB´λ2 is injective.
For η P X and ξ “ pξ1, ξ2q :“ pH`B̂`V´λq´1p0, iηq, it follows from the definitions
in Theorem 5.4.3 that

pA`C ´ λB´ λ2
qξ1 “ η

and hence that A ` C ´ λB´ λ2 is also surjective. If A` C ´ λB´ λ2 is bijective,
it follows by (i) that H ` B̂` V ´ λ is injective. Further, if η “ pη1, η2q P Y and ξ is
defined by (5.4.16), it follows from the definitions in Theorem 5.4.3 that

pH ` B̂` V ´ λqpξ, ipλξ ` η1qq “ η

and hence that H ` B̂` V ´ λ is also surjective. [\

Lemma 5.4.14. Let ε 1 ă ε and

A 1 :“ A´ ε 1 , C 1 :“ C ` ε 1 . (5.4.17)

Then

(i)
DpA 11{2q “ DpA1{2

q (5.4.18)

and for all ξ P DpA1{2q

}A1{2ξ}2
“ }A 11{2 ξ}2

` ε 1}ξ}2 . (5.4.19)

(ii) The operators A 1, B and C 1 satisfy

xξ|A 1ξy ě pε´ ε 1q xξ|ξy

}Bξ}2
ď a2

}A 11{2ξ}2
` pa2ε 1 ` b2

q}ξ}2
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}C 1ξ}2
ď |c|

”

|c| ` 2|ε 1| pε´ ε 1q´1{2
ı

}A 1 1{2ξ}2

`

”

|ε 1| ` pc2
|ε 1| ` d2

q
1{2

ı2
}ξ}2

for all ξ P DpA1{2q.

Proof. ‘(i)’: First, since ε 1 ă ε, by (5.4.17) there is defined a linear self-adjoint
and positive operator A 1 in X. Obviously, using the symmetry of A1{2 and A 11{2,
(5.4.19) follows for all elements of DpAq. From this (5.4.18) and (5.4.19) follow
straightforwardly by using the facts that DpAq is a core for A1{2 and A 11{2 (see e.g.
Theorem 3.24 in chapter V.3 of [106]), that X is complete and that A1{2 and A 11{2 are
both closed.
(ii) The first two inequalities are obvious consequences of the corresponding ones
in Assumption 5.4.1 1, the definition (5.4.17) and of (5.4.19). For the proof of the
third, we notice that from the first inequality along with an application of the spectral
theorem (see, e.g. Theorem VIII.5 in [179] Vol. I) to A 1 1{2 follows that

}pA 1 1{2q´1
} ď 1{

?
ε´ ε 1 . (5.4.20)

Further, from Assumption 5.4.1 and (5.4.19) one gets

}Cξ}2
ď c2

}A 1 1{2ξ}2
` pc2

|ε 1| ` d2
q}ξ}2

for all ξ P DpA1{2q. From these inequalities, we get

}C 1ξ}2
ď }Cξ}2

` 2|ε 1| }Cξ} }ξ} ` ε 1 2}ξ}2 (5.4.21)

ď c2
}A 1 1{2ξ}2

` pε 1 2 ` c2
|ε 1| ` d2

q}ξ}2
` 2|ε 1| }Cξ} }ξ}

ď c2
}A 1 1{2ξ}2

`

”

|ε 1| ` pc2
|ε 1| ` d2

q
1{2

ı2
}ξ}2

` 2|ε 1| |c| }A 1 1{2ξ} }ξ}

ď |c|
”

|c| ` 2|ε 1| pε´ ε 1q´1{2
ı

}A 1 1{2ξ}2
`

”

|ε 1| ` pc2
|ε 1| ` d2

q
1{2

ı2
}ξ}2

for all ξ P DpA1{2q and hence the third inequality. [\

As a consequence of (ii), the sequence X, A 1, B,C 1 satisfies Assumption 5.4.1.
The corresponding Y given by Definition 5.4.2 is because of (i) again given by
(5.4.4). Moreover, the corresponding norm | | 1 on Y turns out to be equivalent to | |.
More precisely, one has for every ε 1 P p0, εq

Lemma 5.4.15.
| |
1
ď | | ď ε1{2

pε´ ε 1q´1{2
| |
1

and for every bounded linear operator F on Y:

ε´1{2
pε´ ε 1q1{2 |F| 1 ď |F| ď ε1{2

pε´ ε 1q´1{2
|F| 1 .

Proof. The first inequality is a straightforward consequence of (5.4.19) and (5.4.20).
The second inequality is a straightforward implication of the first. [\
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Note that the G˘ corresponding to the the sequence X, A 1, B,C 1 are the same
for all ε 1 since ε 1 drops out of the definition. Moreover, as a consequence of the
preceding lemma, the topologies induced on Y are equivalent. Hence the generated
groups are the same, too. This will be used in the following important special case.

Theorem 5.4.16. Let A “ A0 ` ε where A0 is a densely defined linear positive
self-adjoint operator and let C “ ´ε. Then

|T˘ptq| ď e ε1{2 t exppµBtq (5.4.22)

for all t ě ε´1{2.

Proof. For this, let ε 1 P r0, εq and define A 1 and C 1 as in Lemma 5.4.14. Hence

A 1 “ A0 ` ε´ ε 1 , C 1
“ ´pε´ ε 1q .

Then from Theorem 5.4.3 (v), Lemma 5.4.6 and Theorem 5.4.7, we conclude that

|T˘ptq| 1 ď exp
´

rµB ` pε´ ε 1q1{2s t
¯

and hence by the previous Lemma that

|T˘ptq| ď ε1{2
pε´ ε 1q´1{2 exp

´

rµB ` pε´ ε 1q1{2s t
¯

for all t ě 0. For t ě ε´1{2, we get from this (5.4.22) by choosing

ε 1 :“ ε´ t´2 .

[\

Note that in this special case (5.4.13) is conserved and positive if B is in particu-
lar symmetric.

We are now giving stability criteria.

Theorem 5.4.17. In addition, let B and C be both symmetric.

(i) Let A, B and C be such that

xξ|pA`Cqξy `
1
4
xξ|Bξy2

ě 0 (5.4.23)

for all ξ P DpAq with }ξ} “ 1. Then the spectrum of iG` is real.
(ii) In addition, let B and C be both bounded and let A ` C ` pb{2qB ´ pb2{4q be

positive for some b P R. Then the spectrum of iG` is real and there are K ě 0
and t0 ě 0 such that

|T ptq| ď K|t| (5.4.24)

for all |t| ě t0.
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Proof. ‘(i)’: First, from Assumption 5.4.1 and the assumed symmetry of B and C, it
follows that by A´1{2BA´1{2 and A´1{2CA´1{2 there are given bounded symmetric
and hence by Theorem 3.1.7 (viii) also self-adjoint linear operators on X. Hence

Apλq :“ λ2A´1
` λA´1{2BA´1{2

´

´

1` A´1{2CA´1{2
¯

, λ P C (5.4.25)

defines a self-adjoint operator polynomial in LpX, Xq. In addition, one has
A´1 ě 1{ε. Further, for every ξ P DpA1{2q and λ P C

xξ|Apλqξy “ xη|A1{2ApλqA1{2ηy “ ´xη|pA`C ´ λB´ λ2
qηy (5.4.26)

where η :“ A´1{2ξ P DpAq. Now (5.4.23) implies that the roots of the poly-
nomial xη|pA`C ´ λB´ λ2qηy , λ P C are real. Hence by (5.4.26) the roots of
xξ|Apλqξy , λ P C are real, too. Since ξ P DpA1{2q is otherwise arbitrary and DpA1{2q

is dense in X, this implies also that xξ|Apλqξy has only real roots for all ξ P X. Hence
(see [137], Lemma 31.1) the polynomial Apλq, λ P C is weakly hyperbolic and has
therefore a real spectrum. As a consequence, Apλq is bijective for all non real λ. Now
for any such λ

A`C ´ λB´ λ2
“ ´A1{2ArpλqA

1{2
r (5.4.27)

where A1{2
r denotes the restriction of A1{2 to DpAq in domain and DpA1{2q in range,

and Arpλq denotes the restriction of Apλq to DpA1{2q in domain and in range. For
this, note that Apλq leaves DpA1{2q invariant. Further, from the bijectivity of A1{2,
Apλq and (5.4.25), it follows the bijectivity of A1{2

r and Arpλq, respectively and hence
by (5.4.27) that A`C´λB´λ2 is bijective. This is true for all non real λ, and hence
it follows by Theorem 5.4.13 that the spectrum of iG` is real.
‘(ii)’: Let B and C be both bounded and let A`C ` pb{2qB´ pb2{4q be positive for
some b P R. In addition, let ε be some real number greater than zero and define

A 1 :“ A`C ` pb{2qB´ pb2
{4q ` ε , C 1 :“ ´ε , B 1 :“ B´ b .

First, it is observed that
DpA 1 1{2q “ DpA1{2

q (5.4.28)

and that there exist nonvanishing real constants K1 and K2 such that

K2
1}A

1{2ξ}2
ď }A 1 1{2ξ}2

ď K2
2}A

1{2ξ}2 (5.4.29)

for every ξ P DpA1{2q. This can be proved as follows. Obviously, by the symmetry of
A1{2 and A 1 1{2, the Cauchy-Schwarz inequality, the boundedness of B, C, A´1{2 and
A 1´1{2, it follows the existence of nonvanishing real constants K1 and K2 such that
(5.4.29) is valid for all ξ P DpAq. Since DpAq is a core for both A1{2 and A 1 1{2 (see
e.g. Theorem 3.24 in chapter V.3 of [106]), from that inequality follows (5.4.28) and
(5.4.29) for all ξ P DpA1{2q. Note that in this conclusion it is used that X is complete
and that A1{2 and A 1 1{2 are both closed.
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Obviously, from the assumptions made it follows that also A 1, B 1 and C 1 instead
of A, B and C, respectively, satisfy Assumption 5.4.1 and Assumption 5.4.4. Hence
by Theorem 5.4.16 it follows that

|T 1˘ptq|
1
ď e ε1{2 t (5.4.30)

for all t ě ε´1{2 where primes indicate quantities whose definition uses one or more
of the operators A 1, B 1 and C 1 instead of A, B and C. In addition, (5.4.28) and (5.4.29)
imply Y “ Y 1 as well as the equivalence of the norms | | and | | 1. Now define the
auxiliary transformation S 0 : Y 1 Ñ Y by

S 0ξ :“ pξ1, ξ2 ´ ipb{2qξ1q

for all ξ “ pξ1, ξ2q P Y 1. Obviously, S 0 is bijective and bounded with the bounded
inverse S´1

0 given by S´1
0 ξ :“ pξ1, ξ2 ` ipb{2qξ1q for all ξ “ pξ1, ξ2q P Y . In addi-

tion, we define S˘ : r0,8q Ñ LpY,Yq by

S˘ptq :“ expp¯ibt{2qS 0T 1˘ptqS
´1
0 , (5.4.31)

for all t P r0,8q. Obviously, S˘ defines a strongly continuous semigroup with the
corresponding generator

S 0 G 1
˘ S´1

0 ˘ i
b
2
“ G˘ .

This implies S˘ “ T˘ and by (5.4.30) and (5.4.31) the existence of K ě 0 and
t0 ě 0 such that (5.4.24) is valid for all |t| ě t0. Finally, from this follows by
Theorem 4.2.1 that the spectrum of iG` is real. [\

Lemma 5.4.18. Let D be a core for A. Further, let B0 : D Ñ X be a linear operator
in X such that for some real numbers a0 and b0

}B0ξ}
2
ď a2

0 xξ|Aξy ` b2
0 }ξ}

2 (5.4.32)

for all ξ P D. Then there is a uniquely determined linear extension B̄0 : DpA1{2q Ñ X
of B0 such that

}B̄0ξ}
2
ď a2

0 }A
1{2ξ}2

` b2
0 }ξ}

2 (5.4.33)

for all ξ P DpA1{2q. If B0 is in addition symmetric, B̄0 is symmetric, too.

Proof. First, we notice that D is a core for A1{2, too. Obviously, since DpAq is a
core for A1{2 (see e.g. Theorem 3.24 in chapter V.3 of [106]), this follows if we
can show that the closure of the restriction of A1{2 to D extends the restriction of
A1{2 to DpAq. To prove this let ξ be some element of DpAq. Since D is a core for
A, there is a sequence ξ0, ξ1 . . . of elements of D converging to ξ and at the same
time such that Aξ0, Aξ1 . . . converges to Aξ. Since A1{2 has a bounded inverse, it
follows from this that A1{2ξ0, A1{2ξ1 . . . converges to A1{2ξ. Since ξ can be chosen
otherwise arbitrarily, it follows that the closure of the restriction of A1{2 to D extends
the restriction of A1{2 to DpAq and hence that D is a core for A1{2. Hence for any
ξ P DpA1{2q there is a a sequence ξ0, ξ1 . . . in D converging to ξ and at the same time
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such that A1{2ξ0, A1{2ξ1 . . . is converging to A1{2ξ. Hence by (5.4.32) along with the
completeness of X follows the convergence of the sequence B0ξ1, B0ξ2 . . . to some
element B̄ξ of X and

}B̄ξ}2
ď a2

0 }A
1{2ξ}2

` b2
0 }ξ}

2 .

Moreover, if ξ 10, ξ
1
1 . . . is another sequence having the same properties as ξ0, ξ1 . . . , it

follows by (5.4.32) that

B̄ξ “ lim
nÑ8

B0ξn “ lim
nÑ8

B0ξ
1
n .

From this it easily seen that by defining

B̄ :“ pDpA1{2
q Ñ X , ξ ÞÑ B̄ξq

there is also given a linear map. Hence the existence of a linear extension of B0
satisfying (5.4.33) is shown. Moreover, from the definition it is obvious that B̄ is
symmetric if B0 is in addition symmetric. If on the other hand B̄0 is a linear extension
of B0 satisfying (5.4.33) and ξ and ξ1, ξ2 are as above from (5.4.33), it follows that

B̄0ξ “ lim
nÑ8

B0ξn .

Finally, since ξ can be chosen otherwise arbitrarily, from this follows B̂0 “ B̂. [\

5.5 Autonomous Linear Hermitian Hyperbolic Systems

In addition to wave equations, Hermitian hyperbolic systems are another important
prototype of hyperbolic equations. Simple examples are given by the evolutional
part of Maxwell’s equations and Dirac’s equations in flat space-time. The treatment
of hyperbolic systems in this chapter includes the case of singular coefficients, i.e.,
the vanishing of determinants of matrices multiplying the highest order derivatives in
the governing operator. As a consequence, in general, the domains of the associated
operators depend on the coefficients. This generality is also considered in the subse-
quent study of non-autonomous linear Hermitian hyperbolic systems and quasi-linear
Hermitian hyperbolic systems in Chapters 10.2, 12.2 which are based on the results
in this section. In particular, the Theorems 9.0.6, 11.0.7 on the well-posedness of
linear and quasi-linear evolution equations are strong enough to deal with such a sit-
uation. For similar treatments of autonomous linear Hermitian hyperbolic systems
see [60, 180]. For additional material on initial boundary value problems for such
systems, see, for instance, [130, 169, 176, 198].

In the following, we define for every n P N˚ and every multi-index α P Nn the
densely-defined linear operator B α in L2

C
pRnq by

B
α :“ p´1q|α|.

ˆ

C8
0 pR

n,Cq Ñ L2
C
pR

n
q, f ÞÑ

B α f
Bxα

˙˚
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where

|α| :“
n
ÿ

j“1

α j .

Moreover, we define as usual for any k P N

Wk
C
pR

n
q :“

č

αPNn,|α|ďk

DpB αq .

Equipped with the scalar product

x , yk : pWk
C
pR

n
qq

2
Ñ C

defined by
x f , gyk :“

ÿ

αPNn,|α|ď k

xB
α f |B αgy2

for all f , g P Wk
C
pRnq, Wk

C
pRnq becomes a Hilbert space.

In the following Friedrichs’ mollifiers will be used.

Lemma 5.5.1. Let h P C80 pR
nq. In addition, let h be positive with support contained

in the closed unit ball and such that hpxq “ hp´xq for all x P Rn and }h}1 “ 1.
Moreover, define for any ν P N˚ the corresponding hν P C80 pR

nq by

hνpxq :“ νnhpνxq

for all x P Rn. Finally, define for every ν P N˚ and every f P L2
C
pRnq

Hν f :“ hν ˚ f

where ‘˚’ denotes the convolution product. Then

(i) for every ν P N˚ the corresponding Hν defines a bounded self-adjoint linear
operator on L2

C
pRnq with operator norm }Hν} ď 1.

(ii) for every ν P N˚ the range of Hν is part of Wk
C
pRnq for all k P N. Moreover, for

every multi-index α P Nn

Hα
ν f :“ B αpHν f q “

B αhν
Bxα

˚ f

for all f P L2
C
pRnq. Moreover, Hα

ν defines a bounded linear operator on L2
C
pRnq

with operator norm
}Hα

ν } ď }B
αhν{Bxα}1 .

(iii)
s´ lim

νÑ8
Hν “ idL2

C
pRnq .
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Proof. For this, let ν be some element of N˚. Moreover, define Kν PC8pRnˆRnq by

Kνpx, yq :“ hνpx´ yq

for all x, y P Rn. Then Kν is in particular measurable and such that Kνpx, ¨q, Kνp¨, yq P
L1pRnq and

}Kνpx, ¨q}1 “ 1 , }Kνp¨, yq}1 “ 1

for all x, y P Rn. Hence to Kν there is associated a bounded linear integral operator
IntpKνq “ Hν on L2

C
pRnq with operator norm equal or smaller than 1. Finally, this

operator is self-adjoint since it follows from the assumptions on K that K˚py´ xq “
Kpx ´ yq for all x, y P Rn. Further, for any multi-index α P Nn and f P L2

C
pRnq it

follows
B αhν
Bxα

P C8
0 pR

n,Cq Ă L2
C
pR

n
q

and hence also
hν ˚ f P C8

pR
n,Cq

and
B α

Bxα
phν ˚ f q “

B αhν
Bxα

˚ f .

Now define Kα
ν P C8pRn ˆ R

nq by

Kα
ν px, yq :“

B αhν
Bxα

px´ yq

for all x, y P R
n. Then Kα

ν is in particular measurable and such that Kα
ν px, ¨q,

Kα
ν p¨, yq P L1pRnq and

}Kα
ν px, ¨q}1 “ }B

αhν{Bxα}1 , }Kα
ν p¨, yq}1 “ }B

αhν{Bxα}1

for all x, y P Rn. Hence to Kα
ν there is associated a bounded linear integral operator

IntpKα
ν q on L2

C
pRnq with operator norm equal or smaller than }B αhν{Bxα}1. Hence it

follows
B α

Bxα
phν ˚ f q P L2

C
pR

n
q .

Since this is true for any α P Nn, also

hν ˚ f P Wk
C
pR

n
q

for all k P N and, obviously,

B
α
phν ˚ f q “

B αhν
Bxα

˚ f .

Further, for f P C0pR
n,Cq, it follows that

supppHν f ´ f q Ă suppp f q ` B1p0q
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and
|Hν f ´ f |pxq ď

ż

Rn
| f px´ idRnq ´ f pxq| hν dv n

for all x P R
n. Since f is in particular uniformly continuous, it follows for every

ε ą 0 the existence of a δ ą 0 such that for all x P Rn, y P Uδp0q

| f px´ yq ´ f pxq| ď rv n
psuppp f q ` B1p0qqs´1{2 ε 1{2 .

As a consequence, for all ν P N˚ such that ν ą 1{δ

}Hν f ´ f }2 ď ε

holds. Hence it follows for every f P C0pR
n,Cq that

lim
νÑ8

}Hν f ´ f }2 “ 0 .

Since C0pR
n,Cq is dense in L2

C
pRnq and H1,H2, . . . is in particular uniformly

bounded, this implies also that

s´ lim
νÑ8

Hν “ idL2
C
pRnq .

Finally, the statement of the lemma follows. [\

The basis for Hermitian hyperbolic systems is provided by the following theorem
of Friedrichs [79]

Theorem 5.5.2. Let n, p P N˚ and A1, . . . , An be elements of C1pRn,Mpp ˆ p,Cqq
such that pAjqkl, pA

j
,mqkl are bounded for all k, l P t1, . . . , pu and j,m P t1, . . . , nu.

Finally, define the Hilbert space

X :“ pL2
C
pR

n
qq

p

and the linear operators A, A 1 : pC1
0pR

n,Cqqp Ñ X by

Au :“
n
ÿ

j“1

Aju , j , A 1u :“ ´
n
ÿ

j“1

pAj˚uq , j “ ´
n
ÿ

j“1

pAj˚u , j ` Aj˚
, j uq

for all u P pC1
0pR

n,Cqqp.5 Then
A 1 ˚ “ Ā .

Moreover,
DpĀq Ą

`

W1
C
pR

n
q
˘p

and

Āu “
n
ÿ

j“1

Aj
B

ju

for all u P
`

W1
C
pRnq

˘p.

5 Note that in this elements of Cp are considered as column vectors, matrix multiplication is
used and partial derivatives and weak derivatives are defined component-wise. In connec-
tion with matrices * denotes Hermitian conjugation.
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Proof. First, it follows by partial integration that

xv|Auy “
n
ÿ

j“1

p
ÿ

k, l“1

ż

Rn
v˚k A j

klul , j dv n
“ ´

n
ÿ

j“1

p
ÿ

k, l“1

ż

Rn
pv˚k A j

klq , j ul dv n

“ ´

n
ÿ

j“1

p
ÿ

k, l“1

ż

Rn
ppAj˚

qlkvkq
˚
, j ul dv n

“ xA 1v|uy

for all u, v P pC1
0pR

n,Cqqp and hence

A 1 Ă A˚

and
A˚˚ “ Ā Ă A 1 ˚ . (5.5.1)

It remains to be proved that
Ā Ą A 1 ˚ . (5.5.2)

For this, we notice in a second step that since by (using obvious notation)
˜

`

W1
C
pR

n
q
˘p
Ñ

`

L2
C
pR

n
q
˘p
, u ÞÑ

n
ÿ

j“1

Aj
B

ju

¸

there is given a continuous linear map and since
`

C1
0pR

n,Cq
˘p is dense in

`

W1
C
pRnq

˘p that
`

W1
C
pR

n
q
˘p
Ă DpĀq

and

Āu “
n
ÿ

j“1

Aj
B

ju

for all u P
`

W1
C
pRnq

˘p. Analogously, it follows that

`

W1
C
pR

n
q
˘p
Ă Dp A 1 q

and

A 1 u “ ´
n
ÿ

j“1

pAj˚
B

ju` Aj˚
, j uq

for all u P
`

W1
C
pRnq

˘p. In the following, the notation of the previous lemma will
be used. For this, let h be as specified in that lemma. (Obviously, such a function h
satisfying the prescribed properties in that lemma exists.) In particular, we define for
ν P N˚ the corresponding Hp

ν P LpX, Xq by

pHp
νuqk :“ H νuk
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for all u P X and k P t1, . . . , pu. In the following, we consider the sequence of
operators

pHp
ν A 1 ˚ ´ Ā Hp

ν qνPN˚ .

First, because of (5.5.1), we have for u P DpAq and ν P N˚ (notice that u and hence
also Hp

νu has a compact support)

pHp
ν A 1 ˚ ´ Ā Hp

νq u “ Hp
ν Au´ A Hp

νu “ Hp
ν Au´

n
ÿ

j“1

AjHp
νu , j

and hence because of
s´ lim

νÑ8
Hp
ν “ idX

that
lim
νÑ8

pHp
ν A 1 ˚ ´ Ā Hp

νq u “ 0 . (5.5.3)

Further, it follows for u P X (using obvious notation)

Ā Hp
νu “

n
ÿ

j“1

Aj IntpK j
νq u , A 1 Hp

νu “ ´
n
ÿ

j“1

”

Aj˚ IntpK j
νq ` Aj˚

, j IntpKνq

ı

u .

Note that ĀHp
ν and A 1Hp

ν define bounded linear integral operators on X. For u P
DpA 1 ˚q and v P X, it follows

xv|Hp
ν A 1 ˚uy “ xHp

νv|A 1 ˚uy “ xA 1 Hp
νv|uy “ xv|p A 1 Hp

νq
˚uy

and hence
Hp
ν A 1 ˚u “ p A 1 Hp

νq
˚u .

Then a short calculation leads to

rpHp
ν A 1 ˚ ´ Ā Hp

ν q usk “
n
ÿ

j“1

p
ÿ

l“1

IntpK j
klqul ´

n
ÿ

j“1

pHp
νA

j
, juqk , k P t1, . . . , pu

where
K j

klpx, yq :“ ´νn`1 Bh
Bx j pνpx´ yqq

´

Aj
klpxq ´ Aj

klpyq
¯

for j P t1, . . . , nu and k, l P t1, . . . , pu. Now by the mean value theorem, it follows
from the assumptions on A , j, j P t1, . . . , nu the existence of M ą 0 such that

|Aj
klpxq ´ Aj

klpyq| ď M| x´ y|

for all x, y P Rn and hence

}IntpK j
klq} ď M } | idRn |

Bh
Bx j }1 .
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The sequence consisting of the continuous extensions of Hp
1 A 1 ˚ ´ Ā Hp

1 ,H
p
2 A 1 ˚ ´

Ā Hp
2 , . . . to bounded linear operators on X is therefore uniformly bounded and hence

it follows because of (5.5.3) also that

lim
νÑ8

pHp
ν A 1 ˚ ´ Ā Hp

νq u “ 0 .

Altogether, we have

lim
νÑ8

Hp
νu “ u , lim

νÑ8
Ā Hp

νu “ lim
νÑ8

Hp
ν A 1 ˚u “ A 1 ˚u

and hence
u P DpĀq and Āu “ A 1 ˚u .

Since this true for all u P DpA 1 ˚q, this implies (5.5.2) and, finally, the theorem. [\

The previous theorem has the following immediate corollary on Hermitian
hyperbolic systems.

Corollary 5.5.3. In addition, let A1pxq, . . . , Anpxq be Hermitian for all x P Rn. Then
the bounded linear operator B P LpX, Xq defined by

Bu :“

˜

n
ÿ

j“1

A j
, j

¸

u

for all u P X is in particular self-adjoint. Then

(i) the operator i pA` p1{2qBq is essentially self-adjoint. Moreover,

Dp i pA` p1{2qBq q Ą
`

W1
C
pR

n
q
˘p

and

i pA` p1{2qBq u “ i
n
ÿ

j“1

ˆ

Aj
B

j
`

1
2

A j
, j

˙

u

for all u P
`

W1
C
pRnq

˘p.
(ii) the operator Ā is the generator of a strongly continuous group on X.

Note that this has applications for the treatment of Dirac equations.



6

Intertwining Relations, Operator Homomorphisms

It is a common feature of partial differential equations describing the evolution of
physical systems that the order of differentiability in the weak sense (‘regularity’)
of the initial data is preserved by the evolution. Theorem 6.1.1 below and its corol-
lary describe this phenomenon in terms of semigroups of linear operators. There the
‘regularity’ of the data is quantified by its containedness in the domain of a power of
the infinitesimal generator. We give only a very brief discussion. For a more in depth
analysis see Section II.5 of [57]. From Theorem 6.1.6 on, the theoretical part in the
remainder of the course essentially follows [114]. That part contained in this chapter
mainly serves the purpose to define and study ‘closed’ invariant subspaces (‘admis-
sible spaces’) of semigroups of linear operators. In this, the notion of ‘invariance’ is
more general than the usual for one-parameter groups of unitary transformations on
Hilbert spaces. A sufficient condition for the existence of such an admissible space
is the existence of an linear operator that ‘intertwines’ between the semigroup and
a further semigroup. In the examples of the next chapter, it can be seen that such
intertwining operators include constraint operators imposed on evolution equations.
In these cases, the additional semigroup is associated to the so called ‘constraint
evolution system’.

6.1 Semigroups and Their Restrictions

Theorem 6.1.1. (Regularity) Let K P tR,Cu, pX, } }q a K-Banach space, A :
DpAq Ñ X the infinitesimal generator of a strongly continuous semigroup T :
r0,8q Ñ LpX, Xq. Then Y :“ DpAq is left invariant by T ptq for every t P r0,8q
and the family of restrictions TYptq of T ptq in domain and in range to Y , t P r0,8q,
define a strongly continuous semigroup TY : r0,8q Ñ LppY, } }Aq, pY, } }Aqq with
infinitesimal generator

`

DpA2q Ñ Y, ξ ÞÑ Aξ
˘

. In particular, DpA2q is a core for A.

Proof. First, it follows by Theorem 4.1.1 (ii) that Y is invariant under T ptq for every
t P r0,8q. In the following, we denote for every t P r0,8q by TYptq the restriction
of T ptq in domain and in range to Y . Then
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}T ptqξ}2
A “ }T ptqξ}

2
` }AT ptqξ}2

“ }T ptqξ}2
` }T ptqAξ}2

ď }T ptq}2
¨ }ξ}2

A

for every ξ P Y and hence TYptq defines a bounded linear operator on pY, } }Aq with
bound }T ptq} for every t P r0,8q. As a consequence, TY :“ pr0,8q Ñ LpY,Yq, t ÞÑ
TYptqq is a semigroup. Further, by

}TYptqξ ´ TYpsqξ}2
A “ }T ptqξ ´ T psqξ}2

` }AT ptqξ ´ AT psqξ}2

“ }T ptqξ ´ T psqξ}2
` }T ptqAξ ´ T psqAξ}2

for every t, s P r0,8q and ξ P Y , it follows the strong continuity of TY . We denote
by AY the infinitesimal generator of TY . For every ξ P DpAYq, it follows

´ lim
tÑ0,tą0

1
t
.
“

T ptq ´ idX
‰

ξ “ AYξ

where the limit is performed in pY, } }Aq. Hence it follows by the continuity of the
inclusion ιYãÑX of pY, } }Aq into X that AYξ “ Aξ P Y and hence that ξ P DpA2q. In
addition, it follows for every ξ P DpA2q that

´ lim
tÑ0,tą0

1
t
.
“

T ptq ´ idX
‰

ξ “ Aξ ,

´ lim
tÑ0,tą0

A
1
t
.
“

T ptq ´ idX
‰

ξ “ ´ lim
tÑ0,tą0

1
t
.
“

T ptq ´ idX
‰

Aξ “ A2ξ ,

hence

lim
tÑ0,tą0

›

›

›

›

1
t
.
“

T ptq ´ idX
‰

ξ ` Aξ
›

›

›

›

A
“ 0

and therefore ξ P DpAYq. Hence it follows that AY “ pDpA2q Ñ Y, ξ ÞÑ Aξq. As a
consequence, DpA2q is dense in pY, } }Aq, and therefore DpA2q is a core for A. [\

Corollary 6.1.2. (Regularity, continued) Let K P tR,Cu, pX, } }q a K-Banach
space, A : DpAq Ñ X the infinitesimal generator of a strongly continuous semigroup
T : r0,8q Ñ LpX, Xq, n P N˚. Then Y :“ DpAnq is left invariant by T ptq for every
t P r0,8q and the family of restrictions TYptq of T ptq in domain and range to Y , t P
r0,8q, define a strongly continuous semigroup TY : r0,8q Ñ LppY,~~nq, pY,~~nqq

with infinitesimal generator pDpAn`1q Ñ Y, ξ ÞÑ Aξq, on the Banach space pY,~~nq

where

~ξ~n :“

g

f

f

e

n
ÿ

k“0

ˆ

n
k

˙

}Akξ}2

for all ξ P Y and A0 :“ idX. In particular, DpAn`1q is a core for A.

Proof. The proof proceeds by induction over n. The statement is true for n “ 1 as a
consequence of Theorem 6.1.1. Assume that the statement is true for n P N˚. Then
Y :“ DpAnq is left invariant by T ptq for every t P r0,8q and the family of restrictions
TYptq of T ptq in domain and in range to Y , t P r0,8q, define a strongly continuous
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semigroup TY : r0,8q Ñ LppY,~~nq, pY,~~nqq with infinitesimal generator Ã :“
pDpAn`1q Ñ Y, ξ ÞÑ Aξq, on the Banach space pY,~~nq. Also is DpAn`1q a core for
A. Then it follows by Theorem 6.1.1 that Ȳ :“ DpAn`1q is left invariant by TYptq
for every t P r0,8q, that the family of restrictions TȲptq of T ptq in domain and
in range to Ȳ , t P r0,8q, define a strongly continuous semigroup TȲ : r0,8q Ñ
LppȲ , } }Ãq, pȲ , } }Ãqq with infinitesimal generator pDpÃ2q Ñ Ȳ , ξ ÞÑ Ãξ “ Aξq. It
follows for every ξ P Ȳ

}ξ}Ã “

b

~ξ~2
n ` ~Ãξ~2

n “

g

f

f

e

n
ÿ

k“0

ˆ

n
k

˙

}Akξ}2 `

n
ÿ

k“0

ˆ

n
k

˙

}Ak`1ξ}2

“

g

f

f

e}ξ}2 `

n
ÿ

k“1

ˆ

n
k

˙

}Akξ}2 `

n
ÿ

k“1

ˆ

n
k ´ 1

˙

}Akξ}2 ` }An`1ξ}2

“

g

f

f

e}ξ}2 `

n
ÿ

k“1

ˆ

n` 1
k

˙

}Akξ}2 ` }An`1ξ}2 “ ~ξ~n`1 .

Further, it follows DpÃ2q “ tξ P DpAn`1q : Aξ P DpAn`1qu “ DpAn`2q. Hence
DpAn`2q is in particular dense in pDpAn`1q,~~n`1q. Since, as a consequence of

~ξ~n`1 “

g

f

f

e

n`1
ÿ

k“0

ˆ

n` 1
k

˙

}Akξ}2 ě }ξ}A

for all ξ P DpAn`1q, the inclusion ιDpAn`1qãÑDpAq of pDpAn`1q,~~n`1q into
pDpAq, } }Aq is continuous and DpAn`1q is dense in pDpAq, } }Aq, it follows that
DpAn`2q is dense in pDpAq, } }Aq and therefore also that DpAn`2q is a core for A. [\

Corollary 6.1.3. Let K P tR,Cu, pX, } }q a K-Banach space and A : DpAq Ñ X the
infinitesimal generator of a strongly continuous semigroup T : r0,8q Ñ LpX, Xq.
Further, let D be a dense subspace of X which is contained in DpAq and invariant
under T ptq:

T ptqD Ă D

for all t ě 0. Then D is a core for A.

Proof. For this, let D̄ be the closure of D in pDpAq, } }Aq. Then pD̄, } }A|D̄q is a
closed subspace of pDpAq, } }Aq and hence a K-Banach space. In particular, the in-
clusion of D̄ into DpAq is a continuous linear map from pD̄, } }A|D̄q to pDpAq, } }Aq.
Further, let ξ P DpAq and t ě 0. Since D is dense in X, there is a sequence ξ1, ξ2, . . .
in D converging to ξ. By Theorem 6.1.1, it follows the continuity of

p r0, ts Ñ pD̄, } }A|D̄q, t ÞÑ T ptqξνq .
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As a consequence,
ż t

0,A
T psqξν ds P D̄

where the A in the integral sign denotes weak integration in pDpAq, } }Aq and ν P N.
In addition, it follows by (4.1.6) that

›

›

›

›

ż t

0,A
T psqξν ds´

ż t

0,A
T psqξ ds

›

›

›

›

2

A
“

›

›

›

›

ż t

0
T psqξν ds´

ż t

0
T psqξ ds

›

›

›

›

2

`

›

›

›

›

ż t

0
T psqAξν ds´

ż t

0
T psqAξ ds

›

›

›

›

2

“

›

›

›

›

ż t

0
T psqξν ds´

ż t

0
T psqξ ds

›

›

›

›

2

` }T ptqpξ ´ ξνq ` ξν ´ ξ}2 .

As a consequence,
ż t

0,A
T psqξ ds P D̄ .

Further, by Theorem 6.1.1 and (4.1.3), it follows that

lim
tÑ0`

›

›

›

›

1
t
.

ż t

0,A
T psqξ ds´ ξ

›

›

›

›

A
“ 0 .

Hence ξ P D̄ and D̄ “ DpAq. This implies that D is a core of A. [\

Theorem 6.1.4. (Mazur) Let pX, } }q be a normed vector space, ξ P X, ξ1, ξ2, . . . a
sequence in X such that

w´ lim
νÑ8

ξν “ ξ

and ε ą 0. Here ‘w´lim’ denotes the weak limit. Then there are elements n P N˚,
α1, . . . , αn P r0,8q such that

řn
ν“1 αν “ 1 and }

řn
ν“1 αν.ξν ´ ξ} ď ε.

Proof. For this, define the set A consisting of all convex linear combinations of mem-
bers of the sequence ξ1, ξ2, . . . by

A :“

#

n
ÿ

ν“1

αν.ξν : n P N˚, α1, . . . , αn P r0,8q such that
n
ÿ

ν“1

αν “ 1

+

.

Obviously, A and hence also its closure Ā in pX, }}q are convex. The statement of this
lemma follows if x P Ā. The proof of this is indirect. Assume on the contrary that Ā
and B :“ tξu are disjoint. Since B is in particular compact, these sets can be strictly
separated by a hyperplane, i.e., there is a continuous real linear map l : X Ñ R along
with γ1, γ2 P R such that γ1 ă γ2 and lpAq Ă p´8, γ1q and lpBq Ă pγ2,8q.1 If
K “ R, this implies that limνÑ8 lpξνq ‰ lpξq�. If K “ C, by λ :“ pX Ñ C, η ÞÑ
lpηq ´ ilpi.ηq there is defined an element of X 1 such Repλq “ l. Hence it follows that
limνÑ8 λpξνq ‰ λpξq�. [\

1 See, e.g., Theorem V.4 in the first volume of [179].
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Lemma 6.1.5. Let K P tR,Cu, pX, } }q a K-Banach space and A : DpAq Ñ X be the
infinitesimal generator of a strongly continuous semigroup. Then

s´ lim
λÑ´8

´λ.pA´ λq´1
“ idX .

Proof. By Theorem 4.2.1, there are µ P R and c P r1,8q such that p´8,´µq is part
of the resolvent set of A and in particular such that

}pA´ λq´1
} ď

c
|λ` µ|

(6.1.1)

for all λ P p´8,´µq. Let λ1, λ2, . . . be some a sequence in p´8,´µq which is
diverging to ´8. Then it follows by (6.1.1) that

} ´ λν.pA´ λνq
´1
} ď

c ¨ |λν|
|λν ` µ|

“ c`
|µ|

|λν| ´ |µ|

and hence the boundedness of the sequence ´λν.pA ´ λνq
´1 in LpX, Xq. Further, it

follows for ξ P DpAq that

} ´ λν.pA´ λνq
´1ξ ´ ξ} “ } ´ λν.pA´ λνq

´1ξ ´ pA´ λνq
´1
pA´ λνqξ}

“ }pA´ λνq
´1Aξ} ď

c
|λν| ´ |µ|

¨ }Aξ}

and hence that
lim
νÑ8

´λν.pA´ λνq
´1ξ “ ξ .

Since DpAq is dense in X and by using the boundedness of´λν.pA´λνq´1 in LpX, Xq,
from this follows that

s´ lim
νÑ8

´λν.pA´ λνq
´1
“ idX .

[\

Theorem 6.1.6. (Admissible spaces) Let K P tR,Cu, pX, } }Xq a K-Banach space,
and A : DpAq Ñ X the infinitesimal generator of a strongly continuous semigroup
T : r0,8q Ñ LpX, Xq. Further, let Y be a subspace of X and } }Y : Y2 Ñ C a
norm on Y such that pY, } }Yq is a Banach space and such that the inclusion ιYãÑX of
pY, } }Yq into X is continuous.

(i) Then Y is ‘A-admissible’, i.e, Y is left invariant by T ptq for all t P r0,8q and
the family TYptq of restrictions of T ptq to Y in domain and in image, t P r0,8q,
defines a strongly continuous semigroup TY : r0,8q Ñ LpY,Yq on pY, } }Yq,
if and only if there are µ P R and c P r1,8q such that p´8,´µq is part of the
resolvent set of A, for every λ P p´8,´µq the corresponding operator pA´λq´1

leaves Y invariant and its part in Y , i.e., its restriction in domain and in image to
Y , rpA´ λq´1sY satisfies
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}rpA´ λq´1
s
n
Y}Op,Y ď

c
|λ` µ|n

(6.1.2)

for all n P N˚ and pA´ λq´1Y is dense in pY, } }Yq. If pY, } }Yq is reflexive, the
last condition is redundant.

(ii) If Y is A-admissible and µ P R and c P r1,8q are as described in (ii), then
the part AY :“ ptξ P DpAq X Y : Aξ P Yu Ñ Y, ξ ÞÑ Aξq of A in Y is the
infinitesimal generator of TY and

}TYptq}Op,Y ď c e µt (6.1.3)

for all t P r0,8q.

Proof. If Y is A-admissible, by Theorem 4.2.1 there are µ P R and c P r1,8q such
that p´8,´µq is part of the resolvent sets of A and the infinitesimal generator Ã of
TY and in particular such that for λ P p´8,´µq

}rpA´ λq´1
s
n
}Op ď

c
|λ` µ|n

(6.1.4)

and
}rpÃ´ λq´1

s
n
}Op,Y ď

c
|λ` µ|n

(6.1.5)

for all n P N˚. Hence by Theorem 4.2.1 and Theorem 4.1.1, it follows (6.1.3) and
for η P Y

pA´ λq´1η “

ż 8

0
e λt T ptq η dt ,

where integration is weak Lebesgue integration with respect to LpX,Kq, and

pÃ´ λq´1η “

ż 8

0
e λt T ptq η dt

where integration is weak Lebesgue integration with respect to L ppY, } }Yq,Kq. Since
ιYãÑX is continuous, it follows that ι˚YãÑXpLpX,Cqq Ă L ppY, } }Yq,Kq and hence by
Theorem 3.2.4 that

pA´ λq´1η “ pÃ´ λq´1η (6.1.6)

for all η P Y and hence that

pÃ´ λq´1
“ rpA´ λq´1

sY (6.1.7)

where rpA´λq´1sY denotes the restriction of pA´λq´1 in domain and in image to Y .
Hence (6.1.5) implies (6.1.2). (This implies in particular that pA´ λq´1Y is dense in
pY, } }Yq.)

From (6.1.6), it also follows that Ã is equal to the part AY of A in Y . “AY Ą Ã ”:
If η P DpÃq, then by (6.1.6)

η “ pÃ´ λq´1
pÃ´ λqη “ pA´ λq´1

pÃ´ λqη P DpAq X Y

and
pA´ λqη “ pÃ´ λqη
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which implies that
Aη “ Ãη P Y .

‘AY Ă Ã ’: If η P DpAq X Y is such that Aη P Y , then by (6.1.6)

η “ pA´ λq´1
pA´ λqη “ pÃ´ λq´1

pÃ´ λqη P DpÃq .

Summarizing, so far we proved (ii) and the direction ‘ñ’ of (i). The proof of the
direction ‘ð’ of (i) proceeds as follows. Let µ P R and c P r1,8q be such that
p´8,´µq is part of the resolvent set of A, that for every λ P p´8,´µq the estimate
(6.1.4) is true as well such that pA ´ λq´1 leaves Y invariant and that its part in
Y , i.e., its restriction in domain and in image to Y , rpA ´ λq´1sY satisfies (6.1.2).
In particular, let λ P p´8,´µq and let Ã be the part of A in Y . Then it follows
(6.1.7) where rpA´ λq´1sY denotes the restriction of pA´ λq´1 to Y in domain and
in image to Y: For ξ P DpÃq, it follows ξ P DpAq X Y and Ãξ “ Aξ P Y . Hence
pÃ´ λqξ “ pA´ λqξ P Y and

pA´ λq´1
pÃ´ λqξ “ ξ .

For η P Y , it follows pA´ λq´1η P DpAq X Y and

ApA´ λq´1η “ η` λ pA´ λq´1η P Y .

Hence pA´ λq´1η P DpÃq and

pÃ´ λqpA´ λq´1η “ pA´ λqpA´ λq´1η “ η .

From this follows the bijectivity of Ã ´ λ and the validness of (6.1.7). In case that
pY, } }Yq is reflexive, it follows that the domain DpÃq of Ã is dense in pY, } }Yq: For
this, let η P Y and λν :“ ´µ´ ν for ν P N˚. Then by (6.1.2), it follows

} ´ λν.pA´ λνq
´1η}Y ď c ¨ p|µ| ` 1q ¨ }η}Y

for every ν P N˚. Since bounded subsets of pY, } }Yq are sequentially compact,2 there
is an increasing sequence ν1, ν2 in N˚ such that

wY´ lim
µÑ8

`

´λνµ .pA´ λνµq
´1η

˘

“ η 1

where η 1 P Y . Further, by Lemma 6.1.5 and the continuity of the inclusion ιYãÑX ,
it follows that η 1 “ η and hence by Lemma 6.1.4 that η is in the } }Y-closure of
DpÃq. Finally, Ã is closed: If η1, η2, . . . is a sequence in DpÃq converging in pY, } }Yq

to some element η P Y and further such that Ãη1, Ãη2, . . . is converging in pY, } }Yq

to some element η 1 P Y , then it follows by (6.1.7) and (6.1.2), where λ P p´8,´µq,
that

η “ pÃ´ λq´1
pη 1 ´ ληq P DpÃq

2 See, e.g., [52] II.3.28.
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and hence also that Ãη “ η 1. Therefore, it follows by Theorem 4.2.1 that Ã is the
infinitesimal generator of a strongly continuous semigroup TY : r0,8q Ñ LpY,Yq on
pY, x | yYq. Finally, by Corollary 4.2.2 and (6.1.7), it follows

T ptq “ sX´ lim
νÑ8

e pµ´νqt. exppν2t.pA` µ` νq´1
q

and
TYptq “ sY´ lim

νÑ8
e pµ´νqt. exppν2t.rpA` µ` νq´1

sYq

for every t P r0,8q. Hence by the continuity of the inclusion ιYãÑX , it follows that
Y is left invariant by T ptq and that TYptq coincides with the restriction of T ptq in
domain and in range to Y , for every t P r0,8q. [\

Theorem 6.1.7. Let K P tR,Cu, pX, } }Xq, pZ, } }Zq be K-Banach spaces. Further,
let T : r0,8q Ñ LpX, Xq, T̂ : r0,8q Ñ LpZ,Zq be strongly continuous semigroups
with corresponding infinitesimal generators A : DpAq Ñ X and Â : DpÂq Ñ Z,
respectively. Finally, let S be a closed linear map from some dense subspace Y of X
into Z such that the following ‘intertwining’ relation holds

S T ptq Ą T̂ ptq S (6.1.8)

for all t P r0,8q. Note that this implies that T ptq leaves Y invariant for all t P r0,8q.
Then the family TYptq of restrictions of T ptq in domain and in image to Y , t P r0,8q,
defines a strongly continuous semigroup TY : r0,8q Ñ LpY,Yq on pY, } }Yq. Its
infinitesimal generator is given by the part AY :“ ptξ P DpAq X Y : Aξ P Yu Ñ
Y, ξ ÞÑ Aξq of A in Y . Finally, DpAq X Y is a core for A.

Proof. For this, denote by ιYãÑX the inclusion of pY, } }Yq into X where } }Y :“ } }S.
In addition, let TYptq be the restriction of T ptq to Y in domain and image, for every
t P r0,8q. Further, let pc, µq P r1,8q ˆ R, pĉ, µ̂q P r1,8q ˆ R such that

}T ptq}Op,X ď c e µt , }T̂ ptq}Op,Z ď ĉ e µ̂t

for all t P r0,8q. Then it follows by (6.1.8) for t P r0,8q

}TYptqξ}2
Y “ }T ptqξ}

2
X ` }S T ptqξ}2

Z “ }T ptqξ}
2
X ` }T̂ ptqS ξ}

2
Z

ď c2e 2µt
}ξ}2

X ` ĉ2e 2µ̂t
}S ξ}2

Z ď pmaxtc, ĉuq2 ¨ e 2 maxtµ,µ̂u t
}ξ}2

Y

for all ξ P Y and hence that TYptq is a bounded linear operator on pY, x | yYq and

}TYptq}Op,Y ď maxtc, ĉu ¨ e maxtµ,µ̂u t .

Hence, obviously by TY : r0,8q Ñ LpY,Yq, associating to each t P r0,8q the
operator TYptq, there is defined a semigroup on pY, x | yYq. Further, t P r0,8q,
ptνqνPN P r0,8qN is convergent to t and ξ P Y . Therefore, it follows by (6.1.8)
for every ν P N
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}TYptνqξ ´ TYptqξ}2
Y “ }T ptνqξ ´ T ptqξ}2

X ` }S T ptνqξ ´ S T ptqξ}2
Z

“ }T ptνqξ ´ T ptqξ}2
X ` }T̂ ptνqS ξ ´ T̂ ptqS ξ}2

Z

and hence by the strong continuity of T , T̂ that

lim
νÑ8

}TYptνqξ ´ TYptqξ}Y “ 0 .

Since ξ,ptνqνPN and t P r0,8qwere otherwise arbitrary, from this it follows the strong
continuity of TY . Hence Y is A-admissible, and it follows by Theorem 6.1.6 that the
infinitesimal generator of TY is given by the part AY of A in Y . Also, since DpAYq

is dense in pY, } }Yq, it follows that DpAq X Y is dense in pY, } }Yq. Hence, since the
inclusion ιYãÑX is continuous, DpAq X Y is dense in pY, } }Xq and, since Y is dense in
X, also dense in X. Therefore DpAq X Y is a dense subspace of X which is invariant
under T ptq for all t P r0,8q and therefore according to Corollary 6.1.3 also a core
for A. [\

Theorem 6.1.8. Let K P tR,Cu, pX, } }q be a K-Banach space. Further, let T :
r0,8q Ñ LpX, Xq be a strongly continuous contraction semigroup. Finally, let S be
a densely-defined closed linear operator in X such that the intertwining relation

S T ptq Ą T ptq S

holds for all t P r0,8q. Then

}S T ptqξ} ď }S ξ} (6.1.9)

for all ξ P DpS q and t P r0,8q.

Proof. For this, let t P r0,8q and ξ P DpS q. Then

}S T ptqξ} “ }T ptq S ξ} ď }S ξ}

since T ptq is a contraction by assumption. [\

Remark 6.1.9. Equality holds in (6.1.9) if T consists of isometries. The correspond-
ing statement is often called Emmi Noether’s theorem. It plays an important role
in classical field theories and their quantization.3 Note that the formulation of the
initial-value problem for wave equations, Maxwell’s equations and a subclass of
autonomous Hermitian hyperbolic systems can be chosen in such a way that time
evolution is unitary. See Corollary 2.2.3, Theorem 7.3.1 and Corollary 5.5.3. This is
of course obvious for equations from Quantum Theory, like Schrödinger and Dirac
equations. Also note that in all these cases polarization identities lead to further ‘con-
served quantities’ under time evolution.

3 For e.g., see [32]. Usually, that theorem is derived from a variational principle.
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6.2 Intertwining Relations

Theorem 6.2.1. Let pX, } }Xq, pZ, } }Zq be K-Banach spaces. Further, let T :
r0,8q Ñ LpX, Xq, T̂ : r0,8q Ñ LpZ,Zq be strongly continuous semigroups
with corresponding infinitesimal generators A : DpAq Ñ X and Â : DpÂq Ñ Z,
respectively. Further, let pc, µq P r1,8q ˆ R be such that }T ptq}X ď c e µ t and
}T̂ ptq}Z ď c e µ t for all t P r0,8q. Finally, let S be a closed linear map from some
dense subspace Y of X into Z. Then the following statements are equivalent:

(i)
S T ptq Ą T̂ ptq S (6.2.1)

for all t P r0,8q.
(ii) There is λ P p´8,´µq such that

S pA´ λq Ă pÂ´ λqS . (6.2.2)

(iii) There is λ P p´8,´µq such that

S pA´ λq´1
Ą pÂ´ λq´1S . (6.2.3)

Proof. For this, define } }Y :“ } }S.
‘(i) ñ (ii)’: By Theorem 6.1.7 (ii), Theorem 6.1.6, the K-Banach space pY, } }Yq is
A-admissible and there is some λ P p´8,´µq such that pA´λq´1 leaves Y invariant.
Let ξ be some element of DpS pA ´ λqq. Then ξ P DpAq and pA ´ λqξ P Y . Hence
it follows that ξ “ pA ´ λq´1pA ´ λqξ P Y and that ξ is part of the domain of the
part of A in Y . Therefore, it follows for every null sequence ptnqnPN P p0,8qN by the
continuity of S : pY, } }Yq Ñ Z and (6.2.1)

S A ξ “ S
ˆ

lim
nÑ8,Y

´
1
tn
pT ptnqξ ´ ξq

˙

“ lim
nÑ8

S
ˆ

´
1
tn
pT ptnqξ ´ ξq

˙

“ lim
nÑ8

´
1
tn

`

T̂ ptnqS ξ ´ S ξ
˘

and hence that S ξ P DpÂq and that S A ξ “ ÂS ξ. From the last, it follows
that S pA´ λqξ “ pÂ ´ λqS ξ. ‘(ii) ñ (iii)’: For this, let λ P p´8,´µq be such that
S pA´λq Ă pÂ´λqS . Then it follows for every η P Y that pA´λq´1η P DpS pA´λqq
and hence that pA´ λq´1η is part of DppÂ´ λqS q as well as

pÂ´ λq´1S η “ pÂ´ λq´1S pA´ λqpA´ λq´1η

“ pÂ´ λq´1
pÂ´ λqS pA´ λq´1η “ S pA´ λq´1η .

‘(iii)ñ (i)’: For this, let λ0 P p´8,´µq be such that

S pA´ λ0q
´1
Ą pÂ´ λ0q

´1S .

Obviously, it follows from this by induction that
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S
“

pA´ λ0q
´1‰n

Ą
“

pÂ´ λ0q
´1‰nS (6.2.4)

for all n P N. Further, by Theorem 4.1.1 (iv)

}pA´ λ0q
´1
}Op,X ď

c
´µ´ λ0

, }pÂ´ λ0q
´1
}Op,Z ď

c
´µ´ λ0

.

and hence by (3.1.5)

pA´ λq´1
“

8
ÿ

n“0

pλ´ λ0q
n.
“

pA´ λ0q
´1‰n`1

pÂ´ λq´1
“

8
ÿ

n“0

pλ´ λ0q
n.
“

pÂ´ λ0q
´1‰n`1

for λ P pλ0 ´ p´µ´ λ0q{c, λ0s. From this follows by (6.2.4) and the closedness of S
that also

S pA´ λq´1
Ą pÂ´ λq´1S .

for λ P pλ0 ´ p´µ ´ λ0q{c, λ0s. By repeating this reasoning, it follows inductively
that

S
“

pA´ λq´1‰n
Ą
“

pÂ´ λq´1‰nS (6.2.5)

for all λ P p´8, λ0s. Further, by Corollary 4.2.2 and (6.1.7), it follows for t P r0,8q

T ptq “ sX´ lim
νÑ8

e pµ´νqt. exppν2t.pA` µ` νq´1
q (6.2.6)

and
T̂ ptq “ sZ´ lim

νÑ8
e pµ´νqt. exppν2t.pÂ` µ` νq´1

q . (6.2.7)

By (6.2.5) and the closedness of S , it follows

S e pµ´νqt. exppν2t.pA` µ` νq´1
q Ą e pµ´νqt. exppν2t.pÂ` µ` νq´1

qS

for ν P r´λ0,8q. Finally, by this along with (6.2.6), (6.2.7) and the closedness of S ,
it follows (6.2.1). [\

Theorem 6.2.2. (Sufficient conditions) Let pX, } }Xq, pZ, } }Zq be K-Banach
spaces. Further, let T : r0,8q Ñ LpX, Xq, T̂ : r0,8q Ñ LpZ,Zq be strongly
continuous semigroups with corresponding infinitesimal generators A : DpAq Ñ X
and Â : DpÂq Ñ Z, respectively. In addition, let pc, µq P r1,8q ˆ R be such that
}T ptq}X ď c e µ t and }T̂ ptq}Z ď c e µ t for all t P r0,8q. Finally, let S be a closed
linear map from some dense subspace Y of X into Z and D̃ ď DpS Aq X DpÂS q such
that

S Aξ “ ÂS ξ
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for all ξ P D̃. Note that this implies that every ξ P D̃ satisfies ξ P DpAq X Y , Aξ P Y
and S ξ P DpÂq. Then each of the conditions (i), (ii) below implies that

S T ptq Ą T̂ ptq S (6.2.8)

for all t P r0,8q:

(i) pA´ λqD̃ is dense in pY, } }Yq for some λ P p´8,´µq where } }Y :“ } }S.
(ii) S is bijective and pÂ´ λqS D̃ is dense in Z for some λ P p´8,´µq. In this case,

it also follows that Â “ S AS´1.

Proof. ‘(i)’: Let λ P p´8,´µq be such that pA´λqD̃ is dense in pY, } }Yq. In addition,
let ξ P DpAq be such that pA´ λqξ P Y . Then there is pξνqνPN P D̃N such that

lim
νÑ8,Y

pA´ λqξν “ pA´ λqξ . (6.2.9)

By the continuity of the inclusion ιYãÑX and the continuity of pA´λq´1, this implies
limνÑ8,X ξν “ ξ. Further, since S : pY, } }Yq Ñ pZ, } }Zq is continuous, it follows
from (6.2.9)

lim
νÑ8

pÂ´ λqS ξν “ lim
νÑ8

S pA´ λqξν “ S pA´ λqξ

and by the continuity of pÂ´ λq´1 that

lim
νÑ8

S ξν “ pÂ´ λq´1S pA´ λqξ .

Since S is closed, it follows ξ P Y and

S ξ “ pÂ´ λq´1S pA´ λqξ

and, finally, pÂ´ λqS ξ “ S pA´ λqξ. Hence (6.2.8) follows by Theorem 6.2.2 (ii).
‘(ii)’: Let S be bijective and λ P p´8,´µq be such that pÂ ´ λqS D̃ is dense
in Z. Then S´1 : pZ, }}Zq Ñ pY, }}Yq is continuous by the inverse map-
ping theorem.4 Hence it follows by the continuity of the inclusion ιYãÑX that
ιYãÑXS´1pÂ ´ λq´1, pA ´ λq´1ιYãÑXS´1 P LpZ, Xq. Further, it follows for every
ξ P D̃ that

ιYãÑXS´1
pÂ´ λq´1

pÂ´ λqS ξ “ S´1S ξ “ ξ

“ pA´ λq´1ιYãÑXS´1S pA´ λqξ “ pA´ λq´1ιYãÑXS´1
pÂ´ λqS ξ .

Since pÂ´ λqS D̃ is dense in Z, from this follows

ιYãÑXS´1
pÂ´ λq´1

“ pA´ λq´1ιYãÑXS´1 (6.2.10)

and hence
S pA´ λq´1

Ą pÂ´ λq´1S .

Therefore, (6.2.8) follows by Theorem 6.2.1. Further, (6.2.10) implies
4 See, e.g., Theorem III.11 in the first volume of [179].
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pÂ´ λq´1
“ S pA´ λq´1S´1 .

Hence for every η P Z

S pA´ λqS´1
pÂ´ λq´1η “ S pA´ λqS´1S pA´ λq´1S´1η “ η

and for every ξ P DpÂq

pÂ´ λq´1S pA´ λqS´1ξ “ S pA´ λq´1S´1S pA´ λqS´1ξ “ ξ .

Hence it follows that Â´ λ “ S pA´ λqS´1. As a consequence, it follows for every
ξ P DpÂq that

S´1ξ P DpAq , pA´ λqS´1ξ “ AS´1ξ ´ λS´1ξ ,

AS´1ξ P Y and

Âξ “ S pA´ λqS´1ξ ` λξ “ S AS´1ξ ´ λξ ` λξ “ S AS´1ξ .

On the other hand, for every ξ P DpS AS´1q it follows

S´1ξ P DpAq X Y , AS´1ξ P Y , pA´ λqS´1ξ P Y

and hence ξ P DpÂq. Hence, finally, it follows that Â “ S AS´1. [\

6.3 Nonexpansive Homomorphisms

Theorem 6.3.1. (Nonexpansive homomorphisms) Let pX, } }Xq, pZ, } }Zq be K-
Banach spaces. Further, let Φ : pLpX, Xq,`, . , ˝q Ñ pLpZ,Zq,`, . , ˝q be a strongly
sequentially continuous nonexpansive homomorphism, i.e., a homomorphism such
that for every strongly convergent sequence pAνqνPN P pLpX, XqqN it follows that

s´ lim
νÑ8

ΦpAνq “ Φ
´

s´ lim
νÑ8

Aν

¯

,

ΦpidXq “ idZ and }ΦpAq}Op,Z ď }A}Op, X for all A P LpX, Xq. Finally, let
T : r0,8q Ñ LpX, Xq be a strongly continuous semigroup with corresponding infini-
tesimal generator A : DpAq Ñ X and let pc, µq P r1,8qˆR such that }T ptq}X ď c e µ t

for all t P r0,8q. Then

(i) ΦT : r0,8q Ñ LpZ,Zq defined by pΦT qptq :“ ΦpT ptqq for all t P r0,8q is
a strongly continuous semigroup and such that }pΦT qptq}Op,Z ď c e µ t for all
t P r0,8q. Further, in case that A is continuous, the infinitesimal generator of
that semigroup is given by ΦpAq. Also in the remaining cases, we denote that
infinitesimal generator by ΦpAq.

(ii)
ΦppA´ λq´1

q “ pΦpAq ´ λq´1

for all λ P p´8,´µq
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(iii)
ΦpA´ λq “ ΦpAq ´ λ (6.3.1)

for every λ P C.

Proof. ‘(i)’: For all s, t P r0,8q, it follows

pΦT qpt ` sq “ ΦpT pt ` sqq “ ΦpT ptqT psqq “ ΦpT ptqqΦpT psqq

“ pΦT qptqpΦT qpsq , pΦT qp0q “ ΦpT p0qq “ ΦpidXq “ idZ .

Further, for every t P r0,8q, it follows

ΦpT pt0qq “ Φ

ˆ

s´ lim
tÑt0

T ptq
˙

“ s´ lim
tÑt0

ΦpT pt0qq ,

}pΦT qptq}Op,Z “ }ΦpT ptqq}Op,Z ď }T ptq}Op,X ď c e µ t .

Hence ΦT is a strongly continuous semigroup and the spectrum of its generator Ā
is contained in p´8,´µq ˆ R. That Ā “ ΦpAq, in case that A is continuous, can
be concluded as follows. First, since A is densely-defined, continuous and closed, it
follows by the linear extension theorem5 that DpAq “ X and hence that A P LpX, Xq.
Further, by Theorems 3.3.1, 4.1.1, it follows that T ptq “ expp´t.Aq for all t P r0,8q.
From this, it follows by using the assumed properties of Φ that

pΦT qptq “ Φpexpp´t.Aqq “ Φ

˜

lim
νÑ8

ν
ÿ

k“0

p´tqk

k!
. Ak

¸

“ lim
νÑ8

ν
ÿ

k“0

p´tqk

k!
. pΦpAqqk “ expp´t.ΦpAqq

for every t P r0,8q and hence that ΦpAq is the infinitesimal generator of ΦT .
‘(ii)’: By Theorem 4.1.1, it follows for λ P p´8,´µq

pĀ´ λq´1
“

ż 8

0
Φpe λt T ptqq dt

where integration is weak Lebesgue integration with respect to LpZ,Zq and

pA´ λq´1
“

ż 8

0
e λt T ptq dt

where integration is weak Lebesgue integration with respect to LpX, Xq. According
to Corollary 4.2.2, there is a sequence pAνqνPN P pLpX, XqqN such that

} expp´t.Aνq}Op,X ď c e µt

5 See, e.g., Theorem 4 in IV, § 3 [128].
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and
s´ lim

νÑ8
expp´t.Aνq “ T ptq

for all t P r0,8q and
lim
νÑ8

Aνξ “ Aξ

for all ξ P DpAq. Hence it follows for ν P N by Theorem 4.1.1 that p´8,´µq is
contained in the resolvent set of Aν and that

pAν ´ λq´1
“

ż 8

0
fλν dt

where fλν : p0,8q Ñ LpX, Xq is defined by fλνptq :“ e λt. expp´t.Aνq for all
t ą 0 and integration is weak Lebesgue integration with respect to LpX, Xq. By
Theorem 3.3.1, fλν is norm continuous and such that } fλνptq}Op,X ď c e´|µ`λ|t for
all t ą 0. Therefore, it follows by the norm continuity and nonexpansiveness of Φ
the continuity of Φ ˝ fλν and }pΦ ˝ fλνqptq}Op,Z ď c e´|µ`λ|t for all t ą 0. Hence by
Theorem 3.2.5, there is a sequence psnqnPN of step functions with support contained
in p0,8q and range contained in Ranp fνλq Y 0LpX,Xq such that

lim
nÑ8

}snptq ´ fλνptq}Op,X

for almost all t ą 0 and

lim
nÑ8

›

›

›

›

ż 8

0
snptq dt ´

ż 8

0
fλνptq dt

›

›

›

›

Op,X
“ 0 .

Hence it follows by the norm continuity of Φ that

lim
nÑ8

}Φ psnptqq ´ pΦ ˝ fλνqptq}Op,Z “ 0 (6.3.2)

for almost all t ą 0 and

lim
nÑ8

›

›

›

›

ż 8

0
Φ psnptqq dt ´Φ

ˆ
ż 8

0
fλνptq dt

˙›

›

›

›

Op,Z
“ 0 .

Further, it follows by (6.3.2), Theorem 3.2.11 and Lebesgue’s dominated conver-
gence Theorem that

lim
nÑ8

›

›

›

›

ż 8

0
Φ psnptqq dt ´

ż 8

0
pΦ ˝ fλνqptq dt

›

›

›

›

Op,Z
“ 0

and hence, finally,

Φ

ˆ
ż 8

0
fλνptq dt

˙

“

ż 8

0
pΦ ˝ fλνqptq dt . (6.3.3)

Further, since Φ maps strongly continuous sequences in LpX, Xq to strongly contin-
uous sequences in LpZ,Zq, it follows that
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s´ lim
νÑ8

pΦ ˝ fλνqptq “ e λt.ΦpT ptqq

for all t ą 0. Further, it follows for every ξ P Z
ˆ
ż 8

0
pΦ ˝ fνλqptq dt

˙

ξ “

ż 8

0
pΦ ˝ fνλqptq ξ dt

where the integration on the right hand side of the equality is weak Lebesgue inte-
gration with respect to LpZ,Kq. By Theorem 3.2.11, it follows

›

›

›

›

ż 8

0
pΦ ˝ fνλqptq ξ dt ´

ż 8

0
e λt.ΦpT ptqqξ dt

›

›

›

›

Z

ď

ż 8

0
}pΦ ˝ fνλqptq ξ ´ e λt.ΦpT ptqqξ}Z dt

and since p}pΦ ˝ fνλqptq ξ ´ e λt.ΦpT ptqqξ}zqνPN is everywhere pointwise on p0,8q
convergent to 0p0,8qÑR and is majorized by the summable function 2e´|µ`λ| t by
Lebesgue’s dominated convergence Theorem that

lim
νÑ8

ż 8

0
pΦ ˝ fνλqptq ξ dt “

ż 8

0
e λt.ΦpT ptqqξ dt

and hence

s´ lim
νÑ8

ż 8

0
pΦ ˝ fνλqptq dt “

ż 8

0
e λt.ΦpT ptqq dt . (6.3.4)

Further, it follows for every ξ P X
ˆ
ż 8

0
fνλptq dt

˙

ξ “

ż 8

0
fνλptq ξ dt

where the integration on the right hand side of the equality is weak Lebesgue inte-
gration with respect to LpX,Kq. By Theorem 3.2.11, it follows

›

›

›

›

ż 8

0
fνλptq ξ dt ´

ż 8

0
e λt.T ptqξ dt

›

›

›

›

X
ď

ż 8

0
} fνλptq ξ ´ e λt.T ptqξ}X dt

and, since p} fνλptq ξ ´e λt.T ptqξ}XqνPN is everywhere pointwise on p0,8q convergent
to 0p0,8qÑR as well as majorized by the summable function 2e´|µ`λ| t, by Lebesgue’s
dominated convergence Theorem that

lim
νÑ8

ż 8

0
fνλptq ξ dt “

ż 8

0
e λt.T ptqξ dt

and hence

s´ lim
νÑ8

ż 8

0
fνλptq dt “

ż 8

0
e λt.T ptq dt .

Since Φ maps strongly continuous sequences in LpX, Xq to strongly continuous seq-
uences in LpZ,Zq, this implies
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s´ lim
νÑ8

Φ

ˆ
ż 8

0
fνλptq dt

˙

“ Φ

ˆ
ż 8

0
e λt.T ptq dt

˙

. (6.3.5)

Finally, from (6.3.3), (6.3.4) and (6.3.5) it follows

pĀ´ λq´1
“

ż 8

0
Φpe λt T ptqq dt “ Φ

ˆ
ż 8

0
e λt T ptqq dt

˙

“ Φ
`

pA´ λq´1˘ .

‘(iii)’: First, obviously, for λ P C by Tλptq :“ e λt.T ptq for t P r0,8q, there is defined
a strongly continuous semigroup on X. We denote its infinitesimal generator by Aλ.
Further, because of

1
t
pTλptqξ ´ ξq “ e λt

¨
1
t
pT ptqξ ´ ξq `

e λt ´ 1
t

ξ

for every ξ P X and t ą 0, it follows that Aλ “ A ´ λ. Hence by (i) ΦTλ :
r0,8q Ñ LpZ,Zq defined by ΦTλptq :“ ΦpTλptqq “ e λt.ΦpT ptqq, for all t P r0,8q,
is a strongly continuous semigroup with infinitesimal generator ΦpA ´ λq. Finally,
applying the same reasoning to ΦTλ, as has been applied to Tλ, leads to (6.3.1). [\
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Examples of Constrained Systems

This chapter gives examples of linearly constrained systems, i.e., systems of partial
differential equations describing the evolution of a physical system whose states are
required to belong to the kernel of a linear operator at every time t. A standard exam-
ple are Maxwell’s equations on flat space which are considered in Chapter 7.3. In all
examples, it turns out that that linear operator ‘is’ an intertwining operator between
the system of partial differential equations describing the evolution of the system
and a system of partial differential equations describing the evolution of the con-
straints. For the motivation of the examples in Chapters 7.1, 7.2, see the beginning
of Chapter 5.3. Theorem 7.2.1 below is a new result. For examples of applications of
the results of the previous chapter in General Relativity, see [152, 181].

7.1 1-D Wave Equations with Sommerfeld Boundary Conditions

First, for motivation, we consider in a formal manner the 1` 1 wave equation

B2u
Bt2 ´

B2u
Bx2 ` Vu “ 0 (7.1.1)

on the interval I with boundary conditions

ˆ

Bu
Bt
´
Bu
Bx

˙

ˇ

ˇ

ˇ

ˇ

ˇ

x“0

“ 0 ,
ˆ

Bu
Bt
`
Bu
Bx

˙

ˇ

ˇ

ˇ

ˇ

ˇ

x“a

“ 0

where V is some element of CpĪ,Cq.
Introduction of new dependent variables v1, v2 by

v1 :“
Bu
Bt
´
Bu
Bx

, v2 :“
Bu
Bt
`
Bu
Bx
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leads by (7.1.1) to the following first order system for u :“ tpu, v1, v2q

Bu
Bt
“ ´A ¨ u , (7.1.2)

where

A :“

¨

˝

0 ´1{2 ´1{2
V B

Bx 0
V 0 ´

B
Bx

˛

‚

with boundary conditions
v1p0q “ v2paq “ 0 . (7.1.3)

If in addition the constraint

Bu
Bx
`

1
2
pv1 ´ v2q “ 0

is satisfied for all t, the first component of u can be seen to satisfy (7.1.1) as a conse-
quence of (7.1.2). Moreover, it follows by (7.1.2) that this constraint is ‘propagated’
in the sense that

B

Bt

„

Bu
Bx
`

1
2
pv1 ´ v2q

j

“ 0 .

Theorem 7.1.1. Let a ą 0, I the open interval of R defined by I :“ p0, aq and
V P CpĪ,Cq. We define the densely-defined linear operator A0 in X :“

`

L2
C
pIq

˘3 by

A0pu, v1, v2q :“
ˆ

´
1
2
pv1 ` v2q, v 11 ` Vu,´v 12 ` Vu

˙

for all u P CpĪ,Cq and v1, v2 P C1pĪ,Cq such that

lim
xÑ0`

v1pxq “ lim
xÑa´

v2pxq “ 0 .

In addition, we define Â as the trivial operator on Z :“ L2
C
pIq, i.e., Â f :“ 0 for all f P

L2
C
pIq. Finally, we define the dense subspace Y0 of X by Y0 :“ C1pĪ,CqˆpCpĪ,Cqq2 ,

the Z-valued linear operator S 0 : Y0 Ñ Z in X by

S 0pu, v1, v2q :“ u 1 `
1
2
pv1 ´ v2q

for all pu, v1, v2q P Y0 and the subspace D̃ of DpA0q X Y0 by

D̃ :“
`

C1
pĪ,Cq

˘3
X DpA0q .

(i) A0 is closable and A :“ Ā0 is the generator of a quasi-contractive strongly con-
tinuous semigroup.
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(ii) S 0 is closable,
S 0A0pu, v1, v2q “ ÂS 0pu, v1, v2q

for all pu, v1, v2q P D̃ and for all λ ď 0 of large enough absolute value

pA0 ´ λqD̃ “ Y0 . (7.1.4)

(iii) S :“ S̄ 0 satisfies
S T ptq Ą T̂ ptqS

where T : r0,8q Ñ LpX, Xq is the strongly continuous semigroup on X gen-
erated by A and T̂ “ pr0,8q Ñ LpZ,Zq, t ÞÑ idZq is the strongly continuous
semigroup on Z generated by Â. In particular, ker S is left invariant by T ptq for
every t P r0,8q.

Proof. ‘(i)’: First, it follows that A0 is the sum of the two linear operators A1 :
DpA0q Ñ X and B : X Ñ X defined by

A1pu, v1, v2q :“ p0, v 11,´v 12q “ p0, Arv1, Alv2q

for all pu, v1, v2q P DpA0q where Ar, Al are defined according to Definition 5.1.1 and
Definition 5.1.3, respectively, and

Bpu, v1, v2q :“
ˆ

´
1
2
pv1 ` v2q,Vu,Vu

˙

for all pu, v1, v2q P X. By Theorem 5.1.2, Corollary 5.1.4 and Theorem 4.2.6, it
follows that A1 is closable, that its closure is the generator of a contractive strongly
continuous semigroup and that

Ā1 “ 0ˆ Ār ˆ Āl

where 0ˆ Ār ˆ Āl : L2
C
pIq ˆ DpĀrq ˆ DpĀlq Ñ X is defined by

0ˆ Ār ˆ Āl pu, v1, v2q :“ p0, Ārv1, Ālv2q

for all pu, v1, v2q P L2
C
pIq ˆ DpĀrq ˆ DpĀlq. Further, it follows because of

}Bpu, v1, v2q}
2
“

1
4
}v1 ` v2}

2
2 ` 2}Vu}2

2

ď
1
4

`

}v1}
2
2 ` }v2}

2
2 ` 2 }v1}2 }v2}2

˘

` 2 }V}2
8 }u}

2
2

ď
1
2

`

}v1}
2
2 ` }v2}

2
2

˘

` 2 }V}2
8 }u}

2
2

ď

ˆ

2 }V}2
8 `

1
2

˙

}pu, v1, v2q}
2
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for every pu, v1, v2q P X, that B P LpX, Xq and

}B} ď
1
?

2

`

1` 4 }V}2
8

˘1{2
.

Hence it follows by Theorems 4.4.3, 3.1.3 (vi) that A0 is closable and that

A :“ Ā0 “ 0ˆ Ār ˆ Āl ` B

is the generator of a quasi-contractive strongly continuous semigroup T : r0,8q Ñ
LpX, Xq such that

}T ptq} ď ep1`4 }V}2
8q

1{2
t{
?

2

for all t P r0,8q.
‘(ii)’: Obviously, S ˚0 is densely-defined and hence S 0 is closable. Also

S 0A0pu, v1, v2q “ S 0

ˆ

´
1
2
pv1 ` v2q, v 11 ` Vu,´v 12 ` Vu

˙

“ ´
1
2
pv 11 ` v 12q `

1
2
pv 11 ` Vu` v 12 ´ Vuq “ 0 “ ÂS 0pu, v1, v2q

for all pu, v1, v2q P D̃. In the following, let λ ă 0, p f , g1, g2q P X and pu, v1, v2q P

L2
C
pIq ˆ DpĀrq ˆ DpĀlq such that

pA´ λqpu, v1, v2q “

ˆ

´
1
2
pv1 ` v2q ´ λu, Ārv1 ` Vu´ λv1, Ālv2 ` Vu´ λv2

˙

“ p f , g1, g2q . (7.1.5)

(7.1.5) is equivalent to the system of equations

u “ ´
1

2λ
pv1 ` v2 ` 2 f q

pĀr ˆ Āl ´ λ` B 1q pv1, v2q “

ˆ

g1 `
1
λ

V f , g2 `
1
λ

V f
˙

where

B 1pw1,w2q :“
ˆ

´
V
2λ
pw1 ` w2q ,´

V
2λ
pw1 ` w2q

˙

for all w1,w2 P L2
C
pIq. Because of

}B 1pw1,w2q}
2
ď
}V}2

8

|λ|2
¨ }pw1,w2q}

2

for all w1,w2 P L2
C
pIq, it follows that B 1 P LpL2

C
pIq ˆ L2

C
pIq, L2

C
pIq ˆ L2

C
pIqq and

}B 1} ď
}V}8
|λ|

.
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In addition,
›

›

›
B 1 pĀr ˆ Āl ´ λq

´1
›

›

›
ď
}V}8
|λ|2

.

Hence it follows for λ ă ´}V}1{2
8 the bijectivity of Ār ˆ Āl ´ λ ` B 1 and for

p f , g1, g2q P Y0 by the proofs of Theorem 5.1.2, Corollary 5.1.4 the existence of
pu, v1, v2q P D̃ such that

pA0 ´ λqpu, v1, v2q “ p f , g1, g2q .

and therefore finally (7.1.4).
‘(iii)’: The statement is an immediate consequence of parts (i), (ii) along with
Theorem 6.2.2 (i). [\

7.2 1-D Wave Equations with Engquist-Majda Boundary
Conditions

The next example considers again the wave equation (7.1.1), but with Engquist-
Majda boundary conditions [58]

ˆ

B

Bt
´
B

Bx

˙2

u

ˇ

ˇ

ˇ

ˇ

ˇ

x“0

“ 0 ,
ˆ

B

Bt
`
B

Bx

˙2

u

ˇ

ˇ

ˇ

ˇ

ˇ

x“a

“ 0

where V is some element of C1pĪ,Cq. The first part of the discussion proceeds in
formal manner. Introduction of new dependent variables v1, v2, v3, v4 by

v1 :“
ˆ

B

Bt
´
B

Bx

˙

u , v2 :“
ˆ

B

Bt
`
B

Bx

˙

u ,

v3 :“
ˆ

B

Bt
´
B

Bx

˙2

u , v4 :“
ˆ

B

Bt
`
B

Bx

˙2

u

leads by (5.4.10) to the following first order system for u :“ tpu, v1, v2, v3, v4q

Bu
Bt
“ ´A ¨ u (7.2.1)

where

A :“

¨

˚

˚

˚

˚

˝

0 ´1{2 ´1{2 0 0
V{2 0 0 ´1{2 0
V{2 0 0 0 ´1{2
´V 1 V 0 B

Bx 0
V 1 0 V 0 ´

B
Bx

˛

‹

‹

‹

‹

‚

with boundary conditions
v3p0q “ v4paq “ 0 .
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If in addition the constraints

C1 :“
Bu
Bx
`

1
2
pv1 ´ v2q “ 0 , C2 :“ Vu` 2

Bv1

Bx
` v3 “ 0

C3 :“ Vu´ 2
Bv2

Bx
` v4 “ 0

are satisfied for all t, the first component of u can be seen to satisfy (5.4.10) as
a consequence of (7.2.1). Moreover, it follows by (7.2.1) that these constraints are
‘propagated’, in the sense that

BC1

Bt
“

1
4
pC2 ´C3q ,

BC2

Bt
“ ´VC1 ,

BC3

Bt
“ VC1 .

Theorem 7.2.1. Let a ą 0, I the open interval of R defined by I :“ p0, aq and
V P C1pĪ,Cq. We define the densely-defined linear operator A0 in X :“

`

L2
C
pIq

˘5 by

A0pu, v1, v2, v3, v4q : “
ˆ

´
1
2
pv1 ` v2q,

V
2

u´
1
2

v3,
V
2

u´
1
2

v4,

´ V 1u` Vv1 ` v 13,V
1u` Vv2 ´ v 14

˙

for all u, v1, v2 P CpĪ,Cq and v3, v4 P C1pĪ,Cq satisfying

lim
xÑ0`

v3pxq “ lim
xÑa´

v4pxq “ 0 .

In addition, we define Â : Z Ñ Z, where Z :“ pL2
C
pIqq3, by

Âp f1, f2, f3q :“
ˆ

´
1
4

f2 `
1
4

f3,V f1,´V f1

˙

for all f1, f2, f3 P L2
C
pIq. Finally, we define the dense subspace Y0 of X by Y0 :“

`

C1pĪ,Cq
˘3
ˆ pCpĪ,Cqq2 , the Z-valued linear operator S 0 : Y0 Ñ Z in X by

S 0pu, v1, v2, v3, v4q :“
ˆ

u 1 `
1
2
pv1 ´ v2q,Vu` 2v 11 ` v3,Vu´ 2v 12 ` v4

˙

for all pu, v1, v2, v3, v4q P Y0 and the subspace D̃ of DpA0q X Y0 by

D̃ :“
`

C1
pĪ,Cq

˘5
X DpA0q .

(i) A0 is closable and A :“ Ā0 is the generator of a quasi-contractive strongly con-
tinuous semigroup.

(ii) Â P LpZ,Zq.
(iii) S 0 is closable,

S 0A0pu, v1, v2, v3, v4q “ ÂS 0pu, v1, v2, v3, v4q

for all pu, v1, v2q P D̃ and for all λ ď 0 of large enough absolute value

pA0 ´ λqD̃ “ Y0 . (7.2.2)
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(iv) S :“ S̄ 0 satisfies
S T ptq Ą T̂ ptqS

where T : r0,8 Ñ LpX, Xq is the strongly continuous semigroup on X gen-
erated by A and T̂ : r0,8q Ñ Z is the strongly continuous semigroup on Z
generated by Â. In particular, ker S is left invariant by T ptq for every t P r0,8q.

Proof. ‘(i)’: First, it follows that A0 is the sum of the two linear operators A1 :
DpA0q Ñ X and B : X Ñ X defined by

A1pu, v1, v2, v3, v4q :“ p0, 0, 0, v 13,´v 14q “ p0, 0, 0, Arv3, Alv4q

for all pu, v1, v2, v3, v4q P DpA0q where Ar, Al are defined according to Defini-
tion 5.1.1 and Definition 5.1.3, respectively, and

Bpu, v1, v2, v3, v4q : “
ˆ

´
1
2
pv1 ` v2q,

V
2

u´
1
2

v3,
V
2

u´
1
2

v4,´V 1 u

`Vv1,V 1 u` Vv2

˙

for all pu, v1, v2, v3, v4q P X. By Theorem 5.1.2, Corollary 5.1.4 and Theorem 4.2.6,
it follows that A1 is closable, that its closure is the generator of a contractive strongly
continuous semigroup and that

Ā1 “ 0ˆ 0ˆ 0ˆ Ār ˆ Āl

where 0ˆ 0ˆ 0ˆ Ār ˆ Āl :
`

L2
C
pIq

˘3
ˆ DpĀrq ˆ DpĀlq Ñ X is defined by

0ˆ 0ˆ 0ˆ Ār ˆ Āl pu, v1, v2, v3, v4q :“ p0, 0, 0, Ārv1, Ālv2q

for all pu, v1, v2, v3, v4q P
`

L2
C
pIq

˘3
ˆ DpĀrq ˆ DpĀlq. Further, it follows, because of

}Bpu, v1, v2, v3, v4q}
2
“

1
4

`

}v1 ` v2}
2
2 ` }Vu´ v3}

2
2 ` }Vu´ v4}

2
2

˘

` }V 1 u´ Vv1}
2
2 ` }V

1 u` Vv2}
2
2

ď
1
2
}pu, v1, v2, v3, v4q}

2
2 ` }Vu}2

2 ` 4 }V 1 u}2
2 ` 2 }Vv1}

2
2

` 2 }Vv2}
2
2ď

ˆ

2 }V}2
8 ` 4 }V 1}2

8 `
1
2

˙

}pu, v1, v2, v3, v4q}
2

for every pu, v1, v2, v3, v4q P X, that B P LpX, Xq and

}B} ď
1
?

2

`

1` 4 }V}2
8 ` 8 }V 1}2

8

˘1{2
.

Hence it follows by Theorems 4.4.3, 3.1.3 (vi) that A0 is closable and that

A :“ Ā0 “ 0ˆ 0ˆ 0ˆ Ār ˆ Āl ` B
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is the generator of a quasi-contractive strongly continuous semigroup T : r0,8q Ñ
LpX, Xq such that

}T ptq} ď ep1`4 }V}2
8`8 }V 1}2

8q
1{2

t{
?

2

for all t P r0,8q.
‘(ii)’: It follows

}Âp f1, f2, f3q}2
“

1
16
} f2 ´ f3}2

` 2 }V f1}2
ď

1
8

`

} f2}2
` } f3}2 ˘

` 2 }V}2
8 } f1}2

ď

ˆ

2 }V}2
8 `

1
8

˙

}p f1, f2, f3}2

for all f1, f2, f3 P L2
C
pIq and hence that Â P LpZ,Zq as well as

}Â} ď
1

2
?

2

`

1` 16 }V}2
8

˘1{2
.

‘(iii)’: Obviously, S ˚0 is densely-defined and hence S 0 is closable. Also

S 0A0pu, v1, v2, v3, v4q “ S 0

ˆ

´
1
2
pv1 ` v2q,

V
2

u´
1
2

v3,
V
2

u´
1
2

v4,

´V 1u` Vv1 ` v 13,V
1u` Vv2 ´ v 14

˙

“

ˆ

´
1
2
pv 11 ` v 12q `

1
2

ˆ

V
2

u´
1
2

v3 ´
V
2

u`
1
2

v4

˙

,

´
V
2
pv1 ` v2q ` pVu´ v3q

1
´ V 1u` Vv1 ` v 13,

´
V
2
pv1 ` v2q ´ pVu´ v4q

1
` V 1u` Vv2 ´ v 14

˙

“

ˆ

´
1
2
pv 11 ` v 12q `

1
4
pv4 ´ v3q ,

V
2
pv1 ´ v2q ` Vu 1,

´
V
2
pv1 ´ v2q ´ Vu 1

˙

“ Â
ˆ

u 1 `
1
2
pv1 ´ v2q,Vu` 2v 11 ` v3,Vu´ 2v 12 ` v4

˙

“ ÂS 0pu, v1, v2, v3, v4q

for all pu, v1, v2, v3, v4q P D̃. In the following, let λ ă ´p}V}8{2q1{2, p f , g1, g2, g3,

g4q P X and pu, v1, v2, v3, v4q P
`

L2
C
pIq

˘3
ˆ DpĀrq ˆ DpĀlq such that
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pA´ λqpu, v1, v2, v3, v4q (7.2.3)

“

ˆ

´
1
2
pv1 ` v2q ´ λu,

V
2

u´
1
2

v3 ´ λv1,
V
2

u´
1
2

v4 ´ λv2,

´V 1u` Vv1 ` pĀr ´ λq v3,V 1u` Vv2 ` pĀl ´ λq v4

˙

(7.2.4)

“ p f , g1, g2, g3, g4q .

(7.2.3) is equivalent to the system of equations

u “
1

2λ2 ` V

„

g1 ` g2 ´ 2λ f `
1
2
pv3 ` v4q

j

v1 “
1

2λ2 ` V

"

´

ˆ

2λ`
V
2λ

˙„ˆ

g1 `
V
2λ

f
˙

`
1
2

v3

j

`
V
2λ

„ˆ

g2 `
V
2λ

f
˙

`
1
2

v4

j*

v2 “
1

2λ2 ` V

"

V
2λ

„ˆ

g1 `
V
2λ

f
˙

`
1
2

v3

j

´

ˆ

2λ`
V
2λ

˙„ˆ

g2 `
V
2λ

f
˙

`
1
2

v4

j*

pĀr ˆ Āl ´ λ` B 1q pv3, v4q “ ph1 , h2q

where

B 1pw1,w2q :“
ˆ

´
V2 ` 2λV 1 ` 4λ2V

4λp2λ2 ` Vq
w1 `

V2 ´ 2λV 1

4λp2λ2 ` Vq
w2,

V2 ` 2λV 1

4λp2λ2 ` Vq
w1 ´

V2 ´ 2λV 1 ` 4λ2V
4λp2λ2 ` Vq

w2

˙

for all w1,w2 P L2
C
pIq and

h1 :“ g3 `
V 1

2λ2 ` V
pg1 ` g2 ´ 2λ f q

´
V

2λ2 ` V

"

´

ˆ

2λ`
V
2λ

˙ˆ

g1 `
V
2λ

f
˙

`
V
2λ

ˆ

g2 `
V
2λ

f
˙*

h2 :“ g4 ´
V 1

2λ2 ` V
pg1 ` g2 ´ 2λ f q

´
V

2λ2 ` V

"

V
2λ

ˆ

g1 `
V
2λ

f
˙

´

ˆ

2λ`
V
2λ

˙ˆ

g2 `
V
2λ

f
˙*

.

Obviously, it follows that B 1 P LpL2
C
pIqˆ L2

C
pIq, L2

C
pIqˆ L2

C
pIqq and the existence of

λ0 ă ´p}V}8{2q1{2, C ě 0 such that

}B 1} ď
C
|λ|
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for all λ ď λ0. For such λ, it also follows
›

›

›
B 1 pĀr ˆ Āl ´ λq

´1
›

›

›
ď

C
|λ|2

and hence the bijectivity of Ār ˆ Āl ´ λ ` B 1 for λ ă 0 of large enough absolute
value. In particular, it follows for such λ and p f , g1, g2, g3, g4q P Y0 by the proofs of
Theorem 5.1.2, Corollary 5.1.4 the existence of pu, v1, v2, v3, v4q P D̃ such that

pA0 ´ λqpu, v1, v2, v3, v4q “ p f , g1, g2, g3, g4q .

and therefore finally (7.2.2).
‘(iv)’: The statement is an immediate consequence of parts (i)–(iii) along with
Theorem 6.2.2 (i). [\

7.3 Maxwell’s Equations in Flat Space

The final example considers Maxwell’s equations for the electromagnetic field E, B
in Minkowski space and inertial coordinates t, x, y, z:

BE
Bt
“ c∇ˆ B ,

BB
Bt
“ ´c∇ˆ E

∇ ¨ E “ ∇ ¨ B “ 0

where c denotes the speed of light. The evolution equations form a symmetric hyper-
bolic system

Bu
Bt
“ ´c. pBzu5 ´ B

yu6, B
xu6 ´ B

zu4, B
yu4 ´ B

xu5,

B
yu3 ´ B

zu2, B
zu1 ´ B

xu3, B
xu2 ´ B

yu1q

“ ´

ˆ

Ax
¨
Bu
Bx
` Ay

¨
Bu
By
` Az

¨
Bu
Bx

˙

where u :“ tpE1, E2, E3, B1, B2, B3q, the dot denotes matrix multiplication and

Ax :“ c .

¨

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 ´1 0
0 0 0 0 0 0
0 0 ´1 0 0 0
0 1 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‚

, Ay :“ c .

¨

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 0 ´1
0 0 0 0 0 0
0 0 0 1 0 0
0 0 1 0 0 0
0 0 0 0 0 0
´1 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‚

,

Az :“ c .

¨

˚

˚

˚

˚

˚

˚

˝

0 0 0 0 1 0
0 0 0 ´1 0 0
0 0 0 0 0 0
0 ´1 0 0 0 0
1 0 0 0 0 0
0 0 0 0 0 0

˛

‹

‹

‹

‹

‹

‹

‚

.
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For the analysis of Maxwell’s equations, we define for every n P N˚ and every
multi-index α P Nn the densely-defined linear operator B α in L2

C
pRnq by

B
α :“ p´1q|α|.

ˆ

C8
0 pR

n,Cq Ñ L2
C
pR

n
q, f ÞÑ

B α f
Bxα

˙˚

where

|α| :“
n
ÿ

j“1

α j .

Moreover, define as usual for any k P N

Wk
C
pR

n
q :“

č

αPNn,|α|ďk

DpB αq .

Equipped with the scalar product

x , yk : pWk
C
pR

n
qq

2
Ñ C

defined by
x f , gyk :“

ÿ

αPNn,|α|ď k

xB
α f |B αgy2

for all f , g P Wk
C
pRnq, Wk

C
pRnq is a Hilbert space. In particular, we denote by ~~k the

norm on Wk
C
pRnq which is induced by x , yk.

Theorem 7.3.1. We define the densely-defined linear operator A0 :
`

W1
C
pR3q

˘6
Ñ X

in X :“
`

L2
C
pR3q

˘6 by

pA0uqi :“
6
ÿ

j“1

´

Ax
i j B

xu j ` Ay
i j B

yu j ` Az
i j B

zu j

¯

,

i P t1, . . . , 6u, for all u P
`

W1
C
pR3q

˘6. In addition, we define Â as the trivial operator
on Z :“

`

L2
C
pR3q

˘2, i.e., Â f :“ 0 for all f P Z. Finally, we define the dense subspace

Y0 of X by Y0 :“
`

W1
C
pR3q

˘6, the Z-valued linear operator S 0 : Y0 Ñ Z in X by

S 0u :“ pBxu1 ` B
yu2 ` B

zu3, B
xu4 ` B

yu5 ` B
zu6q

for all u P Y0 and the subspace D̃ of DpA0q X Y0 by

D̃ :“
`

W2
C
pR

3
q
˘6

.

(i) A0 is closable and its closure A is skew-symmetric (:ô ´iA is self-adjoint) and
hence the infinitesimal generator of a unitary one-parameter group.
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(ii) Define for every λ P C˚ the bounded linear operator Bλ :
`

W2
C
pR3q

˘6
Ñ X by

Bλu :“
ˆ

c
λ
B

x
pB

xu1 ` B
yu2 ` B

zu3q ` B
yu6 ´ B

zu5 ´
λ

c
u1

c
λ
B

y
pB

xu1 ` B
yu2 ` B

zu3q ` B
zu4 ´ B

xu6 ´
λ

c
u2,

c
λ
B

z
pB

xu1 ` B
yu2 ` B

zu3q ` B
xu5 ´ B

yu4 ´
λ

c
u3,

c
λ
B

x
pB

xu4 ` B
yu5 ` B

zu6q ` B
zu2 ´ B

yu3 ´
λ

c
u4,

c
λ
B

y
pB

xu4 ` B
yu5 ` B

zu6q ` B
xu3 ´ B

zu1 ´
λ

c
u5,

c
λ
B

z
pB

xu4 ` B
yu5 ` B

zu6q ` B
yu1 ´ B

xu2 ´
λ

c
u6

˙

for all u P
`

W2
C
pR3q

˘6. Then (using obvious notation)

pA´ λq´1u “
1
c

Bλ
6

ą

i“1

r´�` pλ{cq2s´1u (7.3.1)

for all u P X and λ P CziR where � : W2
C
pR3q Ñ L2

C
pR3q is defined by � f :“

pBxBx ` ByBy ` BzBzq f for all f P W2
C
pR3q.

(iii) S 0 is closable,
S 0A0u “ ÂS 0u

for all u P D̃ and for all λ P CziR

pA0 ´ λqD̃ “ Y0 . (7.3.2)

(iv) S :“ S̄ 0 satisfies
S T ptq Ą T̂ ptqS

where T̂ “ pr0,8q Ñ Z, t ÞÑ idZq is the strongly continuous semigroup on Z
generated by Â. In particular, ker S is left invariant by T ptq for every t P r0,8q.

Proof. Part (i) is a consequence of Corollary 5.5.3.
‘(ii)’: First, it follows for every λ P CziR after some calculation that

pA0 ´ λqBλu “ c
6

ą

i“1

r´�` pλ{cq2su

for every u P
`

W3
C
pR3q

˘6 and hence that

pA0 ´ λq
1
c

Bλ
6

ą

i“1

r´�` pλ{cq2s´1u “ u
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for all u P
`

W1
C
pR3q

˘6. Therefore, since
`

W1
C
pR3q

˘6 is dense in X and

1
c

Bλ
6

ą

i“1

r´�` pλ{cq2s´1
P LpX, Xq ,

finally, it follows (7.3.1).
‘(iii)’: First, we notice that S 0 defines a continuous linear operator from

`

W1
C
pR3q,

~~1q
6 to X. In addition, it follows

xp f1, f2q|S 0uy “ x f1|Bxu1 ` B
yu2 ` B

zu3y2 ` x f2|Bxu4 ` B
yu5 ` B

zu6y2

“ ´xp f1,x, f1,y, f1,z, f2,x, f2,y, f2,zq|uy

for all u P Y0 and f1, f2 P C80 pR
3,Cq. Hence S ˚0 is densely-defined and therefore S 0

is closable. Further, it follows

S 0A0u “ p0, 0q “ ÂS 0u

for all u P D̃. Finally, it follows by (ii) that

pA´ λq´1Y0 Ă D̃

and hence (7.3.2) for all λ P CziR.
‘(iv)’: The statement is an immediate consequence of parts (i), (iii) along with
Theorem 6.2.2 (i). [\
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Kernels, Chains, and Evolution Operators

This chapter lays the foundation for the treatment of non-autonomous linear equa-
tions of the form

u1ptq “ ´Aptquptq (8.0.1)

where t is from some non-empty open subinterval I of R. Here 1 denotes the ordinary
derivative of functions with values in a Banach space X, pAptqqtPI is a family of
infinitesimal generators of strongly continuous semigroups on X and u : I Ñ X is
such that uptq is contained in the domain of Aptq for every t P I. Such equations
are called ‘linear evolution equations’. There is a large literature on such systems.
For instance, see [42, 46, 50, 57, 60, 90, 104, 107, 108, 111, 118, 120, 121, 127, 148,
149,151,160,168,199,203,204,208,210,219,220]. Since in general explicitly time-
dependent, the solutions of a linear evolution equation corresponding to the same
data given at different initial times are in general not related by a time translation. As
a consequence, the concept of a semigroup is replaced by the concept of a ‘chain’
which includes two time parameters. Chains are considered in Chapter 8.2. In physics
they are usually referred to as ‘propagators’. The convolution calculus developed in
Chapter 8.1 is used in the treatment of perturbations of chains.

The method used for solving linear evolution equations in Chapter 9 is analogous
to Euler’s method in the theory of ordinary differential equations. For this, it is neces-
sary to join chains which is considered in Chapters 8.3, 8.4. In addition, the domains
of the operators Aptq should not ‘vary too strongly’ with t. This is made precise in
the notion of ‘stable families of generators’ which is considered in Chapter 8.6. For
an extension of Kato’s stability condition, see [159]. See also [59, 103, 153, 165].

Evolution operators are considered in Chapter 8.5. These are special chains
whose definition involves two Banach spaces. They are defined in view of Chapter 9.
There it will be proved the well-posedness of the initial value problem for linear evo-
lution equations under certain assumptions. The result will be strong enough to allow
for variable domains of the operators occurring in the equations and at the same time
suitable to conclude the well-posedness (local in time) of the initial value problem
for quasi-linear evolution equations in Chapter 11 by iteration.
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8.1 A Convolution Calculus with Operator-Valued Kernels

Lemma 8.1.1. Let K P tR,Cu, pX, } }q a K-Banach space.

(i) In addition, let pY, } }Yq be a K-Banach space, K a non-empty compact subset
of some normed vector space and I some non-empty closed interval of R. We
denote by C˚pK, LpX,Yqq, PC˚pI, LpX,Yqq the vector spaces of strongly con-
tinuous and piecewise strongly continuous, respectively, functions on K and I,
respectively, with values in LpX,Yq. Then by

}U}8 :“ supt}Upxq}Op : x P Ku

there is defined a norm on C˚pK, LpX,Yqq. Further, pC˚pK, LpX,Yqq, } }8q is a
complex Banach space.

(ii) In addition, let n P N
˚, S 1, S 2, S 3 be non-empty subsets of Rn, f1 : S 1 Ñ

LpX, Xq, f2 : S 2 Ñ LpX, Xq strongly continuous and f3 : S 3 Ñ X continuous.
Then f1 f2 :“ pS 1 X S 2 Ñ LpX, Xq, x ÞÑ f1pxq ˝ f2pxqq is strongly continuous
and f1 f3 :“ pS 1 X S 3 Ñ X, x ÞÑ f1pxq f3pxqq is continuous.

(iii) In addition, let a, b P R be such that a ď b, I :“ ra, bs,

�pIq :“ tpt, sq P R2 : a ď s ď t ď bu ,

U,V,W P C˚p�pIq, LpX, Xqq and B,C P PC˚pI, LpX, Xqq.
a) Then by

rUBVspt, rq :“
ż t

r
Upt, sqBpsqVps, rq ds

for every pt, rq P �pIq , there is defined an element [UBV] of C˚p�pIq,
LpX, Xqq. Here integration is weak Lebesgue integration with respect to
LpX,Kq. In particular,

}rUBVs}8 ď pb´ aq }B}8 }U}8 }V}8 (8.1.1)

where }B}8 :“ supt}Bpxq}Op : x P Iu.
b) rrUBVsCWs “ rUBrVCWss.
c) The sequence pVνqνPN P pC˚p�pIq, LpX, XqqqN, recursively defined by V0 :“

U and Vν`1 :“ rUBVνs “ rVνBUs for every ν P N, is absolutely summable
in pC˚p�pIq, LpX, Xqq, }}8q. We define:

voltpU, Bq :“
ÿ

νPN

Vν .

In particular, voltpU, Bq is the uniquely determined solution of the equation
U ` rUBWs “ W in C˚p�pIq, LpX, Xqq and also the uniquely determined
solution of the equation U ` rWBUs “ W in C˚p�pIq, LpX, Xqq.

d) voltpvoltpU, Bq,Cq “ voltpU, B`Cq.
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Proof. ‘(i)’: First, it follows for every U P C˚pK, LpX,Yqq and ξ P X that Uξ :“
pK Ñ Y, x ÞÑ Upxqξq is continuous and hence by the compactness of K that Ran Uξ
is bounded. Therefore, it follows by the principle of uniform boundedness1 that
Ran U is bounded, too. Hence }U}8 :“ supt}Upxq}Op : x P Ku exists and is ě 0.
Further, }0KÑLpX,Xq}8 “ 0 and if U P C˚pK, LpX,Yqq is such that }U}8 “ 0, it
follows that U “ 0KÑLpX,Xq. For U P C˚pK, LpX,Yqq and λ P C, it follows that

t}pλ.Uqpxq}Op : x P Ku “ |λ|.t}Upxq}Op : x P Ku

and hence }λ.U}8 “ |λ| ¨ }U}8. Finally, it follows for U,V P C˚pK, LpX,Yqq and
every x P K that }pU ` Vqpxq}Op ď }Upxq}Op ` }Vpxq}Op and hence that

}pU ` Vqpxq}Op ď }U}8 ` }V}8

which implies that }U ` V}8 ď }U}8 ` }V}8. Note that for every U P C˚pK,
LpX,Yqq, it follows because of }U}8 ě }Upxq}Op that

}Uξ}max “ maxt}Upxqξ}Y : x P Ku ď }U}8 ¨ }ξ} (8.1.2)

for all ξ P X. Further, let pUνqνPN be a Cauchy sequence in pC˚pK, LpX,Yqq, } }8q.
Since }U}8 ě }Upxq}Op and pLpX,Yq, }}Opq is complete, note that for this to be true
only the completeness pY, }}Yq is needed, it follows for every x P K that pUνpxqqνPN
is uniformly convergent to some Upxq P LpX,Yq. Note that this implies also that
pUνpxqξqνPN is convergent to Upxqξ for every ξ P X. Further, the map U :“ pX Ñ
Y, x ÞÑ Upxqq is strongly continuous. To prove this, we notice that, as a consequence
of (8.1.2), pUνξqνPN is also a Cauchy sequence in pCpK,Yq, }}maxq and hence, as a
consequence of the completeness of this space, convergent to some Fξ P CpK,Yq.
Because of

}Uνpxqξ ´ Fξpxq}Y ď }Uνξ ´ Fξ}8

for all x P K, it follows that Uξ “ Fξ P CpK,Yq for all ξ P X and hence that
U P C˚pK, LpX,Yqq. Finally, let ε ą 0 and ν0 such that }Uµ ´ Uν}8 ă ε{2 for
µ, ν ě ν0. Then for x P K, there is µ0 ě ν0 such that }Uµ0pxq ´ Upxq}Op ă ε{2.
Hence it follows for ν P N such that ν ě ν0

}Uνpxq ´ Upxq}Op ď }Uνpxq ´ Uµ0pxq}Op ` }Uµ0pxq ´ Upxq}Op

ď }Uν ´ Uµ0}8 ` }Uµ0pxq ´ Upxq}Op ă ε

and hence also }Uν ´ U}8 ă ε. Hence it follows also that

lim
νÑ8

}Uν ´ U}8 “ 0.

‘(ii)’: For this, let x P S 1 X S 2 and pxνqνPN be a sequence of elements of S 1 X S 2
converging to x. Then

1 See, e.g, Theorem III.9 in the first volume of [179].
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}p f1 f2qpxνqξ ´ p f1 f2qpxqξ} “ } f1pxνq f2pxνqξ ´ f1pxq f2pxqξ}

“ } f1pxνqp f2pxνqξ ´ f2pxqξq ` f1pxνq f2pxqξ ´ f1pxq f2pxqξ}

ď } f1pxνq}Op } f2pxνqξ ´ f2pxqξ} ` } f1pxνq f2pxqξ ´ f1pxq f2pxqξ}

for every ξ P X. Since s´ limνÑ8 f1pxνq “ f1pxq, it follows that p} f1pxνqη}qνPN is
bounded for every η P X. Hence it follows by the principle of uniform boundedness2

the existence of some C ě 0 such that } f1pxνq}Op ď C for all ν P N. Hence

}p f1 f2qpxνqξ ´ p f1 f2qpxqξ} ď C } f2pxνqξ ´ f2pxqξ}

` } f1pxνq f2pxqξ ´ f1pxq f2pxqξ}

and limνÑ8 }p f1 f2qpxνqξ´ p f1 f2qpxqξ} “ 0. Further, if x P S 1 X S 3 and pxνqνPN is a
sequence of elements of S 1 X S 3 converging to x, then

}p f1 f3qpxνq ´ p f1 f3qpxq} “ } f1pxνq f3pxνq ´ f1pxq f3pxq}

“ } f1pxνqp f3pxνq ´ f3pxqq ` f1pxνq f3pxq ´ f1pxq f3pxq}

ď } f1pxνq}Op } f3pxνq ´ f3pxq} ` } f1pxνq f3pxq ´ f1pxq f3pxq}

ď C } f3pxνq ´ f3pxq} ` } f1pxνq f3pxq ´ f1pxq f3pxq}

where C ě 0 is such that } f1pxνq}Op ď C for all ν P N, and hence

lim
νÑ8

}p f1 f3qpxνqξ ´ p f1 f3qpxqξ} “ 0 .

‘(iii)a)’: Let pt, rq P �pIq. Then it follows by (ii) that Gpt,rq :“ Upt , ¨qBVp¨ , rq is an
element of PC˚prr, ts, LpX, Xqq which is uniformly bounded by

C :“ }B}8 }U}8 }V}8 .

Hence by Theorem 3.2.11, Ĝpt,rq, where Ĝpt,rq : R Ñ LpX, Xq is defined by
Ĝpt,rqpsq :“ Gpt,rqpsq if s P pr, tq and by Ĝpt,rqpsq :“ 0LpX,Xq otherwise, is weakly
Lebesgue summable with respect to LpX,Kq. Further, for pt, rq P �pIq, pptν, rνqqνPN P
�pIqN such that limνÑ8ptν, rνq “ pt, rq and ξ P X, it follows that by pĜptν,rνqξ ´
Ĝpt,rqξqνPN, there is given a sequence of bounded, almost everywhere continuous
functions whose norm is majorized by 2C}ξ}.χpIq where χpIq denotes the character-
istic function of I. Hence by Theorem 3.2.5

}rUBVsptν, rνqξ ´ rUBVspt, rqξ} ď
ż

R

}Ĝptν,rνqξ ´ Ĝpt,rqξ} dv1

for every ν P N. Further, p}Ĝptν,rνqξ ´ Ĝpt,rqξ}qνPN is almost everywhere pointwise
convergent to 0RÑR and majorized by the summable function 2C}ξ}.χpIq. Hence it
follows by Lebesgue’s dominated convergence Theorem that

lim
νÑ8

}rUBVsptν, rνqξ ´ rUBVspt, rqξ} “ 0 .

2 See, e.g, Theorem III.9 in the first volume of [179].
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Finally, it follows by Theorem 3.2.5

}rUBVspt, rqξ} ď
ż t

r
}Upt , ¨qBVp¨ , rqξ} ds ď C pb´ aq }ξ} .

‘(iii)b)’: Let pt, rq P �pIq, ξ, η P X and pr1 :“ pR2 Ñ R, ps, s 1q ÞÑ sq and
pr2 :“ pR2 Ñ R, ps, s 1q ÞÑ s 1q. Then it follows by (ii) and the principle of uni-
form boundedness3 that pUpt, ¨q ˝ pr1qpB ˝ pr1qVpC ˝ pr2qpWp¨, rq ˝ pr2q is a norm
bounded, almost everywhere strongly continuous function on �prr, tsq. Hence it fol-
lows by the compactness of �prr, tsq and Theorem 3.2.11 the weak integrability of
this function with respect to LpX,Kq. Further, it follows by (iii)a), the Theorem of
Fubini and the change of variable formula that

rUBrVCWsspt, rqξ “
ż t

r

„
ż s

r
Upt, sqBpsqVps, s 1qCps 1qWps 1, rqξ ds 1

j

ds

“

ż

rďs 1ďsďt
Upt, sqBpsqVps, s 1qCps 1qWps 1, rqξ ds ds 1

“

ż

rďsďs 1ďt
Upt, s 1qBps 1qVps 1, sqCpsqWps, rqξ ds ds 1

“

ż t

r

„
ż t

s
Upt, s 1qBps 1qVps 1, sqCpsqWps, rqξds 1

j

ds

“

ż t

r
rUBVspt, sqCpsqWps, rqξ ds “ rrUBVsCWspt, rqξ .

‘(iii)c)’: First, using (iii)b), it follows by induction that Vν`1 “ rVνBUs for every
ν P N because V1 “ rUBV0s “ rUBUs “ rV0BUs and if Vν`1 “ rVνBUs for some
ν P N, then Vν`2 “ rUBVν`1s “ rUBrVνBUss “ rrUBVνsBUs “ rVν`1BUs. For
β ě 0, it follows that e´βppr1´pr2q.U P C˚p�, LpX, Xqq and hence

}Upt, rq}Op ď Me βpt´rq (8.1.3)

for all pt, rq P �pIq where M :“ }e´βppr1´pr2q.U}8. Further, if K ą 0 is such that
}Bptq}Op ď K for all t P I, it follows by induction that

}Vνpt, rq}Op ď Me βpt´rq
¨
pMKpt ´ rqqν

ν!
(8.1.4)

for all pt, rq P �pIq. For ν “ 0 inequality (8.1.4) coincides with (8.1.3). If (8.1.4) is
true for some ν P N, then it follows by Theorem 3.2.5 for pt, rq P �pIq and ξ P X:

}Vν`1pt, rqξ} ď
ż t

r
}Upt, sqBpsqVνps, rqξ} ds

ď Me βpt´rq
¨
pMKqν`1

ν!
¨ }ξ}

ż t

r
pt ´ sqν ds

“ Me βpt´rq
¨
pMKpt ´ rqqν`1

pν` 1q!
¨ }ξ}

3 See, e.g, Theorem III.9 in the first volume of [179].



142 8 Kernels, Chains, and Evolution Operators

and hence also (8.1.4) where ν is replaced by ν`1. Hence it follows for every µ P N:

µ
ÿ

ν“0

}Vν}8 ď Me βpb´aq
¨

µ
ÿ

ν“0

pMKpb´ aqqν

ν!
ď Me pβ`MKqpb´aq . (8.1.5)

Further, it follows by (iii)a) that rUB ¨s and r¨ BUs define bounded linear operators
on pC˚p�pIq, LpX, Xqq, } }8q. Hence it follows from

«

UB
µ
ÿ

ν“0

Vν

ff

“

µ
ÿ

ν“0

rUBVνs “

µ
ÿ

ν“0

Vν`1 “

µ`1
ÿ

ν“0

Vν ´ U

«˜

µ
ÿ

ν“0

Vν

¸

BU

ff

“

µ
ÿ

ν“0

rVνBUs “
µ
ÿ

ν“0

Vν`1 “

µ`1
ÿ

ν“0

Vν ´ U

for every µ P N that

U ` rUB voltpU, Bqs “ voltpU, Bq and U ` rvoltpU, BqBUs “ voltpU, Bq .

Finally, let W P C˚p�pIq, LpX, Xqq be a fixed point of rUB¨s pr¨BUsq. Then we define
the sequence pWνqνPN P pC˚p�, LpX, XqqqN recursively by W0 :“ W and Wν`1 :“
rUBWνs p rWνBUs q for every ν P N. Then it follows inductively that Wν “ W and

}Wνpt, sq}Op ď M 1e βpt´sq
¨
pMKpt ´ sqqν

ν!

for all pt, sq P �pIq, ν P N where M 1 :“ }e´βppr1´pr2q.W}8. This implies

pµ` 1q ¨ }Wν}8 ď M 1e βpb´aq
¨

µ
ÿ

ν“0

pMKpb´ aqqν

ν!

ď M 1e pβ`MKqpb´aq

for every µ P N and hence Wpt, rq “ 0LpX,Xq for all pt, rq P �pIq.
‘(iii)d)’: Let V :“ voltpU, Bq and W :“ voltpV,Cq. Hence according to (iii)c), the
following equations hold

U ` rUBVs “ V , V ` rVCWs “ W .

From this follows by (iii)b)

rUpB`CqWs “ rUBWs ` rUCWs

“ rUBpV ` rVCWsqs ` rpV ´ rUBVsqCWs

“ rUBVs ` rUBrVCWss ` rVCWs ´ rrUBVsCWs

“ V ´ U `W ´ V “ W ´ U

and hence it follows by (iii)c) that W “ voltpU, B`Cq. [\
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Lemma 8.1.2. (Distance of Volterra kernels) Let K P tR,Cu, pX, } }q a K-Banach
space, a, b P R such that a ď b, I :“ ra, bs, U, Ū P C˚p�pIq, LpX, Xqq and B, B̄ P
PC˚pI, LpX, Xqq. Then

(i) id ´ rUB ¨s, where ‘id’ denotes the identity operator on C˚p�pIq, LpX, Xqq, de-
fines a bijective bounded linear operator on C˚p�pIq, LpX, Xqq. In particular,

} pid´ rUB ¨sq´1
}Op ď e }U}8}B}8pb´aq (8.1.6)

and
›

›

›

´

pid´ rUB ¨sq´1 V
¯

pt, rq ξ
›

›

›
ď Mµ }Vξ}8 e pµ`c }B}8qpt´rq (8.1.7)

for every V P C˚p�pIq, LpX, Xqq, pt, rq P �pIq and ξ P X where µ P R, c ě 0
are such that }Upt, rq}Op ď c e µpt´rq for all pt, rq P �pIq, Mµ :“ 1, e |µ|pb´aq for
µ ě 0 and µ ă 0, respectively, and Vξ :“ p�pIq Ñ X, pt, rq ÞÑ Vpt, rqξq.

(ii) For every V P C˚p�pIq, LpX, Xqq

pid´ rUB ¨sq´1 V “ V ` rvoltpU, BqBVs . (8.1.8)

(iii) The following identity holds

voltpŪ, B̄q ´ voltpU, Bq “ pid´ rŪ B̄ ¨sq´1
tŪ ´ U

` rpŪ ´ UqB voltpU, Bqs ` rŪpB̄´ Bq voltpU, Bqsu . (8.1.9)

Proof. ‘(i)’: By Lemma 8.1.1 (iii)a) and c) (compare also the proof of (iii)c)),
it follows that id ´ rUB ¨s defines an injective bounded linear operator on
C˚p�pIq, LpX, Xqq. Let V P C˚p�pIq, LpX, Xqq. Then we define the sequence
pWνqνPN P pC˚p�pIq, LpX, XqqqN recursively by W0 :“ V and Wν`1 :“ rUBWνs

for every ν P N. Then it follows by induction that

}Wνpt, rq}Op ď M 1e βpt´rq
¨
pMKpt ´ rqqν

ν!
(8.1.10)

for all pt, rq P �pIq where β ě 0, M :“ }e´βppr1´pr2q.U}8 which implies that

}Upt, rq}Op ď Me βpt´rq (8.1.11)

for all pt, rq P �pIq, K ą 0 is such that }Bptq}Op ď K for all t P I and M 1 :“
}e´βppr1´pr2q.V}8. For ν “ 0, inequality (8.1.10) is trivially satisfied. If (8.1.10) is
true for some ν P N, it follows by Theorem 3.2.5 for pt, rq P �pIq and ξ P X:

}Wν`1pt, rqξ} ď
ż t

r
}Upt, sqBpsqWνps, rqξ} ds

ď M 1e βpt´rq
¨
pMKqν`1

ν!
¨ }ξ}

ż t

r
pt ´ sqν ds

“ M 1e βpt´rq
¨
pMKpt ´ rqqν`1

pν` 1q!
¨ }ξ}
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and hence also (8.1.10) where ν is replaced by ν ` 1. Hence it follows for every
µ P N:

µ
ÿ

ν“0

}Wν}8 ď M 1e βpb´aq
¨

µ
ÿ

ν“0

pMKpb´ aqqν

ν!

ď M 1e pβ`MKqpb´aq
ď e p2β`MKqpb´aq

¨ }V}8

and therefore the absolutely summability of the sequence pWνqνPN in pC˚p�pIq,
LpX, Xqq, }}8q and

›

›

›

›

›

8
ÿ

ν“0

Wν

›

›

›

›

›

8

ď e p2β`MKqpb´aq
¨ }V}8 .

In addition, it follows
«

UB

˜

µ
ÿ

ν“0

Wν

¸ff

“

µ
ÿ

ν“0

rUBWνs “

µ
ÿ

ν“0

Wν`1 “

µ`1
ÿ

ν“0

Wν ´ V

for every µ P N and hence

pid´ rUB ¨sq
8
ÿ

ν“0

Wν “ V

and the bijectivity of id ´ rUB ¨s and by choosing β “ 0 the validness of (8.1.6).
Analogously to (8.1.10), it follows for every ξ P X that

}Wνpt, rqξ} ď M 1
ξe µpt´rq

¨
pc Kpt ´ rqqν

ν!
(8.1.12)

for all pt, rq P �pIq where M 1
ξ :“ }p�pIq Ñ X, pt, rq ÞÑ e´µpt´rq.Vpt, rqξq}8 and

µ P R, c ě 0 are such that }Upt, rq}Op ď c e µpt´rq for all pt, rq P �pIq. Hence it
follows for every pt, rq P �pIq that

›

›

›

´

pid´ rUB ¨sq´1 V
¯

pt, rq ξ
›

›

›
“

›

›

›

›

›

˜

8
ÿ

ν“0

Wνpt, rq

¸

ξ

›

›

›

›

›

“

›

›

›

›

›

8
ÿ

ν“0

Wνpt, rqξ

›

›

›

›

›

ď

8
ÿ

ν“0

}Wνpt, rqξ} ď M 1
ξe pµ`c Kqpt´rq

and hence, finally, (8.1.7).
‘(ii)’: By Lemma 8.1.1 (iii) b), c), it follows for every V P C˚p�pIq, LpX, Xqq that

pid´ rUB ¨sq pV ` rvoltpU, BqBVsq

“ V ´ rUBVs ` rvoltpU, BqBVs ´ rUB rvoltpU, BqBVss

“ V ´ rUBVs ` rvoltpU, BqBVs ´ r rUB voltpU, BqsBVs

“ V ´ rUBVs ` rvoltpU, BqBVs ´ rpvoltpU, Bq ´ UqBVs “ V

and hence (8.1.8).
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‘(iii)’: By Lemma 8.1.1 (iii)c), it follows

rpŪ ´ UqB voltpU, Bqs ` rŪpB̄´ Bq voltpU, Bqs
“ rŪB voltpU, Bqs ´ rUB voltpU, Bqs ` rŪ B̄ voltpU, Bqs ´ rŪB voltpU, Bqs
“ rŪ B̄ voltpU, Bqs ´ rUB voltpU, Bqs “ rŪ B̄ voltpU, Bqs ` U ´ voltpU, Bq
“ rŪ B̄ pvoltpU, Bq ´ voltpŪ, B̄qqs ` rŪ B̄ voltpŪ, B̄qs ` U ´ voltpU, Bq
“ rŪ B̄ pvoltpU, Bq ´ voltpŪ, B̄qqs ` voltpŪ, B̄q ´ Ū ` U ´ voltpU, Bq .

Hence it follows

pid´ rŪ B̄¨sq pvoltpŪ, B̄q ´ voltpU, Bqq
“ Ū ´ U ` rpŪ ´ UqB voltpU, Bqs ` rŪpB̄´ Bq voltpU, Bqs

and, finally, by (i) (8.1.9). [\

Lemma 8.1.3. (Approximation of Volterra kernels) Let K P tR,Cu, pX, } }q a
K-Banach space, a, b P R such that a ď b, I :“ ra, bs, U P C˚p�pIq, LpX, Xqq,
B P PC˚pI, LpX, Xqq, pUνqνPN P pC˚p�pIq, LpX, XqqqN, pBνqνPN P pPC˚pI, LpX ,
XqqqN be bounded sequences and such that

s´ lim
νÑ8

Uνpt, rq “ Upt, rq

for all pt, rq P �pIq and
s´ lim

νÑ8
Bνpsq “ Bpsq

for almost all s P I. Then

s´ lim
νÑ8

voltpUν, Bνqpt, rq “ voltpU, Bqpt, rq (8.1.13)

for all pt, rq P �pIq.

Proof. For this, let c,K ě 0 be such that }U}8 ď c, }B}8 ď K and }Uν}8 ď c,
}Bν}8 ď K for all ν P N. Then it follows by Lemma 8.1.1 (8.1.5) where β “ 0 that

}voltpUν, Bνq}8 ď c ecKpb´aq , }voltpU, Bq}8 ď c ecKpb´aq .

By Lemma 8.1.2 (ii), (iii), it follows for every ν P N

voltpUν, Bνq ´ voltpU, Bq

“ pid´ rUνBν ¨sq
´1
tUν ´ U ` rpUν ´ UqB voltpU, Bqs

`rUνpBν ´ Bq voltpU, Bqsu

“ Uν ´ U ` rpUν ´ UqB voltpU, Bqs ` rUνpBν ´ Bq voltpU, Bqs
` rvoltpUν, BνqBν tUν ´ U ` rpUν ´ UqB voltpU, Bqs
`rUνpBν ´ Bq voltpU, Bqsus
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“ Uν ´ U ` rpUν ´ UqB voltpU, Bqs ` rUνpBν ´ Bq voltpU, Bqs
` rvoltpUν, BνqBνpUν ´ Uqs ` rvoltpUν, BνqBνrpUν ´ UqB voltpU, Bqss
` rvoltpUν, BνqBνrUνpBν ´ Bq voltpU, Bqss .

Hence, obviously, it follows by the proof of Lemma 8.1.2 (iii)b), Theorem 3.2.5
and Lebesgue’s dominated convergence Theorem the validity of (8.1.13) for every
pt, rq P �pIq. [\

8.2 Chains

Lemma 8.2.1. Let K P tR,Cu, pX, } }q a K-Banach space. In addition, let a, b P R
be such that a ď b and I :“ ra, bs. Finally, let U P C˚p�pIq, LpX, Xqq be a chain, i.e.,
such that Ups, sq “ idX for all s P I and

Upt, rq “ Upt, sqUps, rq

for all pt, rq P �pIq and s P rr, ts, and B P PC˚pI, LpX, Xqq. Then voltpU, Bq is a
chain, too.

Proof. Let V :“ voltpU, Bq. By Lemma 8.1.1, V satisfies U ` rUBVs “ V . Hence
for all pt, rq P �pIq, s P rr, ts and ξ P X:

Vpt, sqVps, rqξ “ pU ` rUBVsqpt, sqVps, rqξ

“ Upt, sqVps, rqξ ` rUBVspt, sqVps, rqξ

“ Upt, sqpU ` rUBVsqps, rqξ ` rUBVspt, sqVps, rqξ

“ Upt, sqUps, rqξ ` Upt, sqrUBVsps, rqξ ` rUBVspt, sqVps, rqξ

“ Upt, rqξ ` Upt, sqrUBVsps, rqξ ` rUBVspt, sqVps, rqξ .

By Theorem 3.2.4 (ii)

Upt, sqrUBVsps, rqξ “ Upt, sq
ż s

r
Ups, s 1qBps 1qVps 1, rqξ ds 1

“

ż s

r
Upt, sqUps, s 1qBps 1qVps 1, rqξ ds 1

“

ż s

r
Upt, s 1qBps 1qVps 1, rqξ ds 1

“ rUBVspt, rqξ ´
ż t

s
Upt, s 1qBps 1qVps 1, rqξ ds 1 ,

rUBVspt, sqVps, rqξ “
ż t

s
Upt, s 1qBps 1qVps 1, sqVps, rqξ ds 1

and hence

Vpt, sqVps, rqξ “ Vpt, rqξ `
ż t

s
Upt, s 1qBps 1q pVps 1, sqVps, rq ´ Vps 1, rqq ξds 1
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and

Wrpt, sqξ “
ż t

s
Upt, s 1qBps 1qWrps 1, sqξ ds 1 (8.2.1)

where
Wr :“ VpVp¨, rq ˝ pr2q ´ Vp¨, rq ˝ pr1

and pr1 :“ pR2 Ñ R, pt, sq ÞÑ tq, pr2 :“ pR2 Ñ R, pt, sq ÞÑ sq. Note that it follows
by Lemma 8.1.1 (ii) that Wr P C˚p�prr, bsq, LpX, Xqq. Hence it follows from (8.2.1)
by the proof of Lemma 8.1.1 (iii)c) that Wr “ 0�prr,bsqÑLpX,Xq. Finally, for every
s P I,

Vps, sq “ Ups, sq `
ż s

s
Ups, s 1qBps 1qVps 1, sq ds 1 “ idX .

[\

8.3 Juxtaposition of Chains

Lemma 8.3.1. Let K P tR,Cu and pX, } }q a K-Banach space. In addition, let
a 1, b 1, b2 P R be such that a 1 ď b 1 ď b2, I 1 :“ ra 1, b 1s and I 2 :“ rb 1, b2s
be the two corresponding adjoining intervals and I :“ I 1 Y I 2. Finally, let U 1 P

C˚p�pI 1q, LpX, Xqq and U 2 P C˚p�pI 2q, LpX, Xqq be chains.

(i) There is a uniquely determined chain U 1 Y U 2 P C˚p�pIq, LpX, Xqq such that
U 1 Y U 2|�pI 1q “ U 1 and U 1 Y U 2|�pI 2q “ U 2.

(ii) In addition, let B P PC˚pI, LpX, Xqq. Then

voltpU 1
Y U 2, Bq “ voltpU 1, B|I 1q Y voltpU 2, B|I 2q .

Proof. ‘(i)’: First, it follows that �pIq z p�pI 1q Y �pI 2qq “ I 2 ˆ I 1. We define U :
�pIq Ñ LpX, Xq by Upt, rq :“ U 1pt, rq for pt, rq P �pI 1q, Upt, rq :“ U 2pt, rq for
pt, rq P �pI 2q, note that U 1pb 1, b 1q “ idX “ U 2pb 1, b 1q, and

Upt, rq :“ U 2
pt, b 1qU 1

pb 1, rq

for pt, rq P I 2 ˆ I 1. Note that U 2pb 1, b 1qU 1pb 1, rq “ U 1pb 1, rq for all r P I 1 and
U 2pt, b 1qU 1pb 1, b 1q “ U 2pt, b 1q for all t P I 2. Then U P C˚p�pIq, LpX, Xqq be-
cause of the strong continuity of U 1,U 2 and since U|I 2ˆI 1 is equal to rU 2p¨, b 1q ˝
pr1srU

1pb 1, ¨q ˝ pr2s which is strongly continuous by Lemma 8.1.1 (ii). Here pr1 :“
pR2 Ñ R, pt, rq ÞÑ tq and pr2 :“ pR2 Ñ R, pt, rq ÞÑ rq. If pt, rq P �pI 1q,�pI 2q, then
rr, ts Ă I 1, I 2 and hence for every s P rr, ts

Upt, rq “ U 1
pt, rq “ U 1

pt, sqU 1
ps, rq “ Upt, sqUps, rq

and
Upt, rq “ U 2

pt, rq “ U 2
pt, sqU 2

ps, rq “ Upt, sqUps, rq

respectively. If pt, rq P I 2ˆ I 1 and s P rr, ts, we consider the cases s ą b 1 and s ď b 1.
In the first case,
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Upt, sqUps, rq “ U 2
pt, sqU 2

ps, b 1qU 1
pb 1, rq “ U 2

pt, b 1qU 1
pb 1, rq “ Upt, rq ,

and in the second case,

Upt, sqUps, rq “ U 2
pt, b 1qU 1

pb 1, sqU 1
ps, rq “ U 2

pt, b 1qU 1
pb 1, rq “ Upt, rq .

Hence U is a chain. Finally, let Û P C˚p�pIq, LpX, Xqq be a chain and such that
Û|�pI 1q “ U 1 and Û|�pI 2q “ U 2. Then it follows for every pt, rq P I 2 ˆ I 1

Ûpt, rq “ Ûpt, b 1q Ûpb 1, rq “ U 2
pt, b 1qU 1

pb 1, rq

and hence Û “ U.
‘(ii)’: Let V :“ voltpU, Bq. Then U ` rUBVs “ V and hence for every pt, rq P �pI 1q

V|�pI 1qpt, rq “ Upt, rq ` rUBVspt, rq

“ U 1
pt, rq `

ż t

r
Upt, sqBpsqVps, rq ds

“ U 1
pt, rq `

ż t

r
U 1
pt, sqB|I 1psqV|�pI 1qps, rq ds .

Hence it follows by Lemma 8.1.1 (iii) that V|�pI 1q “ voltpU 1, B|I 1q. Analogously, it
follows for every pt, rq P �pI 2q that

V|�pI 2qpt, rq “ Upt, rq ` rUBVspt, rq “ U 2
pt, rq `

ż t

r
Upt, sqBpsqVps, rq ds

“ U 2
pt, rq `

ż t

r
U 2
pt, sqB|I 2psqV|�pI 2qps, rq ds

and hence by Lemma 8.1.1 (iii) that V|�pI 2q “ voltpU 2, B|I 2q. Finally, by (i) it fol-
lows that V “ voltpU 1, B|I 1q Y voltpU 2, B|I 2q. [\

8.4 Finitely Generated Chains

Lemma 8.4.1. Let K P tR,Cu, pX, } }q a K-Banach space, a, b P R be such that
a ď b and I :“ ra, bs.

(i) In addition, let A : DpAq Ñ X be the infinitesimal generator of a strongly con-
tinuous semigroup T : r0,8q Ñ LpX, Xq. Then U : �pIq Ñ LpX, Xq defined by
Upt, rq :“ T pt ´ rq for all pt, rq P �pIq is a strongly continuous chain.

(ii) In addition, let n P N
˚, pa0, . . . , anq be a partition of I, I j :“ ra j, a j`1s for

j “ 0, . . . , n ´ 1 and Aj : DpAjq Ñ X the infinitesimal generator of a strongly
continuous semigroup T j : r0,8q Ñ LpX, Xq for every j P t0, . . . , n´ 1u.
a) Then there is uniquely determined chain U P C˚p�pIq, LpX, Xqq such that

Upt, rq “ T jpt ´ rq for all pt, rq P �pI jq and j P t0, . . . , n ´ 1u. We say that
U is generated by the family pI0, A0q, . . . , pIn´1, An´1q.
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b) In addition, let U P C˚p�pIq, LpX, Xqq as in a) and B0, . . . , Bn´1 P LpX, Xq.
Then the family pI0, A0`B0q, . . . , pIn´1, An´1`Bn´1q generates voltpU,´Bq
where B P PC˚pI, LpX, Xqq is defined by Bptq :“ Bj for all t P ra j, a j`1q and
j P t0, . . . , n´ 1u and Bpbq :“ Bn´1.

Proof. ‘(i)’: U is strongly continuous as composition of the strongly continuous map
T and the continuous map ppr1´ pr2q|�pIqÑR where pr1 :“ pR2 Ñ R, pt, rq ÞÑ tq and
pr2 :“ pR2 Ñ R, pt, rq ÞÑ rq. Further,

Upt, rq “ T pt ´ rq “ T pt ´ s` s´ rq “ T pt ´ sqT ps´ rq “ Upt, sqUps, rq

for all pt, rq P �pIq, s P rt, rs and Ups, sq “ T p0q “ idX for all s P I.
‘(ii)a)’ The statement is a simple consequence of Lemma 8.3.1 (i).
‘(ii)b)’: By Theorem 4.4.3, for every j P t0, . . . , n ´ 1u the corresponding
Aj ` Bj generates a strongly continuous semigroup T̂ j : r0,8q Ñ LpX, Xq. Let
Û P C˚p�pIq, LpX, Xqq be the corresponding chain such that Ûpt, rq “ T̂ jpt ´ rq
for all pt, rq P �pI jq and j P t0, . . . , n ´ 1u. In order to prove the statement,
according to Lemma 8.3.1, it is sufficient to show for each j P t0, . . . , n ´ 1u
that voltpU|�pI jq,´B|I jq “ Û|�pI jq. For this, let pt, rq P �pI jq, ξ P DpAjq and
u, f j : rr,8q Ñ X be defined by upsq :“ T̂ jps ´ rqξ and f jpsq :“ ´Bjupsq for all
s ě r. Then u, f j are continuous, Ranpuq Ă DpAjq and u is differentiable on pr,8q
such that

u 1psq ` Ajupsq “ f jpsq

for all s ą r. Hence it follows by Lemma 4.6.1

T̂ jpt ´ rqξ “ uptq “ T jpt ´ rqξ ´
ż t

r
T jpt ´ sqBjupsq ds

“ T jpt ´ rqξ ´
ż t

r
T jpt ´ sqBjT̂ jps´ rqξ ds .

Since DpAq is dense in X, it follows

U|�pI jq ` rU|�pI jqp´B|I jqÛ|�pI jqs “ Û|�pI jq

and hence finally by Lemma 8.1.1 (iii)c) that

Û|�pI jq “ voltpU|�pI jq,´B|I jq .

[\

8.5 Evolution Operators

Definition 8.5.1. (Evolution operators) Let K P tR,Cu, a, b P R such that a ď b
and I :“ ra, bs. Further, let pX, } }q be a K-Banach space, Y a dense subspace of X
and } }Y a norm on Y such that pY, } }Yq is a Banach space and such that the inclusion
ιYãÑX of pY, } }Yq into X is continuous. Finally, let A P PC˚pI, LppY, } }Yq, Xqq. Then
U P C˚p�pIq, LpX, Xqq is called a ‘Y{X-evolution operator for A’ if the following
conditions are satisfied
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(i) U is a chain.
(ii) For all pt, rq P �pIq the corresponding Upt, rq leaves Y invariant. Moreover, the

map UY associating to every pt, rq P �pIq the part UYpt, rq of Upt, rq in Y is an
element of C˚p�pIq, LpY,Yqq.

(iii) For all pt, rq P �pIq and ξ P Y
ż t

r
ApsqUps, rqξ ds “

ż t

r
Upt, sqApsqξ ds “ ξ ´ Upt, rqξ

where integration denotes weak Lebesgue integration with respect to LpX,Kq.

Lemma 8.5.2. (Associated differential equations, Uniqueness) Let K P tR,Cu
and a, b P R be such that a ď b and I :“ ra, bs. Further, let pX, } }q a K-Banach
space, Y a dense subspace of X and } }Y a norm on Y such that pY, } }Yq is a Banach
space and such that the inclusion ιYãÑX of pY, } }Yq into X is continuous. Finally, let
A P PC˚pI, LppY, } }Yq, Xqq.

(i) In addition, let U P C˚p�pIq, LpX, Xqq be a ‘Y{X-evolution operator for A’ and
r, t P I, ξ P Y . Then Up¨, rqξ : rr, bs Ñ X, Upt, ¨qξ : ra, ts Ñ X are differentiable
with derivatives

pUp¨, rqξq 1 psq “ ´ApsqUps, rqξ

in every strong continuity point s of A in pr, bq and

pUpt, ¨qξq 1 psq “ Upt, sqApsqξ

in every strong continuity point s of A in pa, tq, respectively. Here pUp¨, rqξqpsq :“
Ups, rqξ for every s P rr, bs and pUpt, ¨qξqpsq :“ Upt, sqξ for every s P ra, ts.

(ii) In addition, let U,V P C˚p�pIq, LpX, Xqq be ‘Y{X-evolution operators for A’.
Then V “ U.

Proof. ‘(i)’: It follows for ξ P Y and every r P I, s, s 1 P rr, bs because of

}Aps 1qUps 1, rqξ ´ ApsqUps, rqξ}

ď }A}8,Y,X ¨ }UYps 1, rqξ ´ UYps, rqξ}Y ` }Aps 1qUps, rqξ ´ ApsqUps, rqξ}

that f1 :“ prr, bs Ñ X, s ÞÑ ApsqUps, rqξq is bounded by }A}8,Y,X }UY}8,Y,Y }ξ}Y
as well as continuous in the points of strong continuity of A in rr, bs and hence also
almost everywhere continuous, and for t P I, s, s 1 P ra, ts

}Upt, s 1qAps 1qξ ´ Upt, sqApsqξ}

ď }U}8,X,X ¨ }Aps 1qξ ´ Apsqξ} ` }Upt, s 1qApsqξ ´ Upt, sqApsqξ}

that f2 :“ pra, ts Ñ X, s ÞÑ Upt, sqApsqξq is bounded by }UY}8,X,X }A}8,Y,X }ξ}Y,
continuous in the points of strong continuity of A in ra, ts and hence also almost
everywhere continuous. Hence, obviously, the statement of this lemma follows by
Theorem 3.2.9 from property (iii) of Definition 8.5.1.
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‘(ii)’: For this, let pr, tq P �pIq and ξ P Y . Because of

}Vpt, s 1qUps 1, rqξ ´ Vpt, sqUps, rqξ}

ď } pVpt, s 1q ´ Vpt, sqq pUps 1, rq ´ Ups, rqq ξ}

` } pVpt, s 1q ´ Vpt, sqqUps, rqξ} ` }Vpt, sq pUps 1, rqξ ´ Ups, rqξq }

ď 3}V}8,X,X ¨ }Ups 1, rqξ ´ Ups, rqξ} ` }Vpt, s 1qUps, rqξ ´ Vpt, sqUps, rqξ}

for every s, s 1 P rr, ts, it follows that

F :“ prr, ts Ñ X, s ÞÑ Vpt, sqUps, rqξq

is continuous. Further, for any strong continuity point s of A in pr, tq and h P

pr ´ s, t ´ sqzt0u, it follows
›

›

›

›

1
h
. rVpt, s` hqUps` h, rqξ ´ Vpt, sqUps, rqξs

›

›

›

›

“

›

›

›

›

1
h
.pVpt, s` hq ´ Vpt, sqqpUps` h, rq ´ Ups, rqqξ

`
1
h
.pVpt, s` hq ´ Vpt, sqqUps, rqξ ` Vpt, sq

1
h
pUps` h, rq ´ Ups, rqqξ

›

›

›

›

ď 2}V}8,X,X ¨
›

›

›

›

„

1
h
.pUps` h, rq ´ Ups, rqqξ ` ApsqUps, rqξ

j ›

›

›

›

` }Vpt, s` hqApsqUps, rqξ ´ Vpt, sqApsqUps, rqξ}

`

›

›

›

›

1
h
.pVpt, s` hq ´ Vpt, sqqUps, rqξ ` Vpt, sq

1
h
pUps` h, rq ´ Ups, rqqξ

›

›

›

›

and hence by (i) along with V P C˚p�pIq, LpX, Xqq that F is differentiable in s with
derivative 0X . Hence it follows by the fundamental theorem of calculus that F is
constant and hence that

Vpt, rqξ “ Vpt, rqUpr, rqξ “ Fprqξ “ Fptqξ “ Vpt, tqUpt, sqξ “ Upt, sqξ .

[\

Lemma 8.5.3. Let K P tR,Cu, a, b P R such that a ď b and I :“ ra, bs. In addition,
let n P N˚, pa0, . . . , anq be a partition of I, I j :“ ra j, a j`1s for j “ 0, . . . , n ´ 1 and
Aj : DpAjq Ñ X be the infinitesimal generator of a strongly continuous semigroup
on X for every j P t0, . . . , n´ 1u and U P C˚p�pIq, LpX, Xqq be the chain generated
by the family pI0, A0q, . . . , pIn´1, An´1q. Further, let Y be a dense subspace of X and
} }Y be a norm on Y such that pY, } }Yq is a Banach space and such that the inclusion
ιYãÑX of pY, } }Yq into X is continuous. Finally, let Y be contained in DpAjq as well as
Aj-admissible for every j P t0, . . . , n´1u, Aj|Y P LpY, Xq for every j P t0, . . . , n´1u
and A P PC˚pI, LppY, } }Yq, Xqq be defined by Aptq :“ Aj|Y for all t P ra j, a j`1q and
j P t0, . . . , n´ 1u and Apbq :“ An´1|Y . Then U is a Y{X-evolution operator for A.
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Proof. For every j P t0, . . . , n ´ 1u, let T j : r0,8q Ñ LpX, Xq be the strongly
continuous semigroup generated by Aj : DpAjq Ñ X. Then Upt, rq “ T jpt ´ rq for
all pt, rq P �pI jq and j P t0, . . . , n´1u. Further, it follows for every j P t0, . . . , n´1u
since Y is Aj-admissible that Y is left invariant by T jptq for all t P r0,8q and that
the family T jYptq of restrictions of T jptq to Y in domain and in image, t P r0,8q,
defines a strongly continuous semigroup T jY : r0,8q Ñ LpY,Yq on pY, } }Yq with
infinitesimal generator given by the part AjY of Aj in Y . Therefore, every Upt, rq with
pt, rq contained in �pI0q Y . . .�pIn´1q leaves Y invariant. Hence it follows by the
proof of Lemma 8.3.1 (i) and Lemma 8.4.1 (i) that Upt, rq leaves Y invariant for all
pt, rq P �pIq. Let in addition UY P C˚p�pIq, LpY,Yqq be the chain generated by the
family pI0, A0Yq, . . . , pIn´1, AjYq. Then UYpt, rq is identical to the the restriction of
Upt, rq to Y in domain and in range for every pt, rq P �pI0q Y . . .�pIn´1q. Hence it
follows by the proof of Lemma 8.3.1 (i) and Lemma 8.4.1 (i) that UYpt, rq is identical
to the restriction of Upt, rq, to Y in domain and in range for every pt, rq P �pIq.
Further, let ξ P Y , j P t0, . . . , n´ 1u, r P I j , Fr :“ p rr, a j`1s Ñ X, s ÞÑ Ups, rqξ “
T jYps´ rqξ q and fr :“ p rr, a j`1s Ñ X, s ÞÑ ´AjUps, rqξ “ ´Ups, rqAjξ q. Then fr
and Fr are continuous. Further, Fr|pr,a j`1q is differentiable with derivative fr|pr,a j`1q.
Hence it follows the weak Lebesgue integrability of fr with respect to LpX,Kq and
by the fundamental theorem of calculus

Upt, rqξ ´ ξ “ T jYpt ´ rqξ ´ T jYp0qξ “ Frptq ´ Frprq “
ż t

r
frpsq ds

“ ´

ż t

r
ApsqUps, rqξ ds

for every t P rr, a j`1s. If t ą a j`1 and jt P t0, . . . , n´1u are such that t P ra jt , a jt`1s,
then it follows

´

ż t

r
ApsqUps, rqξ ds “ ´

ż a j`1

r
ApsqUps, rqξ ds´

jt´1
ÿ

k“ j`1

ż ak`1

ak

ApsqUps, rqξ ds

´

ż t

a jt

ApsqUps, rqξ ds “ ´
ż a j`1

r
ApsqUps, rqξ ds

´

jt´1
ÿ

k“ j`1

ż ak`1

ak

ApsqUps, akqUpak, rqξ ds´
ż t

a jt

ApsqUps, a jtqUpa jt , rqξ ds

“ Upaj`1, rqξ ´ ξ `

jt´1
ÿ

k“ j`1

rUpak`1, akqUpak, rqξ ´ Upak, rqξs

` Upt, ajtqUpa jt , rqξ ´ Upa jt , rqξ

“ Upaj`1, rqξ ´ ξ `

jt´1
ÿ

k“ j`1

rUpak`1, rqξ ´ Upak, rqξs ` Upt, rqξ ´ Upa jt , rqξ

“ Upt, rqξ ´ ξ .
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Finally, let ξ P Y , j P t0, . . . , n´ 1u, t P I j ,

Ft :“ p ra j, ts Ñ X, s ÞÑ Upt, sqξ “ T jYpt ´ sqξ q

and
ft :“ p ra j, ts Ñ X, s ÞÑ AjUpt, sqξ “ Upt, sqAjξ q .

Then ft and Ft are both continuous. Further, Ft|pa j,tq is differentiable with derivative
ft|pa j,tq. Hence it follows the weak Lebesgue integrability of ft with respect to LpX,Kq
and by the fundamental theorem of calculus that

ξ ´ Upt, rqξ “ T jYp0qξ ´ T jYpt ´ rqξ “ Ftptq ´ Ftprq “
ż t

r
ftpsq ds

“

ż t

r
Upt, sqApsqξ ds

for every r P ra j, ts. If r ă a j and jr P t1, . . . , nu are such that r P ra jr´1 , a jr s, then it
follows

ż t

r
Upt, sqApsqξ ds “

ż a jr

r
Upt, sqApsqξ ds`

j´1
ÿ

k“ jr

ż ak`1

ak

Upt, sqApsqξ ds

`

ż t

a j

Upt, sqApsqξ ds “
ż a jr

r
Upt, a jrqUpa jr , sqApsqξ ds

`

j´1
ÿ

k“ jr

ż ak`1

ak

Upt, ak`1qUpak`1, sqApsqξ ds`
ż t

a j

Upt, sqApsqξ ds

“ Upt, ajrq

ż a jr

r
Upa jr , sqApsqξ ds

`

j´1
ÿ

k“ jr

Upt, ak`1q

ż ak`1

ak

Upak`1, sqApsqξ ds`
ż t

a j

Upt, sqApsqξ ds

“ Upt, ajrq
“

ξ ´ Upa jr , rqξ
‰

`

j´1
ÿ

k“ jr

Upt, ak`1q
“

ξ ´ Upak`1, akqξ
‰

` ξ ´ Upt, a jqξ

“ Upt, ajrqξ ´ Upt, rqξ `
j´1
ÿ

k“ jr

“

Upt, ak`1qξ ´ Upt, akqξ
‰

` ξ ´ Upt, a jqξ

“ ξ ´ Upt, rqξ .

[\

A reinspection of the proof of Lemma 8.5.3 suggests the following

Lemma 8.5.4. Let K P tR,Cu, pX, } }q a K-Banach space, a, b P R such that a ď b
and I :“ ra, bs. In addition, let n P N˚, pa0, . . . , anq be a partition of I, I j :“ ra j, a j`1s

for j “ 0, . . . , n ´ 1 and Aj : DpAjq Ñ X the infinitesimal generator of a strongly



154 8 Kernels, Chains, and Evolution Operators

continuous semigroup on X for every j P t0, . . . , n´ 1u and U P C˚p�pIq, LpX, Xqq
be the chain generated by the family pI0, A0q, . . . , pIn´1, An´1q. Further, let Y be sub-
space of X contained in DpAjq for every j P t0, . . . , n ´ 1u and A be defined by
Aptq :“ Aj|Y for all t P ra j, a j`1q and j P t0, . . . , n´ 1u and Apbq :“ An´1|Y . Then

ż t

r
Upt, sqApsqξ ds “ ξ ´ Upt, rqξ

for all pt, rq P �pIq and ξ P Y where integration denotes weak Lebesgue integration
with respect to LpX,Kq.

Proof. For every j P t0, . . . , n ´ 1u let T j : r0,8q Ñ LpX, Xq be the strongly
continuous semigroup generated by Aj : DpAjq Ñ X. Then Upt, rq “ T jpt ´ rq
for all pt, rq P �pI jq and j P t0, . . . , n ´ 1u. Further, let ξ P Y , j P t0, . . . , n ´ 1u,
t P I j , Ft :“ p ra j, ts Ñ X, s ÞÑ Upt, sqξ “ T jpt ´ sqξ q and ft :“ p ra j, ts Ñ
X, s ÞÑ AjUpt, sqξ “ Upt, sqAjξ q. Then ft and Ft are both continuous. Further,
Ft|pa j,tq is differentiable with derivative ft|pa j,tq. Hence it follows the weak Lebesgue
integrability of ft with respect to LpX,Kq and by the fundamental theorem of calculus
that

ξ ´ Upt, rqξ “ T jp0qξ ´ T jpt ´ rqξ “ Ftptq ´ Ftprq “
ż t

r
ftpsq ds

“

ż t

r
Upt, sqApsqξ ds

for every r P raj, ts. If r ă a j and jr P t1, . . . , nu such that r P ra jr´1 , a jr s, then it
follows

ż t

r
Upt, sqApsqξ ds “

ż a jr

r
Upt, sqApsqξ ds`

j´1
ÿ

k“ jr

ż ak`1

ak

Upt, sqApsqξ ds

`

ż t

a j

Upt, sqApsqξ ds “
ż a jr

r
Upt, a jrqUpa jr , sqApsqξ ds

`

j´1
ÿ

k“ jr

ż ak`1

ak

Upt, ak`1qUpak`1, sqApsqξ ds`
ż t

a j

Upt, sqApsqξ ds

“ Upt, ajrq

ż a jr

r
Upa jr , sqApsqξ ds

`

j´1
ÿ

k“ jr

Upt, ak`1q

ż ak`1

ak

Upak`1, sqApsqξ ds`
ż t

a j

Upt, sqApsqξ ds

“ Upt, ajrq
“

ξ ´ Upa jr , rqξ
‰

`

j´1
ÿ

k“ jr

Upt, ak`1q
“

ξ ´ Upak`1, akqξ
‰

` ξ ´ Upt, a jqξ
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“ Upt, ajrqξ ´ Upt, rqξ `
j´1
ÿ

k“ jr

“

Upt, ak`1qξ ´ Upt, akqξ
‰

` ξ ´ Upt, a jqξ

“ ξ ´ Upt, rqξ .

[\

8.6 Stable Families of Generators

Definition 8.6.1. Let K P tR,Cu, pX, } }q a K-Banach space and I some closed
interval of R. A family pAptqqtPI of infinitesimal generators of strongly continuous
semigroups pT ptqqtPI on X is said to be stable if there are µ P R and c P r1,8q such
that for all n P N˚ and all t1, . . . , tn P I satisfying t1 ď ¨ ¨ ¨ ď tn

›

›rT ptnqspsnq . . . rT pt1qsps1q
›

›

Op ď c e µ
řn

k“1 sk , s1, . . . , sn P r0,8q .

Lemma 8.6.2. (Exponential formula) Let K P tR,Cu, pX, } }q a K-Banach space
and A : DpAq Ñ X the infinitesimal generator of a strongly continuous semigroup
T : r0,8q Ñ LpX, Xq. Then

T ptq “ s´ lim
nÑ8

„

´

idX `
t
n

A
¯´1

jn

(8.6.1)

for every t P r0,8q. Also, this limit is uniform for every ξ P X on compact subsets
of r0,8q.

Proof. By Theorem 4.1.1 there are pc, µq P r1,8q ˆ R such that }T ptq}Op ď c e µ t

for all t P r0,8q. Further, by the same theorem, it follows that p´8,´µq ˆ R is
contained in the resolvent set of A and in particular that

rpA´ λq´1
s
pn`1qξ “

1
n!

ż 8

0
sne λs.T psqξ ds

for every n P N, λ P p´8,´µq ˆ R and ξ P X. Here integration denotes weak
Lebesgue integration with respect to LpX,Kq. In the case t “ 0, equation (8.6.1) is
obviously true. In the following, let t ą 0. Then

„

´

idX `
t
n

A
¯´1

jpn`1q

ξ “

„

n
t

´

A`
n
t

¯´1
jpn`1q

ξ

“
nn`1

n!

ż 8

0
une´nu.T ptuqξ du

for n P N such that n ą µt. Note that this is also true for the simple case that
A “ 0CÑC which implies

nn`1

n!

ż 8

0
une´nu du “ 1 .
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Hence it follows
„

´

idX `
t
n

A
¯´1

jpn`1q

ξ ´ T ptqξ “
nn`1

n!

ż 8

0

`

ue´u˘n
. pT ptuq ´ T ptqq ξ du

and by Theorem 3.2.5 that
›

›

›

›

›

„

´

idX `
t
n

A
¯´1

jpn`1q

ξ ´ T ptqξ

›

›

›

›

›

ď
nn`1

n!

ż 8

0

`

ue´u˘n
¨ }T ptuqξ ´ T ptqξ} du .

Note that this is also true for the case t “ 0. By Lemma 8.1.1 (ii), it follows that
hξ :“ }T ˝ pr0,8q2 Ñ r0,8q, pt, uq ÞÑ tuq ´ T ˝ pr1} is continuous where pr1 :“
pR2 Ñ R, pt, uq ÞÑ tq. Hence for given t0 ě 0, b ą 1, we assume that n ą |µ| t0 in the
following, also hξ|r0,t0sˆr0,bs is continuous and for given ε ą 0 and t P r0, t0s, since
hξpt, 1q “ 0, there exists δt ą 0 such that hξpt 1, uq ă ε{6 for all pt 1, uq P r0, t0sˆr0, bs
such that |t 1 ´ t| ă δt and |u´ 1| ă δt. Since r0, t0s ˆ t1u is compact, it follows the
existence of δ ą 0 such that hξpt, uq ă ε{6 for all pt, uq P r0, t0s ˆ r1 ´ δ, 1 ` δs.
Using that gn :“ pR Ñ R, u ÞÑ pue´uqnq is strictly increasing on r0, 1s, it follows
that

nn`1

n!

ż 1´δ

0

`

ue´u˘n
¨ hξpt, uq du ď M

nn`1

n!

ż 1´δ

0

`

ue´u˘n du

ď M
nn`1

n!
p1´ δqne´np1´δq

“ M
nn`1

n!
e´np1`δ 1q

ď
M
e
¨ n e´nδ 1

where M :“ maxthξpt, uq : pt, uqˆr0, t0sˆr0, 1´δsu and δ 1 :“ | lnp1´δq|´δ. Note
that because gn :“ pR Ñ Ru ÞÑ pue´uqnq is strictly increasing on r0, 1s, it follows
that p1´ δqne´np1´δq ă e´n and hence that δ 1 ą 0. Also it has been used that

lnpn!q “
n
ÿ

k“1

lnpkq “
n´1
ÿ

k“1

lnpk ` 1q “
ż

R

n´1
ÿ

k“1

lnpk ` 1q .χrk,k`1s dv1

ě

ż n

1
lnpxq dx “ ln

`

e nne´n˘

and hence that
nn ¨ e´n

n!
ď

1
e
.

Further,

nn`1

n!

ż 1`δ

1´δ

`

ue´u˘n
¨ hξpt, uq du ď

ε

6
nn`1

n!

ż 1`δ

1´δ

`

ue´u˘n du ď
ε

6
.

Finally, for n ą r1` p1{δqs|µ| t0

nn`1

n!

ż 8

1`δ

`

ue´u˘n
¨ hξpt, uq du ď c }ξ}

nn`1

n!

ż 8

1`δ
une´nu

pe µtu
` e µt

q du
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ď 2c }ξ}
nn`1

n!

ż 8

1`δ
une´pn´|µ|t0q u du

ď 2c }ξ}
nn`1

n!
e´ne n lnp1`δq

ż 8

1`δ
e´p

nδ
1`δ´|µ|t0q u du

ď
2 c p1` δq e |µ| p1`δq t0

e rnδ´ |µ| p1` δq t0s
}ξ} n p1` δqne´nδ

ď
2 c K p1` δq e |µ| p1`δq t0

e rnδ´ |µ| p1` δq t0s
}ξ}

for some K ą 0 where it has been used that because of the concavity of the natural
logarithm function

lnpuq ď
1

1` δ
u` lnp1` δq ´ 1 , lnpuq ă u´ 1

for all u P p1,8q. Altogether, it follows the existence of a n0 P N, not depending on
t, such that n0 ą r1` p1{δqs|µ| t0 and

›

›

›

›

›

„

´

idX `
t
n

A
¯´1

jpn`1q

ξ ´ T ptqξ

›

›

›

›

›

ď
ε

2

for all n ě n0. Further, it follows by Theorem 4.1.1 that for every such n
›

›

›

›

„

´

idX `
t
n

A
¯´1

jn

ξ ´ T ptqξ
›

›

›

›

ď

›

›

›

›

„

´

idX `
t
n

A
¯´1

jn›
›

›

›

Op
¨

›

›

›

›

ξ ´
´

idX `
t
n

A
¯´1

ξ

›

›

›

›

`
ε

2

ď c
´

1´
µt
n

¯´n
¨

›

›

›

›

ξ ´
´

idX `
t
n

A
¯´1

ξ

›

›

›

›

`
ε

2

Using that lnpxq ě hpxq for every x P r1{2, 3{2s where h : r1{2, 3{2s Ñ R is defined
by hpxq :“ px ´ 1q{2 if x P r1, 3{2s and hpxq :“ 2px ´ 1q if x P r1{2, 1q, it follows
for n ą 2|µ|t0

´

1´
µt
n

¯´n
“ e´n lnp1´ µt

n q ď e 2|µ|t0 .

Further, it follows
›

›

›

›

η´
´

idX `
t
n

A
¯´1

η

›

›

›

›

ď
t0
n
¨

›

›

›

›

´

idX `
t
n

A
¯´1

Aη
›

›

›

›

ď
c t0

n´ |µ|t0
}Aη}

for all η P DpAq,
›

›

›

›

idX ´

´

idX `
t
n

A
¯´1

›

›

›

›

Op
ď C :“ 1`

c

1´ |µ|t0
n0

and

c
´

1´
µt
n

¯´n
¨

›

›

›

›

ξ ´
´

idX `
t
n

A
¯´1

ξ

›

›

›

›

ď c e 2|µ|t0

„

C}ξ ´ η} `
c t0

n´ |µ|t0
}Aη}

j

.
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Since DpAq is dense in X, it follows the existence of an n1 ě n0, not depending on t,
such that

›

›

›

›

„

´

idX `
t
n

A
¯´1

jn

ξ ´ T ptqξ
›

›

›

›

ď ε

for all n P N such that n ě n1. [\

Lemma 8.6.3. Let K P tR,Cu, pX, } }q a K-Banach space, I some closed interval
of R and pAptqqtPI a family of infinitesimal generators of strongly continuous semi-
groups pT ptqqtPI on X. Then the following statements are equivalent.

(i) pAptqqtPI is stable.
(ii) There are µ P R and c P r1,8q such that p´8,´µq is contained in the resolvent

set of every Aptq, t P I and such that for all n P N˚, t1, . . . , tn P I satisfying
t1 ď ¨ ¨ ¨ ď tn

›

› pAptnq ´ λnq
´1 . . . pApt1q ´ λ1q

´1 ›
›

Op ď c
n
ź

k“1

|λk ` µ|´1 ,

λ1, ¨ ¨ ¨ , λn P p´8,´µq .

(iii) There are µ P R and c P r1,8q such that p´8,´µq is contained in the resolvent
set of every Aptq, t P I and such that for all n P N˚, t1, . . . , tn P I satisfying
t1 ď ¨ ¨ ¨ ď tn

›

› pAptnq ´ λq´1 . . . pApt1q ´ λq´1 ›
›

Op ď c |λ` µ|´n , λ P p´8,´µq .

Proof. ‘(i)ñ (ii)’: Since pAptqqtPI is stable, there are µ P R and c P r1,8q such that
for all n P N˚ and all t1, . . . , tn P I satisfying t1 ď ¨ ¨ ¨ ď tn

›

›rT ptnqspsnq . . . rT pt1qsps1q
›

›

Op ď c e µ
řn

k“1 sk , s1, . . . , sn P r0,8q .

This implies for every t P I that
›

›rT ptqspsq}Op ď c e µs , s P r0,8q

and hence according to Theorem 4.1.1 that p´8,´µq is contained in the resolvent
set of Aptq. In a second step, it will now be proved that

pAptnq ´ λnq
´1 . . . pApt1q ´ λ1q

´1

“

ż

p0,8qn
e λn sn . . . e λ1 s1 . rT ptnqspsnq . . . rT pt1qsps1q dvn , (8.6.2)

for every t “ ptn, . . . , t1q P r0,8qn, λ “ pλ1, . . . , λnq P p´8,´µq
n where inte-

gration is weak Lebesgue integration with respect to LpX,Kq. First, it follows by
Lemma 8.1.1 (ii) that

fp t,λ q :“ pp0,8qn Ñ LpX, Xq, psn, . . . , s1q ÞÑ e λn sn . . . e λ1 s1

rT ptnqspsnq . . . rT pt1qsps1qq
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is strongly continuous. In addition, } fp t,λ q}Op is bounded by the summable function

hp t,λ q :“
´

p0,8qn Ñ R, psn, . . . , s1q ÞÑ cne´|λn`µ|sn . . . e´|λ1`µ|s1

¯

.

Hence it follows by Theorem 3.2.11 that fp t,λ q is weakly Lebesgue integrable with
respect to LpX,Kq. Further, it follows by Fubini’s theorem and Theorem 4.1.1
ż

p0,8qn
e λn sn . . . e λ1 s1 . rT ptnqspsnq . . . rT pt1qsps1q dvn η

“

ż

p0,8qn
e λn sn . . . e λ1 s1rT ptnqspsnq . . . rT pt1qsps1q η dvn

“

ż

p0,8qn´1
e λn´1 sn´1 . . . e λ1 s1

ˆ
ż 8

0
e λn snrT ptnqspsnq . . . rT pt1qsps1q η dsn

˙

dvn´1

“

ż

p0,8qn´1
e λn´1 sn´1 . . . e λ1 s1 ¨ pAptnq ´ λnq

´1

rT ptn´1qspsn´1q . . . rT pt1qsps1q η dvn´1

“ pAptnq ´ λnq
´1

ż

p0,8qn´1
e λn´1 sn´1 . . . e λ1 s1 .

rT ptn´1qspsn´1q . . . rT pt1qsps1q dvn´1 η

for η P X. In this way, recursively, it follows
ż

p0,8qn
e λn sn . . . e λ1 s1 . rT ptnqspsnq . . . rT pt1qsps1q dvn η

“ pAptnq ´ λnq
´1 . . . pApt1q ´ λ1q

´1 η

and hence finally (8.6.2). For the particular case that t1 ď ¨ ¨ ¨ ď tn, it follows by
Theorem 3.2.5 that

}pAptnq ´ λnq
´1 . . . pApt1q ´ λ1q

´1ξ}

ď

ż

p0,8qn
eλn sn . . . eλ1 s1 }rT ptnqspsnq . . . rT pt1qsps1q ξ} dvn

ď c
ˆ
ż

p0,8qn
e´|λn`µ|sn . . . e´|λ1`µ|s1 dvn

˙

}ξ}

“ c

˜

n
ź

k“1

|λk ` µ|´1

¸

}ξ}

for all ξ P X. The direction ‘(ii)ñ (iii)’ is obvious.
‘(iii)ñ (i)’: For this, let n P N˚ and t1, . . . , tn P I such that t1 ď ¨ ¨ ¨ ď tn. Further, let
sk “ pk{qk where pk P N and qk P N

˚, for k P t1, ¨ ¨ ¨ , nu. Then it follows for every
k P t1, ¨ ¨ ¨ , nu and Nk P N

˚
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rT ptkqs
ˆ

pk

qk

˙

“ rT ptkqs
ˆ

pkNk

qkNk

˙

“

"

rT ptkqs
ˆ

1
qkNk

˙*pk Nk

In particular for Nk :“
śn

j“1, j‰k q j,

rT ptkqs
ˆ

pk

qk

˙

“

"

rT ptkqs
ˆ

1
N

˙*pk Nk

,

where N :“
śn

j“1 q j, and hence

rT ptnqs
ˆ

pn

qn

˙

. . . rT pt1qs
ˆ

p1

q1

˙

“

"

rT ptnqs
ˆ

1
N

˙*pnNn

. . .

"

rT pt1qs
ˆ

1
N

˙*p1N1

Further, by Lemmas 8.6.2, 8.1.1 (ii)

rT ptnqs
ˆ

pn

qn

˙

. . . rT pt1qs
ˆ

p1

q1

˙

“ s´ lim
νÑ8

«

ˆ

idX `
1{N
ν

Aptnq
˙´1

ffpnNnν

. . .

«

ˆ

idX `
1{N
ν

Apt1q
˙´1

ffp1N1ν

.

Now,
›

›

›

›

›

›

«

ˆ

idX `
1{N
ν

Aptnq
˙´1

ffpnNnν

. . .

«

ˆ

idX `
1{N
ν

Apt1q
˙´1

ffp1N1ν
›

›

›

›

›

›

Op

ď c
„

´

1´
µ

νN

¯´νN
j

řn
k“1

pk
qk

and hence
›

›

›

›

rT ptnqs
ˆ

pn

qn

˙

. . . rT pt1qs
ˆ

p1

q1

˙›

›

›

›

Op
ď c lim

νÑ8

„

´

1´
µ

νN

¯´νN
j

řn
k“1

pk
qk

“ c eµ
řn

k“1
pk
qk .

Since by Lemma 8.1.1 (ii)

pr0,8qn Ñ LpX, Xq, ps1, . . . , snq ÞÑ rT ptnqspsnq . . . rT pt1qsps1qq

is strongly continuous and the set consisting of the positive rational numbers is dense
in r0,8q, from this follows

}rT ptnqs psnq . . . rT pt1qs ps1q}Op ď c e µ
řn

k“1 sk .

for all ps1, . . . , snq P r0,8qn and hence that pAptqqtPI is stable. [\
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Lemma 8.6.4. Let K P tR,Cu, X be a K-vector space, I some closed interval of R
of length lpIq, c ě 0, µ P R, p} }tqtPI a family of norms on X such that pX, } }tq is a
K-Banach space for every t P I and such that

}ξ}t ď e c |t´s|
}ξ}s

for all ξ P X, t, s P I. Finally, for every t P I, let Aptq be the infinitesimal generator of
a strongly continuous semigroup T ptq on pX, } }tq such that }rT ptqspsq}Op,t ď e µs for
all s P r0,8q. Then pAptqqtPI is a stable family of infinitesimal generators of strongly
continuous semigroups on pX, }}τq with constants µ, e 2c lpIq, for every τ P I.

Proof. For this, let τ P I. Then it follows for every t P I, because of the equivalence
of the norms } }t and } }τ that Aptq is a densely-defined linear and closed operator in
pX, }}τq. Further, it follows by Theorem 4.1.1 that p´8,´µq ˆ R is contained in the
resolvent set of Aptq and in particular that for every λ P p´8,´µq

} pAptq ´ λq´1
}Op,t ď |λ` µ|´1 .

Then it follows for n P N˚, t1, . . . , tn P I such that t1 ď ¨ ¨ ¨ ď tn that

} pAptnq ´ λq´1 . . . pApt1q ´ λq´1 ξ}tn

ď } pAptn´1q ´ λq´1 . . . pApt1q ´ λq´1 ξ}tn |λ` µ|´1

ď e c¨ptn´tn´1q } pAptn´1q ´ λq´1 . . . pApt1q ´ λq´1 ξ}tn´1 |λ` µ|´1

ď e c¨ptn´tn´1q . . . e c¨pt2´t1q |λ` µ|´n
}ξ}t1 “ e c¨ptn´t1q |λ` µ|´n

}ξ}t1

and hence

} pAptnq ´ λq´1 . . . pApt1q ´ λq´1 ξ}τ ď e c |τ´tn| e c¨ptn´t1q |λ` µ|´n e c |τ´t1| }ξ}τ

e c r |τ´tn|`tn´t1`|τ´t1| s |λ` µ|´n
}ξ}τ .

We consider three cases τ ě tn, tn ě τ ě t1 and t1 ě τ. In the first case,

|τ´ tn| ` tn ´ t1 ` |τ´ t1| “ τ´ tn ` tn ´ t1 ` τ´ t1 “ 2 pτ´ t1q ď 2 lpIq ,

in the second case,

|τ´ tn| ` tn ´ t1 ` |τ´ t1| “ tn ´ τ` tn ´ t1 ` τ´ t1 “ 2 ptn ´ t1q ď 2 lpIq ,

in the third case,

|τ´ tn| ` tn ´ t1 ` |τ´ t1| “ tn ´ τ` tn ´ t1 ` t1 ´ τ “ 2 ptn ´ τq ď 2 lpIq

and hence

} pAptnq ´ λq´1 . . . pApt1q ´ λq´1
}Op,τ ď e 2c lpIq

|λ` µ|´n .

Hence, finally, it follows by Theorem 4.2.1 and Lemma 8.6.3 (iii) that pAptqqtPI is
a stable family of infinitesimal generators of strongly continuous semigroups on
pX, }}τq with constants µ, e 2c lpIq. [\
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Theorem 8.6.5. Let K P tR,Cu, pX, } }q a K-Banach space, I some closed inter-
val of R, pAptqqtPI a stable family of infinitesimal generators of strongly continuous
semigroups on X with constants µ P R, c P r1,8q and pBptqqtPI a bounded family
of bounded linear operators on X with bound K P r0,8q. Then pAptq ` BptqqtPI is
a stable family of infinitesimal generators of strongly continuous semigroups on X
with constants µ` cK and c.

Proof. First, it follows by Theorem 4.4.3 and Lemma 8.6.3 that Aptq ` Bptq is the
infinitesimal generator of a strongly continuous semigroups on X with constants µ`
cK and c, for every t P I. Further, it follows by the proof of Theorem 4.4.3 for every
t P I, λ P p´8,´pµ` cKqq the bijectivity Aptq ` Bptq ´ λ and

pAptq ` Bptq ´ λq´1
“

ÿ

kPN

pAptq ´ λq´1 “
p´Bptqq pAptq ´ λq´1‰k

where the involved family of elements of LpX, Xq is absolutely summable. Hence it
follows also for any n P N˚ and t1, . . . , tn P I satisfying t1 ď ¨ ¨ ¨ ď tn the absolute
summability of

´

pAptnq ´ λq´1 “
p´Bptnqq pAptnq ´ λq´1‰k1

. . . pApt1q ´ λq´1 “
p´Bpt1qq pApt1q ´ λq´1‰kn

¯

kPNn

and

pAptnq ` Bptnq ´ λq´1 . . . pApt1q ` Bpt1q ´ λq´1

“
ÿ

kPNn

pAptnq ´ λq´1 “
p´Bptnqq pAptnq ´ λq´1‰k1

. . . pApt1q ´ λq´1 “
p´Bpt1qq pApt1q ´ λq´1‰kn

.

Hence it follows the absolute summability of
´›

›

›
pAptnq ´ λq´1 “

p´Bptnqq pAptnq ´ λq´1‰k1

. . . pApt1q ´ λq´1 “
p´Bpt1qq pApt1q ´ λq´1‰kn

›

›

›

Op

˙

kPNn

and
›

›pAptnq ` Bptnq ´ λq´1 . . . pApt1q ` Bpt1q ´ λq´1
›

›

Op (8.6.3)

ď
ÿ

kPNn

›

›

›
pAptnq ´ λq´1 “

p´Bptnqq pAptnq ´ λq´1‰k1

. . . pApt1q ´ λq´1 “
p´Bpt1qq pApt1q ´ λq´1‰kn

›

›

›

Op
.

Further, it follows by Lemma 8.6.3 including its proof that for every k P Nn
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›

›

›
pAptnq ´ λq´1 “

p´Bptnqq pAptnq ´ λq´1‰k1 (8.6.4)

. . . pApt1q ´ λq´1 “
p´Bpt1qq pApt1q ´ λq´1‰kn

›

›

›

Op

ď
c|k|`1

|λ` µ||k|`n
¨ K|k| “

c
|λ` µ|n

¨ q |k|

where |k| :“ k1 ` ¨ ¨ ¨ ` kn and q :“ c K{ |λ ` µ|. Because of q ă 1, it follows the
absolute summability of pq kqkPN with sum 1{p1´ qq and hence also for any n P N˚

the absolute summability of pq |k|qkPNn with sum 1{p1 ´ qqn. Hence it follows from
(8.6.3), (8.6.4) that

›

›pAptnq ` Bptnq ´ λq´1 . . . pApt1q ` Bpt1q ´ λq´1
›

›

Op ď
1

p1´ qqn
¨

c
|λ` µ|n

“
c

|λ` µ` c K|n
.

Hence, finally, it follows by Lemma 8.6.3 that pAptq ` BptqqtPI is a stable family
of infinitesimal generators of strongly continuous semigroups on X with constants
µ` cK and c. [\



9

The Linear Evolution Equation

In this chapter, it will be proved the well-posedness of the initial value problem for
differential equations of the form

u1ptq “ ´Aptquptq

under certain assumptions.1 Here t is from some non-empty open subinterval I of R,
1 denotes the ordinary derivative for functions assuming values in a Banach space X,
pAptqqtPI is a family of infinitesimal generators of strongly continuous semigroups on
X and u : I Ñ X is such that uptq is contained in the domain of Aptq for every t P I.
Such equations are called ‘linear evolution equations’. There is a large literature on
such systems. For instance, see [42, 46, 50, 57, 59, 60, 90, 103, 104, 107, 108, 111,
118,120,121,127,148,149,151,153,159,160,165,168,199,203,204,208,210,219,
220]. The result here will be strong enough to allow for variable domains of the
operators occurring in the equations and at the same time suitable to conclude the
well-posedness (local in time) for quasi-linear evolution equations in Chapter 11 by
iteration.

Theorem 9.0.6. Let K P tR,Cu, pX, } }Xq, pZ, } }Zq be K-Banach spaces, a, b P R
such that a ď b and I :“ ra, bs, pAptqqtPI a family of infinitesimal generators
of strongly continuous semigroups pT ptqqtPI on X, Φ : pLpX, Xq,`, . , ˝q Ñ

pLpZ,Zq,`, . , ˝q a strongly sequentially continuous nonexpansive homomor-
phism, S a closed linear map from some dense subspace Y of X into Z and
B P PC˚pI, LpZ,Zqq. Then pY, } }Yq, where } }y :“ } }S, is a K-Banach space
and the inclusion ιYãÑX of pY, } }Yq into X is continuous. Finally, let

(i) (Stability) pAptqqtPI be stable with constants µ P R, c P r1,8q,
(ii) (Continuity) Y Ă DpAptqq, Aptq|Y P LppY, } }Yq, Xq for every t P I and A :“

pI Ñ LppY, } }Yq, Xq, t ÞÑ Aptq|Yq be piecewise norm-continuous,

1 Note that some of the assumptions in Theorem 9.0.6 can be weakened. See [104, 118, 206,
210, 219].
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(iii) (Intertwining relation) for every t P I

S ˝ rT ptqspsq Ą rT̂ ptqspsq ˝ S (9.0.1)

for all s P r0,8q where T̂ ptq : r0,8q Ñ LpZ,Zq is the strongly continuous
semigroup generated by ΦpAptqq ` Bptq.

Then there is a unique Y{X-evolution operator U P C˚p�pIq, LpX, Xqq for A. In
particular, }Upt, rq}Op,X ď c e µpt´rq and }UYpt, rq}Op,Y ď c e pµ`c}B}8qpt´rq where
UYpt, rq denotes the part of Upt, rq in Y for all pt, rq P �pIq.

Proof. First, it follows by Theorem 6.1.7 and as a consequence of piiiq for every
t P I that the family rTYptqspsq of restrictions of rT ptqspsq in domain and in im-
age to Y , s P r0,8q, defines a strongly continuous semigroup TYptq : r0,8q Ñ
LpY,Yq on pY, } }Yq with corresponding infinitesimal generator given by the part
AYptq :“ ptξ P Y : Aptqξ P Yu Ñ Y, ξ ÞÑ Aptqξq of Aptq in Y and that
Y is a core for Aptq. In a first step, we construct a sequence of step functions
pAνqνPN˚ P pPCpI, LppY, } }Yq, XqqqνPN˚ that is uniformly convergent to A on I. Here
} }Op,Y,X denotes the operator norm on LppY, } }Yq, Xq and } }8,Y,X denotes the cor-
responding supremums norm on PCpI, LppY, } }Yq, Xqq. Since A is piecewise norm-
continuous and B is piecewise strongly continuous, there is some n P N˚ along with
a partition pa0, . . . , anq of ra, bs such that A|pai,ai`1q and B|pai,ai`1q both have an ex-
tension to a continuous function and a strongly continuous function, respectively, on
rai, ai`1s for every i P t0, . . . , n ´ 1u. Note that for this reason, A|pai,ai`1q is uni-
formly continuous for every i P t0, . . . , n ´ 1u. We define for every ν P N

˚ the
corresponding step function Aν : I Ñ LppY, } }Yq, Xq by defining Aνpaiq :“ Apaiq

for all i P t0, . . . , nu and for all i P t0, . . . , n´ 1u

Aνptq :“ Apaiνkq, aiνk :“ ai `
k
ν
pai`1 ´ aiq

for all t P Iiνk :“ rai`pk{νqpai`1´aiq, ai`ppk`1q{νqpai`1´aiqq, k P t1, . . . , ν´1u,

Aνptq :“ Apaiν0q , aiν0 :“ ai `
1
ν
pai`1 ´ aiq

for all t P Iiν0 :“ pai, ai`p1{νqpai`1´aiqq. For given ε ą 0, there is δ ą 0 such that
}Aptq ´ Apsq}Op,Y,X ă ε whenever t, s P pai, ai`1q for some i P t0, . . . , n ´ 1u are
such that |t´ s| ă δ. Hence it follows for ν ą maxtai`1 ´ ai : i P t0, . . . , n´ 1uu{δ
that }Aνptq ´ Aptq}Op,X,Y ă ε for all t P I. Let Uν P C˚p�pIq, LpX, Xqq be the chain
generated by the family

pĪ0ν0, Apa0ν0qq, . . . , pĪpn´1qνpν´1q, Apapn´1qνpν´1qqq .

Uν is by Lemma 8.5.3 a Y{X-evolution operator for Aν. Further, let Ûν P C˚p�pIq,
LpZ,Zqq be the chain generated by the family pĪ0ν0, ΦpApa0ν0qq ` Bpa0ν0qq, . . . ,
pĪpn´1qνpν´1q, ΦpApapn´1qνpν´1qqq ` Bpapn´1qνpν´1qqq. By Lemma 8.4.1

Ûν “ voltpŪν,´Bνq
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where Ūν P C˚p�pIq, LpZ,Zqq is the chain generated by the family pĪ0ν0, ΦpApa0ν0qqq,
. . . , pĪpn´1qνpν´1q, ΦpApapn´1qνpν´1qqqq and the piecewise norm-continuous Bν :
I Ñ LpZ,Zqq is defined by Bνpaiq :“ Bpaiq for all i P t0, . . . , nu and for all
i P t0, . . . , n ´ 1u, Bνptq :“ Bpaiνkq for all t P Iiνk, k P t1, . . . , ν ´ 1u and
Bνptq :“ Bpaiν0q for all t P Iiν0. Since Φ is a strongly sequentially continuous nonex-
pansive homomorphism, it follows that Φ ˝ Uν P C˚p�pIq, LpZ,Zqq and further that
Φ˝Uν is a chain. In addition, it follows for every i P t0, . . . , n´1u, k P t0, . . . , ν´1u,
and pt, rq P �pĪiνkq that

pΦ ˝ Uνq pt, rq “ Φ pT paiνkqpt ´ rqq “ pΦT paiνkqqpt ´ rq “ Ūνpt, rq

and hence by Lemma 8.4.1 that

Ūν “ Φ ˝ Uν .

Finally, it follows from (9.0.1) and the proof of Lemma 8.3.1 (i) that

S ˝ Uνpt, rq Ą Ûνpt, rq ˝ S (9.0.2)

for all pt, sq P �pIq. For the second step, we need some auxiliary estimates on Uν

and Ûν. By (i) and since Uν is a chain, it follows for every i P t0, . . . , n ´ 1u,
k P t0, . . . , ν´ 1u, t P I̊iνk and r P ra, ts that

}Uνpt, rq}Op,X ď c e µpt´rq . (9.0.3)

Further, it follows from (i), the nonexpansiveness ofΦ along with Theorem 6.3.1 that
pΦpAptqqqtPI is a stable family of infinitesimal generators of continuous semigroups
on Z with constants µ and c and hence by Theorem 8.6.5 that pΦpAptqq ` BptqqtPI

is a stable family of infinitesimal generators of continuous semigroups on Z with
constants µ` c}B}8 and c. Since Ûν is a chain, this implies

}Ûνpt, rq}Op,Z ď c e pµ`c}B}8qpt´rq . (9.0.4)

Finally, by (9.0.2), (9.0.3), (9.0.4)

}Uνpt, rq ξ}2
Y “ }Uνpt, rq ξ}2

X ` }S Uνpt, rq ξ}2
Z “ }Uνpt, rq ξ}2

X ` }Ûνpt, rqS ξ}2
Z

ď c2e 2µpt´rq
}ξ}2

X ` c2e 2pµ`c}B}8qpt´rq
}S ξ}2

Z ď c2e 2pµ`c}B}8qpt´rq
}ξ}2

Y

for all ξ P Y and hence

}Uνpt, rq|Y}Op,Y ď c e pµ`c}B}8qpt´rq . (9.0.5)

Second, it follows for every i P t0, . . . , n ´ 1u, k P t0, . . . , ν ´ 1u, s P I̊iνk the
differentiability of Uνp¨, rqξ : rr, bs Ñ X in s for every r P ra, sq and in particular

ˆ

Uνp¨, rqξ
˙1

psq “ ´ApaiνkqUνps, rqξ “ ´AνpsqUνps, rqξ
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as well as the differentiability of Uνpt, ¨qξ : ra, ts Ñ X in s for every t P ps, bs and in
particular

ˆ

Uνpt, ¨qξ
˙1

psq “ Uνpt, sqApaiνkqξ “ Uνpt, sqAνpsqξ

for every ξ P Y . Hence it follows also for every ν, ν 1 P N
˚, i P t0, . . . , n ´ 1u,

k P t0, . . . , ν ´ 1u, k1 P t0, . . . , ν 1 ´ 1u, s P I̊iνk X I̊iν 1k1 the differentiability of
Uνpt, ¨qUν 1p¨, rqξ : rr, ts Ñ X in s for every pt, rq P �pIq such that t ą s ą r and in
particular

ˆ

Uνpt, ¨qUν 1p¨, rqξ
˙1

psq “ Uνpt, sqAνpsqUν 1ps, rqξ ´ Uνpt, sqAν 1psqUν 1ps, rqξ

“ Uνpt, sq pAνpsq ´ Aν 1psqqUν 1ps, rqξ

for every ξ P Y . Note in particular that Uνpt, ¨qUν 1p¨, rqξ is continuous and that
Uνpt, ¨q pAν ´ Aν 1qUν 1p¨, rqξ is piecewise continuous. Hence it follows by the funda-
mental theorem of calculus for every pt, rq P �pIq that

Uν 1pt, rqξ ´ Uνpt, rqξ “
ż t

r
Uνpt, sq pAνpsq ´ Aν 1psqqUν 1ps, rqξ ds

where integration is weak Lebesgue integration with respect to LpX,Kq. Hence by
Theorem 3.2.5,

}Uν 1pt, rqξ ´ Uνpt, rqξ}X ď

ż t

r
}Uνpt, sq pAνpsq ´ Aν 1psqqUν 1ps, rqξ}X ds

ď c2e pµ`c}B}8qpb´aq
¨ }ξ}Y ¨

ż b

a
}Aνpsq ´ Aν 1psq}Op,Y,X ds

and for every η P X

}Uν 1pt, rqη´ Uνpt, rqη}X ď }Uν 1pt, rqpη´ ξq ´ Uνpt, rqpη´ ξq}X

` }Uν 1pt, rqξ ´ Uνpt, rqξ}X ď 2c e µpb´aq
}η´ ξ}

` c2e pµ`c}B}8qpb´aq
¨ }ξ}Y ¨

ż b

a
}Aνpsq ´ Aν 1psq}Op,Y,X ds .

Since
lim
νÑ8

}Aν ´ A}8,Y,X “ 0 (9.0.6)

and Y is dense in X, it follows that pp�pIq Ñ X, pt, rq ÞÑ Uνpt, rqηqqνPN˚ is a
Cauchy sequence in Cp�pIq, Xq and hence convergent to some p�pIq Ñ X, pt, rq ÞÑ
Upt, rqηq P Cp�pIq, Xq. Further, it follows by the linearity of Uνpt, rq and the chain
property of Uν along with (9.0.3) for every ν P N˚, the linearity of Upt, rq and the
chain property of U and by (9.0.3)

}Upt, rqη}X ď c e µpt´rq
}η}X
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for every η P X and hence Upt, rq P LpX, Xq and

}Upt, rq}Op,X ď c e µpt´rq (9.0.7)

for all pt, rq P �pIq. Further, since Φ is a strongly sequentially continuous nonexpan-
sive homomorphism, it follows that

s´ lim
νÑ8

Ūνpt, rq “ Ūpt, rq

where Ū :“ Φ ˝ U, Ū P C˚p�pIq, LpZ,Zqq and

}Ūνpt, rq}Op.Z ď c e µpt´rq

for every ν P N and pt, rq P �pIq. In addition, obviously, it also follows

lim
νÑ8

}Bνξ ´ Bξ}8 “ 0

for every ξ P Z and }Bν}8 ď }B}8. Hence it follows by Lemma 8.1.3 that

s´ lim
νÑ8

Ûνpt, rq “ Ûpt, rq :“ voltpŪ,´Bqpt, rq (9.0.8)

and employing (9.0.4)

}Ûpt, rq}Op,Z ď c e pµ`c}B}8qpt´rq (9.0.9)

for all pt, rq P �pIq and in particular that Û P C˚p�pIq, LpZ,Zqq. Therefore, it follows
from (9.0.2) for every pt, rq P �pIq and η P Y that

lim
νÑ8

S Uνpt, rqη “ lim
νÑ8

Ûνpt, rqS η “ Ûpt, rqS η

and since
s´ lim

νÑ8
Uνpt, rq “ Upt, rq (9.0.10)

and S is in particular closed that Upt, rqη P Y and S Upt, rqη “ Ûpt, rqS η or, since
this is true for every η P Y , that

S ˝ Upt, rq Ą Ûpt, rq ˝ S .

Since for all η P Y

}Uνpt, rqη´ Upt, rqη}2
Y “ }Uνpt, rqη´ Upt, rqη}2

X ` }S Uνpt, rqη´ S Upt, rqη}2
Z

“ }Uνpt, rqη´ Upt, rqη}2
X ` }Ûνpt, rqS η´ Ûpt, rqη}2

Z ,

it follows by (9.0.10), (9.0.8) that

sY´ lim
νÑ8

Uνpt, rq “ Upt, rq (9.0.11)
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for all pt, rq P �pIq. Further,

}Upt 1, r 1qη´ Upt, rqη}2
Y

“ }Upt 1, r 1qη´ Upt, rqη}2
X ` }S Upt 1, r 1qη´ S Upt, rqη}2

Z

“ }Upt 1, r 1qη´ Upt, rqη}2
X ` }Ûpt

1, r 1qS η´ Ûpt, rqS η}2
Z

which is true for every η P Y , pt, rq, pt 1, r 1q P �pIq, along with

U P C˚p�pIq, LpX, Xqq

and
Û P C˚p�pIq, LpZ,Zqq

implies that UY P C˚p�pIq, LpY,Yqq. Also, (9.0.7) and (9.0.9) imply that

}UYpt, rq}Op,Y ď c e pµ`c}B}8qpt´rq (9.0.12)

for all pt, rq P �pIq. Further, since for every ν P N the corresponding Uν is a Y{X-
evolution operator for Aν, it follows for all pt, rq P �pIq and ξ P Y that

ż t

r
AνpsqUνps, rqξ ds “

ż t

r
Uνpt, sqAνpsqξ ds “ ξ ´ Uνpt, rqξ (9.0.13)

where integration denotes weak Lebesgue integration with respect to LpX,Kq. In
addition, Aν˝UνYp¨, rqξ,Uνpt, ¨q˝Aνξ, A˝UYp¨, rqξ,Upt, ¨q˝Aξ are almost everywhere
continuous. Hence it follows by Theorem 3.2.5 that

›

›

›

›

ż t

r
AνpsqUνYps, rqξ ds´

ż t

r
ApsqUYps, rqξ ds

›

›

›

›

ď

ż t

r
}AνpsqUνYps, rqξ ´ ApsqUYps, rqξ} ds ,

›

›

›

›

ż t

r
Uνpt, sqAνpsqξ ds´

ż t

r
Upt, sqApsqξ ds

›

›

›

›

ď

ż t

r
}Uνpt, sqAνpsqξ ´ Upt, sqApsqξ} ds .

Because of

}AνpsqUνYps, rqξ ´ ApsqUYps, rqξ} ď }A}8,Y,X ¨ }UνYps, rqξ ´ UYps, rqξ}Y

` c e p|µ|`c}B}8qpb´aq
}ξ}Y ¨ }Aν ´ A}8,Y,X

ď 4c e p|µ|`c}B}8qpb´aq
}ξ}Y ¨ }A}8,Y,X ,

}Uνpt, sqAνpsqξ ´ Upt, sqApsqξ} ď c e |µ|pb´aq
}ξ}Y ¨ }Aν ´ A}8,Y,X

` }Uνpt, sqApsqξ ´ Upt, sqApsqξ} ď 4c e |µ|pb´aq
}ξ}Y ¨ }A}8,Y,X

(9.0.7), (9.0.12), (9.0.3), (9.0.5), (9.0.6), (9.0.10), (9.0.11) and Lebesgue’s dominated
convergence Theorem, this implies that
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lim
νÑ8

ż t

r
AνpsqUνYps, rqξ ds “

ż t

r
ApsqUYps, rqξ ds

lim
νÑ8

ż t

r
Uνpt, sqAνpsqξ ds “

ż t

r
Upt, sqApsqξ ds

and hence, finally, by (9.0.13), (9.0.10) that
ż t

r
ApsqUps, rqξ ds “

ż t

r
Upt, sqApsqξ ds “ ξ ´ Upt, rqξ . (9.0.14)

Finally, the uniqueness of U follows by Lemma 8.5.2. [\

Corollary 9.0.7. In addition to the assumptions of Theorem 9.0.6, let U P C˚p�pIq,
LpX, Xqq be the Y{X-evolution operator for A. Further, let t0 P I, t1 P pt0, bs, f P
Cprt0, t1q, pY, } }Yqq, ξ P Y , u : rt0, t1q Ñ X be defined by

uptq :“ Upt, t0qξ `
ż t

t0
Upt, sq f psq ds

for all t P rt0, t1q where integration denotes weak Lebesgue integration with respect
to LpX,Kq.

(i) Then u P Cprt0, t1q, pY, } }Yqq, upt0q “ ξ, u|pt0,t1q is differentiable and in particular

u 1ptq “ ´Aptquptq ` f ptq (9.0.15)

for all continuity points t of A in pt0, t1q.
(ii) If v P Cprt0, t1q, Xq is such that vpt0q “ ξ, Ran v Ă Y , v|pt0,t1q is differentiable and

in particular v 1ptq “ ´Aptqvptq ` f ptq for all continuity points t of A in pt0, t1q,
then v “ u.

Proof. (i) First, it follows trivially that upt0q “ ξ. Further, it follows for every t P
pt0, t1q, s P rt0, ts and h P rt0 ´ s, t ´ ss:

}Upt, s` hq f ps` hq ´ Upt, sq f psq}Y

“ }Upt, s` hq f ps` hq ´ Upt, s` hq f psq ` Upt, s` hq f psq ´ Upt, sq f psq}Y

ď }UY}8,Y,Y ¨ } f ps` hq ´ f psq}Y ` }Upt, s` hq f psq ´ Upt, sq f psq}Y

and hence because of UY P C˚p�pIq, LppY, } }Yq, pY, } }Yqq, f P Cprt0, t1q, pY, } }Yqq

the continuity of prt0, ts Ñ pY, } }Yq, s ÞÑ Upt, sq f psqq and therefore also the conti-
nuity of prt0, ts Ñ X, s ÞÑ Upt, sq f psqq since the inclusion ιYãÑX of pY, } }Yq into X is
continuous. Note that the last also implies that f P Cprt0, t1q, Xq. As a consequence,
by Theorem 3.2.4 (ii), it follows that uptq P Y and

ż t

t0
Upt, sq f psq ds “

ż t

t0,Y
Upt, sq f psq ds ,
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for all t P rt0, t1q where the index Y denotes weak Lebesgue integration with respect
to LppY, } }Yq,Kq. In particular, it follows by Theorem 3.2.4 (ii) and Theorem 3.2.5
for every t P rt0, t1q and h ě 0 such that t ` h P rt0, t1q
›

›

›

›

ż t`h

t0,Y
Upt ` h, sq f psq ds´

ż t

t0,Y
Upt, sq f psq ds

›

›

›

›

Y

ď

›

›

›

›

ż t

t0,Y
pUpt ` h, sq f psq ´ Upt, sq f psqq ds

›

›

›

›

Y
`

›

›

›

›

ż t`h

t,Y
Upt ` h, sq f psq ds

›

›

›

›

Y

ď

›

›

›

›

pUpt ` h, tq ´ Upt, tqq
ż t

t0,Y
Upt, sq f psq ds

›

›

›

›

Y
` }U}8,Y,Y ¨

ż t`h

t,Y
} f psq}Y ds ,

for h ď 0 such that t ` h P rt0, t1q
›

›

›

›

ż t`h

t0,Y
Upt ` h, sq f psq ds´

ż t

t0,Y
Upt, sq f psq ds

›

›

›

›

Y

ď

›

›

›

›

ż t`h

t0,Y
pUpt, sq f psq ´ Upt ` h, sq f psqq ds

›

›

›

›

Y
`

›

›

›

›

ż t

t`h,Y
Upt, sq f psq ds

›

›

›

›

Y

ď

ż t`h

t0,Y
}Upt, sq f psq ´ Upt ` h, sq f psq}Y ds` }U}8,Y,Y ¨

ż t

t`h,Y
} f psq}Y ds

and hence by UY P C˚p�pIq, LppY, } }Yq, pY, } }Yqq and Lebesgue’s dominated con-
vergence theorem that u P Cprt0, t1q, pY, } }Yqq. Since for every s P rt0, t1q and h P R
such that s` h P rt0, t1q

}Aps` hqups` hq ´ Apsqupsq} ď } pAps` hq ´ Apsqq upsq}

` } pAps` hq ´ Apsqq pups` hq ´ upsqq } ` }Apsq pups` hq ´ upsqq }

ď } pAps` hq ´ Apsqq upsq} ` 3}A}8,Y,X ¨ }ups` hq ´ upsq}Y ,

this implies that rt0, t1q Ñ X, s ÞÑ Apsqupsq is continuous in all points of continuity
of A and hence also almost everywhere continuous on rt0, t1q. Finally, it follows for
every

pt, rq P D :“ tpt, rq : r P rt0, t1q ^ t P rr, bsu

and all h, h 1 P R such that pt, rq ` ph, h 1q P D

}Apt ` h 1qUpt ` h 1, r ` hq f pr ` hq ´ AptqUpt, rq f prq}

“ }Apt ` h 1q rUpt ` h 1, r ` hq f pr ` hq ´ Upt, rq f prqs

` pApt ` h 1q ´ AptqqUpt, rq f prq}

ď }A}8,Y,X ¨ }Upt ` h 1, r ` hq f pr ` hq ´ Upt, rq f prq}Y

` } pApt ` h 1q ´ AptqqUpt, rq f prq}
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“ }A}8,Y,X }Upt ` h 1, r ` hq p f pr ` hq ´ f prqq

` pUpt ` h 1, r ` hq ´ Upt, rqq f prq}Y

` } pApt ` h 1q ´ AptqqUpt, rq f prq}

ď }A}8,Y,X ¨ }UY}8,Y,Y ¨ } f pr ` hq ´ f prq}Y

` }A}8,Y,X ¨ }Upt ` h 1, r ` hq ´ Upt, rqq f prq}Y

` } pApt ` h 1q ´ AptqqUpt, rq f prq}

and hence that pD Ñ X, pt, rq ÞÑ AptqUpt, rq f prqq is almost everywhere continuous
on D. As consequence, it follows by Theorem 3.2.4 (ii), Theorem 3.2.5, the Theorem
of Fubini, and (9.0.14),

ξ `

ż t

t0
p f psq ´ Apsqupsqq ds

“ ξ `

ż t

t0

„

f psq ´ Apsq
ˆ

Ups, t0qξ `
ż s

t0,Y
Ups, s 1q f ps 1q ds 1

˙j

ds

“ ξ `

ż t

t0

„

f psq ´ ApsqUps, t0qξ ´
ż s

t0
ApsqUps, s 1q f ps 1q ds 1

j

ds

“ ξ `

ż t

t0
f psq ds´

ż t

t0
ApsqUps, t0qξ ds´

ż t

t0

ˆ
ż s

t0
ApsqUps, s 1q f ps 1q ds 1

˙

ds

“ ξ `

ż t

t0
f psq ds´ pξ ´ Upt, t0qξq ´

ż t

t0

ˆ
ż t

s 1
ApsqUps, s 1q f ps 1q ds

˙

ds 1

“ Upt, t0qξ `
ż t

t0
f psq ds´

ż t

t0
p f ps 1q ´ Upt, s 1q f ps 1qq ds 1

“ Upt, t0qξ `
ż t

t0
Upt, sq f psq ds “ uptq

for all t P rt0, t1q. Hence, finally, it follows by the auxiliary result in the proof of
Lemma 8.5.2 the relation (9.0.15) for all continuity points t of A in pt0, t1q. (ii) For
this, let t P pt0, t1q. We define G : pt0, tq Ñ X by Gpsq :“ Upt, sqvpsq for all s P pt0, tq.
Then it follows for every s P pt0, tq and h P R˚ such that s` h P pt0, tq

1
h
rGps` hq ´Gpsqs “

1
h
rUpt, s` hqvps` hq ´ Upt, sqvpsqs

“ Upt, s` hq
1
h
rvps` hq ´ vpsqs `

1
h
rUpt, s` hq ´ Upt, sqsvpsq

and hence by Lemma 8.5.2

lim
hÑ0

1
h
rGps` hq ´Gpsqs “ Upt, sqrv 1psq ` Apsq vpsqs “ Upt, sq f psq

for all continuity points s of A in pt0, t1q. Altogether, it follows the differentiability
of G and G 1psq “ Upt, sq f psq for all continuity points s of A in pt0, t1q. Note that
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there is a continuous extension Ĝ : rt0, ts Ñ X of G such that Ĝpt0q “ Upt, t0q ξ and
Ĝptq “ vptq. Finally, note that F : rt0, ts Ñ X defined by Fpsq :“ Upt, sq f psq for
every s P rt0, ts is continuous by the proof of (i). Hence it follows the weak Lebesgue
integrability of F with respect to LpX,Kq and by the fundamental theorem of calculus

vptq ´ Upt, t0q “ Ĝptq ´ Ĝpt0q “
ż t

t0
Fpsq ds

“

ż t

t0
Upt, sq f psq ds “

ż t

t0
Upt, sq f psq ds

and hence vptq “ uptq for every t P rt0, t1q. [\

Lemma 9.0.8. In addition to the assumptions of Theorem 9.0.6, let U P C˚p�pIq,
LpX, Xqq be the Y{X-evolution operator for A. Further, let

(iv) Z0 be a dense subspace of Z contained in DpΦpAptqqq for all t P I, } }0 a norm
for Z0 such that pZ0, } }0q is a K-Banach space and such that the inclusion ιZ0ãÑZ

of Z0 into Z is continuous. Finally, let ΦpAptqq|Z0 P LppZ0, } }0q,Zq for all t P I
and ΦA :“ pI Ñ LppZ0, } }0q,Zq, t ÞÑ ΦpAptqq|Z0q P PC˚pI, LppZ0, } }0q,Zqq.

Then

(i)

} pUpt, rq ´ idXq ξ}Y ď p1` }Û}8,Z,Zq ¨ }S ξ ´ ξ0}Z

`
“

}U}8,X,X }A}8,Y,X }ξ}Y ` }Û}8,Z,Z }Âξ0}8,Z
‰

¨ pt ´ rq .

for all ξ P Y , ξ0 P Z0 and pt, rq P �pIq where Â P PC˚pI , LppZ0, } }0q,Zqq is
defined by Âptq :“ pΦAqptq ` Bptq for all t P I and Âξ0 :“ pI Ñ Z, t ÞÑ Âptqξ0q.

(ii) For every compact subset K of pY, } }Yq and each ε ą 0, there is R P r0,8q such
that

} pUpt, rq ´ idXq ξ}Y ď ε` R ¨ pt ´ rq

for all ξ P K and all pt, rq P �pIq.

Proof. ‘(i)’: For this, let ξ P Y and pt, rq P �pIq. Then it follows for every s, s 1 P ra, ts

}Upt, s 1qAps 1qξ ´ Upt, sqApsqξ}X

ď }U}8,X,X ¨ }Aps 1qξ ´ Apsqξ}X ` }Upt, s 1qApsqξ ´ Upt, sqApsqξ}X

and hence that pra, ts Ñ X, s ÞÑ Upt, sqApsqξq is bounded by }U}8,X,X }A}8,Y,X }ξ}Y,
continuous in the points of strong continuity of A in ra, ts and hence also almost
everywhere continuous. In particular, it follows by Theorem 3.2.4 (ii) and Theo-
rem 3.2.5 from (9.0.14) that

}Upt, rqξ ´ ξ}X “

›

›

›

›

ż t

r
Upt, sqApsqξ ds

›

›

›

›

X
ď

ż t

r
}Upt, sqApsqξ}X ds

ď }U}8,X,X }A}8,Y,X }ξ}Y ¨ pt ´ rq .
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Further, by Lemma 8.5.4 it follows, in the following we use the notation from the
proof of Theorem 9.0.6, that for every ξ0 P Z0 and ν P N˚

ż t

r
Ûνpt, sqÂνpsqξ0 ds “ ξ0 ´ Ûνpt, rqξ0 (9.0.16)

where integration denotes weak Lebesgue integration with respect to LpZ,Kq and
Âν : I Ñ LppZ0, } }0q,Zq is defined by Âνpaiq :“ pΦpApaiqq ` Bpaiqq|Z0 for all
i P t0, . . . , nu and for all i P t0, . . . , n´ 1u

Âνptq :“ pΦpApaiνkqq ` Bpaiνkqq |Z0 , aiνk :“ ai `
k
ν
pai`1 ´ aiq

for all t P Iiνk, k P t1, . . . , ν´ 1u,

Âνptq :“ pΦpApaiν0qq ` Bpaiν0qq |Z0 , aiν0 :“ ai `
1
ν
pai`1 ´ aiq

for all t P Iiν0. In the following, let Â :“ ΦA`B0 where B0 :“ pI Ñ LppZ0, } }0q,Zq,
t ÞÑ Bptq|Z0q. Note that B0 P PC˚pI, LppZ0, } }0q,Zqq and hence that Â P PC˚
pI, LppZ0, } }0q,Zqq. In addition, Ûνpt, ¨q ˝ Âνξ0, Ûpt, ¨q ˝ Âξ0 are almost everywhere
continuous where Âνξ0 :“ pI Ñ Z, t ÞÑ Âνptqξ0q and Âξ0 :“ pI Ñ Z, t ÞÑ Âptqξ0q.
Hence it follows by Theorem 3.2.5 that

›

›

›

›

ż t

r
Ûνpt, sqÂνpsqξ0 ds´

ż t

r
Ûpt, sqÂpsqξ0 ds

›

›

›

›

Z

ď

ż t

r
}Ûνpt, sqÂνpsqξ0 ´ Ûpt, sqÂpsqξ0}Z ds .

Because of

}Ûνpt, sqÂνpsqξ0 ´ Ûpt, sqÂpsqξ0}Z ď c e p|µ|`c}B}8qpb´aq
}Âνpsqξ0 ´ Âpsqξ0}Z

` }Ûνpt, sqÂpsqξ0 ´ Ûpt, sqÂpsqξ0}Z ď 4c e p|µ|`c}B}8qpb´aq
}Â}8,Z0,Z }ξ0}0 ,

the uniform convergence of Âνξ0 to Âξ0 and Lebesgue’s dominated convergence
Theorem, this implies that

lim
νÑ8

ż t

r
Ûνpt, sqÂνpsqξ0 ds “

ż t

r
Ûpt, sqÂpsqξ0 ds

and hence, finally, by (9.0.8) and (9.0.16) that
ż t

r
Ûpt, sqÂpsqξ0 ds “ ξ0 ´ Ûpt, rqξ0 .

Further, it follows for every s, s 1 P ra, ts

}Ûpt, s 1qÂps 1qξ0 ´ Ûpt, sqÂpsqξ0}Z

ď }Û}8,Z,Z ¨ }Âps 1qξ0 ´ Âpsqξ0}Z ` }Ûpt, s 1qÂpsqξ0 ´ Ûpt, sqÂpsqξ0}Z
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and hence that pra, ts Ñ X, s ÞÑ Ûpt, sqÂpsqξ0q is bounded by

}Û}8,Z,Z }Â}8,Z0,Z }ξ0}0 ,

is continuous in the points of strong continuity of Â in ra, ts and hence also al-
most everywhere continuous. In particular, it follows by Theorem 3.2.4 (ii) and
Theorem 3.2.5

}Ûpt, rqξ0 ´ ξ0}Z “

›

›

›

›

ż t

r
Ûpt, sqÂpsqξ0 ds

›

›

›

›

Z
ď

ż t

r
}Ûpt, sqÂpsqξ0}Z ds

ď }Û}8,Z,Z }Âξ0}8,Z ¨ pt ´ rq

where Âξ0 :“ pI Ñ Z, t ÞÑ Âptqξ0q. Hence it follows that

}Upt, rqξ ´ ξ}Y ď }Upt, rqξ ´ ξ}X ` }S Upt, rqξ ´ S ξ}Z

“ }Upt, rqξ ´ ξ}X ` }Ûpt, rqS ξ ´ S ξ}Z

ď }Upt, rqξ ´ ξ}X`}pÛpt, rq ´ idZqpS ξ ´ ξ0q}Z`}Ûpt, rqξ0´ξ0}Z

ď p1` }Û}8,Z,Zq ¨ }S ξ ´ ξ0}Z

`
“

}U}8,X,X }A}8,Y,X }ξ}Y ` }Û}8,Z,Z }Âξ0}8,Z
‰

¨ pt ´ rq .

‘(ii)’: For this, let K be a non-empty compact subset of pY, } }Yq, ε ą 0 be given and
pt, rq P �pIq. Then K is in particular bounded, i.e, there is M ą 0 such that }ξ}Y ď M
for all ξ P K. Hence by (i)

} pUpt, rq ´ idXq ξ}Y ď p1` }Û}8,Z,Zq ¨ }S ξ ´ ξ0}Z

`
“

M }U}8,X,X }A}8,Y,X ` }Û}8,Z,Z }Âξ0}8,Z
‰

¨ pt ´ rq .

for every ξ P K and ξ0 P Z0. Since S : pY, } }Yq Ñ pZ, } }Zq is continuous, S pKq is a
compact subset of Z. Hence for δ1 ą 0, there are n P N˚ and ξ1, . . . , ξn P K such that
the union of Uδ1,ZpS ξ1q, . . . ,Uδ1,ZpS ξnq is covering S pKq. Since Z0 is dense in Z, for
every δ2 ą 0 and every i P t1, . . . , nu, there is ξi0 P Z0 such that }S ξi ´ ξi0}Z ă δ2.
Then

}S ξ ´ ξi0}Z ă δ1 ` δ2

and

} pUpt, rq ´ idXq ξ}Y ď p1` }Û}8,Z,Zq ¨ pδ1 ` δ2q

`
“

M }U}8,X,X }A}8,Y,X ` }Û}8,Z,Z }Âξ0i}8,Z
‰

¨ pt ´ rq

ď p1` }Û}8,Z,Zq ¨ pδ1 ` δ2q ` rM }U}8,X,X }A}8,Y,X
` }Û}8,Z,Z maxt}Âξ0i}8,Z : i P t1, . . . , nuus ¨ pt ´ rq

for all ξ P S´1pUδi,Zpξiqq. [\
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Examples of Linear Evolution Equations

This chapter gives examples of applications of Theorem 9.0.6 to linear evolution
equations from General Relativity and Astrophysics. For examples of applications
of Kato’s older results [107, 108] to such problems, see, for instance, [9, 10, 14, 66,
67,80,83,84,93,94,100,115,136,143,145] and to non-autonomous wave equations,
see, for instance, [41, 173, 174].

The first example considers a scalar field of mass m0 ě 0 in the gravitational field
of a spherical black hole. The field is required to vanish on a spherical surface which
is in a spherically symmetric collapse into the black hole.1 For this, Kruskal coordi-
nates are used because of the singular behaviour of the Schwarzschild coordinates on
the horizon. Due to its spherical symmetry, the problem can be separated by decom-
position into spherical harmonic functions. Note that the situation considered by the
example is at the basis of the analysis of Hawking radiation from a Schwarzschild
black holes [96]. Theorem 10.1.6 is a new result. The second example considers
non-autonomous Hermitian hyperbolic systems.

In both sections below, for the convenience of the reader, material is developed
which is needed in the application of Theorem 9.0.6, but can also be found in some
form in other sources. This includes fractional powers of infinitesimal generators
[39,47,52,57,90,99,106,120,168,179,224], results from the theory of Sobolev spaces
[2, 227], harmonic analysis [140, 141, 200, 201] and from the spectral theory of self-
adjoint linear operators [53, 106, 179, 216]. Lemma 10.2.1 (vii) gives a result which
is weaker than Calderon’s first commutator [40, 140, 141, 201], but can be derived
without the use of the methods singular integral operators. It has been included to
keep the course self-contained and at the same time to limit the size of the section
on non-autonomous linear Hermitian hyperbolic systems. The developed material is
also used in Chapter 12 that gives examples of the application of Theorem 11.0.7 to
quasi-linear evolution equations.

1 For instance, the surface of a spherical star.
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10.1 Scalar Fields in the Gravitational Field of a Spherical Black
Hole

The reduced wave equation for a scalar field ψpv, uqYlmpθ, ϕq of mass m0 ě 0, where
l P N, m P t´l,´l ` 1, . . . , lu and Ylm is the corresponding spherically harmonic
function, in the gravitational field of a spherical symmetric black hole of mass M ą 0
is given by

B2ψ̂

Bv2 ´
B2ψ̂

Bu2 `
32M3

r

„

lpl` 1q
r2 `

2M
r3 ` m2

0

j

e´r{p2Mqψ̂ “ 0 . (10.1.1)

Here pv, u, θ, ϕq, where

pv, uq P Ω :“ tR2 : u2
´ v2

ą ´1u , θ P p0, πq , ϕ P p´π, πq ,

are the so called ‘Kruskal coordinates’, r : ΩÑ p0,8q is defined by

rpu, vq :“ h´1
pu2
´ v2

q

for all pv, uq P Ω where h : p0,8q Ñ p´1,8q is defined by

hpxq :“
´ x

2M
´ 1

¯

ex{p2Mq

for all x P p0,8q and ψ̂ :“ rψ. In particular, geometrical units are used where the
speed of light and the gravitational constant have the value 1. From

hpxq “ ´1`
1

4M2

ż x

0
y ey{p2Mq dy ě ´1`

1
4M2

ż x

0
y dy “

x2

8M2 ´ 1 ,

valid for all x ą 0, it follows

rpu, vq “ h´1
pu2
´ v2

q ď 23{2Mp1` u2
´ v2

q
1{2 (10.1.2)

and from

hpxq “ ´1`
1

4M2

ż x

0
y ey{p2Mq dy ď ´1`

1
2Mδ

ż x

0
ep1`δqy{p2Mq dy

“
1

δp1` δq

”

ep1`δqx{p2Mq
´ 1

ı

´ 1 ,

valid for all x ą 0, it follows

rpu, vq “ h´1
pu2
´ v2

q ě
2M

1` δ
lnr1` δp1` δqp1` u2

´ v2
qs

ě
2Mδp1` u2 ´ v2q

1` δp1` δqp1` u2 ´ v2q
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for every δ ą 0 and all u, v P Ω where

lnp1` xq “
ż x

0

dy
1` y

ě
x

1` x
,

valid for x ą 0, has been used. The last inequality gives for δ “ p1` u2 ´ v2q´1{2

rpu, vq ě
2Mp1` u2 ´ v2q1{2

2` p1` u2 ´ v2q1{2
(10.1.3)

and for δ “ 1

e´rpu,vq{p2Mq
ď

1
r1` 2p1` u2 ´ v2qs1{2

for all pu, vq P Ω and as a consequence

0 ă
1

rpu, vq
ď

1
M

„

1
2
`

1
p1´ v2q1{2

j

, e´rpu,vq{p2Mq
ď

1
p1` u2q1{2

for all pu, vq P Rˆ p´1, 1q. In addition, note that

Br
Bv
pu, vq “ ´

8M2v
rpu, vq

e´rpu,vq{p2Mq,
Br
Bu
pu, vq “

8M2u
rpu, vq

e´rpu,vq{p2Mq,

B2r
BvBu

pu, vq “ ´
8M2u
rpu, vq

ˆ

1
rpu, vq

`
1

2M

˙

Br
Bv
pu, vq e´rpu,vq{p2Mq,

B2r
B2u
pu, vq “

8M2

rpu, vq
e´rpu,vq{p2Mq

´
8M2u
rpu, vq

ˆ

1
rpu, vq

`
1

2M

˙

Br
Bu
pu, vq e´rpu,vq{p2Mq

for all pu, vq P Ω.
We demand that ψ̂ vanishes on a radially into the black hole falling trajectory

S :“ tp f pvq, vq : v P p´1, 1qu

(boundary of a star) where f P C2pp´1, 1q,Rq is such that

| f 1pvq| ă 1

for all v P p´1, 1q. From (10.1.1), it follows by the coordinate transformation

v̄pu, vq :“ v , ūpu, vq :“ u´ f pvq

for all u, v P Ω the equation

B2ψ̄

Bv̄2 ´ 2 f 1
B2ψ̄

Bū Bv̄
´ p1´ f 12q

B2ψ̄

Bū2 ´ f 2
Bψ̄

Bū

`
32M3

r̄

„

lpl` 1q
r̄2 `

2M
r̄3 ` m2

0

j

e´r̄{p2Mqψ̄ “ 0 (10.1.4)
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where

r̄pū, v̄q :“ rpū` f pv̄q, v̄q , ψ̄pū, v̄q :“ rpū` f pv̄q, v̄qψpū` f pv̄q, v̄q

for all pū, v̄q P p0,8q ˆ p´1, 1q. Note that

Br̄
Bv̄
pū, v̄q “ f 1pv̄q

Br
Bu
pū` f pv̄q, v̄q `

Br
Bv
pū` f pv̄q, v̄q,

Br̄
Bū
pū, v̄q “

Br
Bu
pū` f pv̄q, v̄q,

B2r̄
Bv̄Bū

pū, v̄q “ f 1pv̄q
B2r
B2u
pū` f pv̄q, v̄q `

B2r
BvBu

pū` f pv̄q, v̄q .

Lemma 10.1.1. Let pX, x | yXq be a Hilbert space over K P tR,Cu, A : DpAq Ñ X
a densely-defined, linear, self-adjoint and positive operator and B P LpX, Xq self-
adjoint and positive. Then

DppA` Bq1{2q “ DpA1{2
q . (10.1.5)

Proof. First, we notice that Theorem 3.1.9 implies that DpAq is a core for A1{2 and
pA` Bq1{2 and hence that DpAq is dense in pDpA1{2q, } }A1{2q and in pDppA` Bq1{2q,
} }DppA`Bq1{2qq. In particular, for ξ P DpAq,

}A1{2ξ}2
A1{2 “ }ξ}

2
` xξ|Aξy ď }pA` Bq1{2ξ}2

pA`Bq1{2

“ }ξ}2
` xξ|pA` Bqξy ď p1` }B}q ¨ p}ξ}2

` xξ|Aξyq

“ p1` }B}q ¨ }A1{2ξ}2
A1{2 .

Hence the restrictions of } }A1{2 and } }DppA`Bq1{2q to DpAq are equivalent. Finally,
from this follows (10.1.5) by the denseness of DpAq in pDpA1{2q, } }A1{2q, pDppA `
Bq1{2q, } }DppA`Bq1{2qq, the completeness of these spaces and the continuity of their
inclusions into X. [\

Theorem 10.1.2. (Fractional powers of generators) Let K P tR,Cu, pX, } }q a K-
Banach space and A the generator of a strongly continuous semigroup T : r0,8q Ñ
LpX, Xq for which there are c P r1,8q, µ ă 0 such that

}T ptq} ď c eµt

for all t P r0,8q.

(i) Then by

A´α :“
1

Γpαq

ż 8

0
tα´1T ptq dt , (10.1.6)

α ą 0, there is defined a bounded linear operator on X such that

}A´α} ď
c
|µ|α

.
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In addition,
A´αA´β “ A´pα`βq

for all α, β ą 0,
s´ lim

αÑ0`
A´α “ idX (10.1.7)

and
A´n

“ rRAp0qs
n (10.1.8)

for every n P N˚. Hence by PA :“ pr0,8q Ñ LpX, Xq, α ÞÑ A´αq defined by
PAp0q :“ idX and PApαq :“ A´α for α ą 0, there is given a strongly continuous
semigroup whose infinitesimal generator will be denoted by lnpAq.

(ii)

A´α “
sinpπαq

π

ż 8

0
λ´αpA` λq´1 dλ

for all α P p0, 1q.

Proof. ‘(i)’: By the strong continuity of pp0,8q Ñ LpX, Xq, t ÞÑ tα´1T ptqq and

}tα´1T ptq} ď c tα´1 e´|µ|t ,

for all t ą 0 and Theorem 3.2.11, it follows that by (10.1.6) there is defined a
bounded linear operator A´α on X such that

}A´α} ď
c

Γpαq

ż 8

0
tα´1 e´|µ|t dt “

c
|µ|α

for every α ą 0. For the following let α, β ą 0. By Lemma 8.1.1 (ii), it fol-
lows the strong continuity of pp0,8q2 Ñ LpX, Xq, pt, sq ÞÑ tα´1T ptqsβ´1T psq “
tα´1sβ´1T pt ` sqq. Further,

}tα´1sβ´1T pt ` sq} ď tα´1sβ´1
ď tα´1sβ´1 e´|µ|pt`sq

for all t, s ą 0 and hence it follows by Theorem 3.2.11 that by
ż

p0,8q2
tα´1sβ´1T pt ` sq dt ds

there is given a bounded linear operator A´α on X. In particular, it follows by Fubini’s
theorem and Theorem 3.2.10 that

A´αA´βξ “
1

Γpβq

ż 8

0
sβ´1A´αT psqξ ds

“
1

ΓpαqΓpβq

ż 8

0
sβ´1

ˆ
ż 8

0
tα´1T pt ` sqξ dt

˙

ds

“
1

ΓpαqΓpβq

ż

p0,8q2
tα´1sβ´1T pt ` sqξ dt ds
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“
1

ΓpαqΓpβq

ż

s1ąt1
t1α´1

ps1 ´ t1qβ´1T ps1qξ dt1 ds1

“
1

ΓpαqΓpβq

ż 8

0

˜

ż s1

0
t1α´1

ps1 ´ t1qβ´1 dt1
¸

T ps1qξ ds1

“
1

ΓpαqΓpβq

ż 8

0

ˆ

s1α`β´1
ż 1

0
t2α´1

p1´ t2qβ´1 dt2
˙

T ps1qξ ds1

“
1

Γpα` βq

ż 8

0
s1α`β´1T ps1qξ ds1 “ A´pα`βqξ

for every ξ P X. Further, the validness of (10.1.8) for every n P N˚ follows from
Theorem 4.1.1 (iv). Since

}A´α} ď
c
|µ|α

ď
c

Mα
“ c e´α lnpMq

ď c e | lnpMq|α

where M :“ mint|µ|, 1u P p0, 1s, it follows the uniform boundedness of pA´αqαPp0,1s.
Therefore, since DpAq is dense in X, (10.1.7) follows if it can be shown that

lim
αÑ0`

A´αA´1ξ “ lim
αÑ0`

A´pα`1qξ “ A´1ξ (10.1.9)

for all ξ P X. Since for every ξ P X

}A´pα`1qξ ´ A´1ξ}

ď
1

Γpα` 1q

ż 8

0
|tα ´ 1| }T ptqξ} dt `

ˇ

ˇ

ˇ

ˇ

1
Γpα` 1q

´
1

Γpαq

ˇ

ˇ

ˇ

ˇ

ż 8

0
}T ptqξ }dt

ď
c}ξ}

Γpα` 1q

ż 8

0
|tα ´ 1| e´|µ|t dt `

c}ξ}
|µ|

|Γpα` 1q ´ Γpαq|

ΓpαqΓpα` 1q
,

(10.1.9) follows by an application Lebesgue’s dominated convergence theorem.
‘(ii)’: For this, let α P p0, 1q. By the strong continuity of pp0,8q Ñ LpX, Xq, λ ÞÑ
λ´αpA` λq´1q and

}λ´αpA` λq´1
} ď

c λ´α

λ` |µ|
,

for all λ ą 0 and Theorem 3.2.11, it follows that by

Bα :“
sinpπαq

π

ż 8

0
λ´αpA` λq´1 dλ

there is defined a bounded linear operator Bα on X. By Lemma 8.1.1 (ii), it follows
the strong continuity of pp0,8q2 Ñ LpX, Xq, pt, λq ÞÑ λ´αe´λt T ptqq. Further,

}λ´αe´λt T ptq} ď c λ´αe´pλ`|µ|qt

for all t, λ ą 0, and hence it follows by Tonelli’s theorem along with Theorem 3.2.11
that by
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ż

p0,8q2
λ´αe´λt T ptq dt dλ

there is given a bounded linear operator on X. Finally, it follows by Fubini’s theorem,
Theorem 3.2.10 and Theorem 4.1.1 (iv) that

Bαξ :“
sinpπαq

π

ż 8

0
λ´αpA` λq´1ξ dλ

“
sinpπαq

π

ż 8

0
λ´α

ˆ
ż 8

0
e´λt T ptqξ dt

˙

dλ

“
sinpπαq

π

ż

p0,8q2
λ´αe´λt T ptqξ dt dλ “

ż 8

0

ˆ
ż 8

0
e´tλλ´α dλ

˙

T ptqξ dt ,

sinpπαq
π

ż 8

0

ˆ
ż 8

0
e´λ

1
λ11´α´1 dλ1

˙

tα´1T ptqξ dt

“
Γp1´ αq

ΓpαqΓp1´ αq

ż 8

0
tα´1T ptqξ dt “ A´αξ

for every ξ P X. [\

Lemma 10.1.3. Let pX, x | yXq be a complex Hilbert space, A : DpAq Ñ X a densely-
defined, linear, self-adjoint and positive operator in X. Then

rpA` δq1{2s´1
“

1
π

ż 8

0
λ´1{2

pA` λ` δq´1 dλ

for all δ ą 0 and

A1{2ξ “
1
π

ż 8

0
λ´1{2

pA` λq´1Aξ dλ

for all ξ P DpAq.

Proof. For this, let δ ą 0. Then A ` δ is a densely-defined, linear, self-adjoint op-
erator in X which is semibounded from below with lower bound δ. Hence it follows
by Theorem 4.2.6 that A ` δ is the infinitesimal generator of a strongly continuous
semigroup T : r0,8q Ñ LpX, Xq such that

}T ptq} ď expp´tδq

for all t P r0,8q. Further, pA ` δq´1 P LpX, Xq is in particular positive self-adjoint
and pA` δq´1{2 P LpX, Xq, defined as in Theorem 10.1.2, is positive symmetric and
hence also self-adjoint. In addition,

rpA` δq´1{2
s
2
“ pA` δq´1

and hence

pA`δq´1{2
“ rpA`δq´1

s
1{2
“ f pA`δq “

`

f ˝ id2
R

˘

ppA`δq1{2 q “ rpA`δq1{2s´1



184 10 Examples of Linear Evolution Equations

where f is the real-valued function defined on the spectrum σpA`δq of A by f pλq :“
λ´1{2 for all λ P σpA` δq. Hence it follows for every ξ P DpAq that

pA` δq1{2ξ “ pA` δq´1{2
pA` δqξ “

1
π

ż 8

0
λ´1{2

pA` λ` δq´1
pA` δqξ dλ .

In the next step, it will we proved that

lim
δÑ0
pA` δq1{2ξ “ A1{2ξ , (10.1.10)

for every ξ P DpA2q where ν P N˚. First, we notice that

A1{2
pA` δq´1{2

Ą pA` δq´1{2A1{2

since A and A1{2 commute and also that A and A ` δ commute since the operators
of their associated one-parameter unitary groups commute. Hence it follows for ξ P
DpA2q that

A1{2
pA` δq1{2ξ “ A1{2

pA` δq´1{2
pA` δqξ “ pA` δq´1{2A1{2

pA` δqξ

“ pA` δq´1{2
pA` δqA1{2ξ “ pA` δq1{2A1{2ξ

and hence

rpA` δq1{2 ` A1{2
srpA` δq1{2 ´ A1{2

sξ

“ pA` δqξ ´ pA` δq1{2A1{2ξ ` A1{2
pA` δq1{2ξ ´ Aξ “ δξ . (10.1.11)

Further, pA`δq1{2`A1{2 is a densely-defined, linear and positive symmetric operator
in X such that

xξ|rpA` δq1{2 ` A1{2
sξy ě δ1{2

}ξ}2 (10.1.12)

for all ξ P DpA1{2q. Since A1{2 and pA ` δq1{2 commute, also their associated one-
parameter unitary groups U,Uδ : RÑ LpX, Xq commute. Hence pRÑ LpX, Xq, t ÞÑ
UδptqUptqq is a strongly continuous unitary one-parameter group whose generator
Aδ is an extension of pA ` δq1{2 ` A1{2 and has DpA1{2q as a core. Hence it follows
by (10.1.12) that the spectrum of Aδ is contained in rδ1{2,8q and therefore that

}A´1
δ } ď δ´1{2 .

As a consequence, it follows from (10.1.11) that

}rpA` δq1{2 ´ A1{2
sξ} “ δ }A´1

δ ξ} ď δ1{2
}ξ} (10.1.13)

for all ξ P DpA2q and hence that (10.1.10) holds for every ξ P DpAq. For later
use we note that, since DpA2q is a core for A1{2 and pA ` δq1{2, (10.1.13) is true
for all ξ P DpA1{2q. Further, let be ξ P DpAq and ε ě 0. Then hξ,ε : p0,8q Ñ DpAq
defined by

hξ,εpλq :“ π´1 λ´1{2
pA` λ` εq´1Aξ
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is continuous and satisfies

}hξ,εpλq} “ λ´1{2
}pA` λ` εq´1Aξ} ď π´1 λ´1{2 }Aξ}

λ` ε
ď π´1

}Aξ} ¨ λ´3{2

ď π´1
}ξ}A λ

´3{2

}hξ,εpλq} ď π´1 λ´1{2
}pA` λ` εq´1Aξ}

ď π´1 λ´1{2
}ξ ´ pλ` εqpA` λ` εq´1ξ} ď 2 π´1 λ´1{2

}ξ}

ď 2 π´1 λ´1{2
}ξ}A

for every λ ą 0. Hence hξ,ε is weakly summable and by Aε,1{2 : DpAq Ñ X de-
fined by

Aε,1{2ξ :“
ż 8

0
hξ,εpλq dλ

for every ξ P DpAq there is given an element of LppDpAq, } }Aq, Xq satisfying

}Aε,1{2}A,X ď C :“ π´1
ż 8

0
mintλ´3{2, 2λ´1{2

u dλ .

Further, it follows for ξ P DpAq, λ ą 0 that

pA` λ` δq´1
pA` δqξ “ pA` λq´1

pA` λqξ ´ λpA` λ` δq´1ξ

“ pA` λq´1Aξ ` λ rpA` λq´1ξ ´ pA` λ` δq´1ξs

“ pA` λq´1Aξ ´ λ δ pA` λq´1
pA` λ` δq´1ξ

and hence that

}pA` λ` δq´1
pA` δqξ ´ pA` λq´1Aξ} ď δ pλ` δq´1

}ξ}

}pA` δq1{2ξ ´ A0,1{2ξ}

ď π´1
ż 8

0
λ´1{2

}pA` λ` δq´1
pA` δqξ ´ pA` λq´1Aξ} dλ

ď π´1δ }ξ}

ż 8

0
λ´1{2

pλ` δq´1 dλ “ π´1δ1{2
}ξ}

ż 8

0
λ̄´1{2

p λ̄` 1q´1 dλ̄

and therefore that
lim
δÑ0

}pA` δq1{2ξ ´ A0,1{2ξ} “ 0 . (10.1.14)

From (10.1.10), (10.1.14), it follows that

A1{2ξ “ A0,1{2ξ

for every ξ P DpA2q. Finally, it follows by an application of Theorem 3.1.6 that
also A1{2|DpAq P LppDpAq, } }Aq, Xq and therefore, since DpA2q is according to
Theorem 6.1.1 a core for A, that

A1{2
|DpAq “ A0,1{2 .

[\
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Lemma 10.1.4. Let I :“ p0,8q. For every k P N˚, we define the derivative operators
Dk

I , the Sobolev spaces Wk
C
pIq with corresponding scalar products x , yk and their

induced norms ~~k as in Definition 5.3.1. In addition, we define Wk
0,CpIq for every

k P N˚ as the closure of Ck
0pI,Cq in pWk

C
pIq,~~kq. Then

(i)
A :“ ´D2˚

I

ˇ

ˇ

W1
0,CpIqXW2

C
pIq

is a densely-defined, linear, self-adjoint and positive operator in L2
C
pIq.

(ii) For every λ ą 0, f P L2
C
pIq

rRAp´λq f s pxq “
1
?
λ

„

e´
?
λ x

ż x

0
sinhp

?
λ yq f pyq dy

` sinhp
?
λ xq

ż 8

x
e´
?
λ y f pyq dy

j

“

ż 8

0
K´λpx, yq f pyq dy

for all x P I where

K´λpx, yq :“
1
?
λ

#

e´
?
λ x sinhp

?
λ yq if y ă x

sinhp
?
λ xq e´

?
λ y if y ě x .

for all px, yq P I2.
(iii)

D1˚
I

ˇ

ˇ

W1
0,CpIq

is a densely-defined, linear and closed operator in L2
C
pIq such that

x f |D˚I gy2 “ ´xD
˚
I f |gy2

for all p f , gq P pW1
0,CpIqq

2.
(iv) Further, W1

0,CpIq XW2
C
pIq is a core for D1˚

I

ˇ

ˇ

W1
0,CpIq

and A1{2,

DpA1{2
q “ W1

0,CpIq and }A1{2 f }2 “ }D1˚
I f }2

for all f P W1
0,CpIq.

(v) For every λ ą 0,
D1˚

I RAp´λq Ą RAp´λqD1˚
I (10.1.15)

and for every δ ą 0

D1˚
I rpA` δq1{2s´1

Ą rpA` δq1{2s´1D1˚
I . (10.1.16)

as well as
D1˚

I pA` δq1{2 f “ pA` δq1{2D1˚
I f . (10.1.17)

for all f P DpAq.
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(vi) (A commutator estimate) Let g P C1pI,Cq X L8
C
pIq such that g1 P L8

C
pIq, and

denote by Tg the corresponding maximal multiplication operator in L2
C
pIq which

is a bounded linear operator on L2
C
pIq. Finally, let δ ą 0. Then

pA` δq1{2TgpA` δq´1{2
P LpL2

C
pIq, L2

C
pIqq

and in particular

}pA` δq1{2TgpA` δq´1{2
} ď 3}g}8 ` δ´1{2

}g 1}8 . (10.1.18)

Proof. ‘(i)’: First, obviously, A0 : C2
0pI,Cq Ñ L2

C
pIq defined by A0 f :“ ´ f 2 for

every f P C2
0pI,Cq is a densely-defined, linear, symmetric and positive operator in

L2
C
pIq. In addition, the deficiency subspaces of A0 are given by

rRanpA0 ´ iqsK “ C. fi , rRanpA0 ` iqsK “ C. f´i

where fi : p0,8q Ñ R, f´i : p0,8q Ñ R are defined by fipxq :“ expp´p1` iq
x{
?

2 qq and f´ipxq :“ expp´p1 ´ iqx{
?

2 qq for all x P p0,8q. (For example,
see [179], Volume II, X.1, Example 2.) Further, A is a linear extension of A0. We
note that

x f |D2˚
I gy2 “ ´xD

˚
I f |D˚I gy2 (10.1.19)

for all p f , gq P W1
0,CpIq ˆ W2

C
pIq, which can be seen as follows. For this, we define

the sesquilinear form s1 : W1
0,CpIq ˆW2

C
pIq Ñ C by

s1p f , gq :“ x f |D2˚
I gy2 ` xD

˚
I f |D˚I gy2

for all p f , gq P W1
0,CpIqˆW2

C
pIq. By the continuity of D˚I , D2˚

I follows the continuity
of s1. Further,

x f |D2˚
I gy2 “ x f 2|gy2 “ x f 1|D˚I gy2 “ ´xD

˚
I f |D˚I gy2

for all f P C80 pI,Cq and g P W2
C
pIq. Since C80 pI,Cq ˆW2

C
pIq is dense in W1

0,CpIq ˆ
W2
C
pIq, this implies that s1 vanishes and hence that (10.1.19) holds for all p f , gq P

W1
0,CpIq ˆ W2

C
pIq. Obviously, (10.1.19) implies that A is a symmetric and positive.

Further, we note that
x f |D˚I gy2 “ ´xD

˚
I f |gy2 (10.1.20)

for all p f , gq P W1
0,CpIq ˆ W1

C
pIq, which can be seen as follows. For this, we define

the sesquilinear form s2 : W1
0,CpIq ˆW1

C
pIq Ñ C by

s2p f , gq :“ x f |D˚I gy2 ` xD
˚
I f |gy2

for all p f , gq P W1
0,CpIq ˆ W1

C
pIq. By the continuity of D˚I , it follows the continuity

of s2 and by partial integration that s2p f , gq “ 0 for all f P C80 pI,Cq and f P
C8pI,Cq X W1

C
pIq. Since C80 pI,Cq ˆ ppC

8pI,Cq X W1
C
pIqq is dense in W1

0,CpIq ˆ
W1
C
pIq, this implies the vanishing of s2 and hence the validity of p10.1.20q for all
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p f , gq P W1
0,CpIq ˆ W1

C
pIq. In the next step, we conclude that A is closed. For this,

let p f , gq P GpĀq and f0, f1, . . . a sequence in DpAq converging to f and such that
A f1, A f2, . . . is converging to g. Since

´x fν|D2˚
I fνy2 “ }D

˚
I fν}2

2

for all ν P N, this implies that f0, f1, . . . is a Cauchy sequence in pW1
0,CpIq,~~1q,

pW2
C
pIq, ~~2q, and hence by the completeness of pW1

0,CpIq,~~1q, pW2
C
pIq,~~2q, the

continuity of the inclusions of pW1
C
pIq,~~1q pW2

C
pIq,~~2q into L2

C
pIq and the conti-

nuity of D2˚
I that f P DpAq, A f “ g and hence p f , gq P GpAq. In the final step, we

prove that the deficiency subspaces of A are trivial and hence that A is self-adjoint.
For this, we define the function f P C80 pI,Rq by

f pxq :“ sinpx{
?

2 q e´x{
?

2

for all x P I. Then

f 1pxq “
1
?

2

´

cospx{
?

2 q ´ sinpx{
?

2 q
¯

e´x{
?

2 , f 2pxq “ ´ cospx{
?

2 qe´x{
?

2

for all x P R and hence f P W2
C
pIq. In addition, f P W1

0,CpIq. For the proof let
h P C8pR,Rq be an auxiliary function such that

hpxq

$

’

&

’

%

“ 0 if x ă ´2
P r0, 1s if ´2 ď x ď ´1
“ 1 if x ą ´1 .

Obviously, such a function is easy to construct. We define hν P C8pI,Rq by

hνpxq :“ h
`

´px´ x´1
q

2
{ν2˘

for all x P I and ν P N˚. Then

hνpxq “

#

0 if x ă
`

1`
?

2 ν
˘´1

or if x ą 1`
?

2 ν
1 if ν´1 ă x ă ν

and hence hν P C80 pI,Rq as well as Ran hν Ă r0, 1s for all ν P N˚. In particular,

|x h 1νpxq| ď
2px4 ` 1q
ν2x2 |h 1

`

´px´ x´1
q

2
{ν2˘

|

ď }h 1}8
2px4 ` 1q
ν2x2

ˆ

χ
rp1`

?
2 νq
´1

,ν´1s
pxq ` χ

rν,1`
?

2 νs
pxq

˙

ď 2 p
?

2` ν´1
q

2
}h 1}8 px4

` 1qχ
rp1`

?
2 νq
´1

,ν´1s
pxq

` 2 ν´4
}h 1}8 px4

` 1qχ
rν,1`

?
2 νs
pxq

ď 2 p1`
?

2q2 }h 1}8 px4
` 1q (10.1.21)
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for all x P I and ν P N
˚. An application of Lebesgue’s dominated convergence

leads to
lim
νÑ8

}hν f ´ f }2 “ lim
νÑ8

}phν f q 1 ´ f 1}2 “ 0

and hence to the fact that f P W1
0,CpIq. Finally,

´ f 2pxq ˘ i f pxq “ f¯ipxq

for all x P I implies that the deficiency subspaces of A are trivial and hence that A is
also self-adjoint.
‘(ii)’: For this, let λ ą 0. Then it follows that Kλ P CpI2,Rq and hence that Kλ is
measurable. In addition, Kpx, ¨q P L1

C
pIq is such that

}Kpx, ¨q}1 “
1
λ

´

1´ e´
?
λ x
¯

ď
1
λ

for all x P I. Since K is in particular symmetric, this implies that by

rBλ f spxq :“
ż 8

0
Kλpx, yq f pyq dy

for every x ą 0 and f P L2
C
pIq, there is defined a bounded linear operator Bλ on

L2
C
pIq satisfying

}Bλ} ď
1
λ
.

In addition, it follows for every f P C0pI,Cq that Bλ f P C2pI,Cq and

rBλ f s 1pxq “
ż 8

0
Gλpx, yq f pyq dy ,

for every x ą 0 where

G´λpx, yq :“

#

´e´
?
λ x sinhp

?
λ yq if y ă x

coshp
?
λ xq e´

?
λ y if y ě x .

for all px, yq P I2 as well as that

rBλ f s2pxq “ λrBλ f spxq ´ f pxq (10.1.22)

for all x ą 0. Further, Gλ is measurable, Gpx, ¨q,Gp¨, yq P L1
C
pIq and

}Gpx, ¨q}1 “
1
?
λ

e´2
?
λ x
ď

1
?
λ
, }Gp¨, yq}1 “

1
?
λ

´

1´ e´2
?
λ y
¯

ď
1
?
λ

for all x, y P I. This implies that by

rCλ f spxq :“
ż 8

0
Gλpx, yq f pyq dy
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for every x ą 0 and f P L2
C
pIq there is defined a bounded linear operator Cλ on L2

C
pIq

satisfying

}Cλ} ď
1
?
λ
.

Hence it follows for every f P C0pI,Cq that Bλ f P W2
C
pIq and by (10.1.21) that

Bλ f P W1
0,CpIq and therefore by (10.1.22) that

pA` λqBλ f “ f .

Finally, since A` λ is bijective and C0pI,Cq is dense in L2
C
pIq, this leads to

RAp´λq “ Bλ .

‘(iii)’: First, it follows by the completeness of W1
0,CpIq, the continuity of the canonical

imbedding of W1
0,CpIq into L2

C
pIq, the continuity of D˚I and the denseness of W1

0,CpIq
in L2

C
pIq that the restriction D˚I0 of D˚I to W1

0,CpIq defines a densely-defined, linear
and closed operator in L2

C
pIq. Further, it follows by (10.1.20) that

2 Re px f |D˚I f y2q “ x f |D˚I f y2 ` xD
˚
I f | f y2 “ ´xD

˚
I f | f y2 ` x f |D˚I f y2 “ 0

for all f P W1
0,CpIq.

‘(iv)’: By Theorem 3.1.9, it follows that DpAq is a core for A1{2 and hence that DpAq
is dense in pDpA1{2q, } }A1{2q. Further, by (10.1.19), it follows

}A1{2 f }2 “ px f |A f y2q
1{2
“ }D˚I f }2

for all f P DpAq. In addition, the denseness of DpAq in W1
0,CpIq and the continuity of

D˚I imply that DpAq is a core for D˚I , too. Hence it follows that DpA1{2q “ W1
0,CpIq

and that }A1{2 f }2 “ }D1˚
I f }2 for all f P W1

0,CpIq.
‘(v)’: For this, let λ ą 0. Then

RAp´λqD1˚
I P LpW1

0,CpIq, L
2
C
pIqq .

Further, it follows by direct calculation that

RAp´λqD1˚
I f “ ´RAp´λq f 1 “ ´

ż 8

0
Gλpx, yq f pyq dy

for f P C80 pI,Cq and therefore by the denseness of C80 pI,Cq in W1
0,CpIq, the conti-

nuity of the inclusion of W1
0,CpIq into L2

0,CpIq and Cλ P LpL2
0,CpIq, L

2
0,CpIqq that

RAp´λqD1˚
I f “ ´RAp´λq f 1 “ ´

ż 8

0
Gλpx, yq f pyq dy

for all f P W1
0,CpIq. Finally, since W1

C
pIq Ă CpI,Cq, it follows by the proof of (ii) that

D1˚
I RAp´λq f “ ´

ż 8

0
Gλpx, yq f pyq dy
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for all f P W1
0,CpIq and therefore (10.1.15). In the following, let f P W1

0,CpIq. Then
h f :“ pI Ñ L2

0,CpIq, λ ÞÑ RAp´λq f q is continuous and satisfies

}h f }2 ď
} f }2

λ

for all λ ą 0. In addition, it follows for for λ, µ ą 0 that

}D1˚
I ph f pλq ´ ph f pµqq}2 “ }D1˚

I RAp´λq f ´ D1˚
I RAp´µq f }2

“ }RAp´λqD1˚
I f ´ RAp´µqD1˚

I f }2

“ |µ´ λ| }RAp´λqRAp´µqD1˚
I f }2 ď }D1˚

I f }2

ˇ

ˇ

ˇ

ˇ

1
λ
´

1
µ

ˇ

ˇ

ˇ

ˇ

and

}D1˚
I h f pλq}2 “ }D1˚

I RAp´λq f }2 “ }RAp´λqD1˚
I f }2 ď

}D1˚
I f }2

λ
.

As a consequence, it follows for δ ą 0 that k f :“ pI Ñ W1
0,CpIq, λ ÞÑ λ´1{2RAp´pλ`

εqq f q is continuous such that

~k f pλq~1 ď λ´1{2
pλ` δq´1

~ f~1

and hence the summability of k f . Hence it follows by the continuity of D1˚
I that

rpA` δq1{2s´1D1˚
I f “

1
π

ż 8

0
λ´1{2

pA` λ` δq´1 D1˚
I f dλ

“
1
π

ż 8

0
λ´1{2D1˚

I pA` λ` δq´1 f dλ

“ D1˚
I

1
π

ż 8

0
λ´1{2

pA` λ` δq´1 f dλ “ D1˚
I rpA` δq1{2s´1 f

and therefore (10.1.16). Finally, it follows by (10.1.16) for every f P DpAq that

D1˚
I pA` δq1{2 f “ pA` δq1{2 rpA` δq1{2s´1D1˚

I pA` δq1{2 f “ pA` δq1{2D1˚
I f

and hence (10.1.17).
‘(vi)’: For this, let g P C1pI,Cq X L8

C
pIq such that g1 P L8

C
pIq and f P W1

0,CpIq. Then

g f P W1
C
pIq

and
D1˚

I g f “ gD1˚
I f ´ g1 f .

Further, if f1, f2, . . . is a sequence in C1
0pI,Cq such that

lim
νÑ8

~ fν ´ f~1 “ 0 ,
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then g f1, g f2, . . . is a sequence in C1
0pI,Cq such that

lim
νÑ8

~g fν ´ g f~1 “ 0

since pW1
C
pIq Ñ W1

C
pIq, h ÞÑ ghq is a continuous linear map. Hence g f P W1

0,CpIq.
Further, it follows for δ ą 0 by (10.1.13) that

}pA` δq1{2g f }2 ď }A1{2g f }2 ` δ1{2
}g f }2 ď }D1˚

I g f }2 ` δ1{2
}g}8} f }2

ď }g}8}A1{2 f }2 `

´

}g 1}8 ` δ1{2
}g}8

¯

} f }2

ď }g}8}pA` δq1{2 f }2 `

´

}g 1}8 ` 2δ1{2
}g}8

¯

} f }2

and hence for every f P L2
0,CpIq that

}pA` δq1{2gpA` δq´1{2 f }2

ď }g}8} f }2 `

´

}g 1}8 ` 2δ1{2
}g}8

¯

}pA` δq´1{2 f }2

ď

”

3}g}8 ` δ´1{2
}g 1}8

ı

} f }2 .

[\

Lemma 10.1.5. Let n P N
˚ and J,U be non-empty open subsets of R and R

n,
respectively. In addition, let f P C1pJˆU,Cq, h P CpJ,Rq such that f pt, ¨q, f,1pt, ¨q P
BCpU,Cq and

} f,1pt, ¨q}8 ď hptq

for all t P J. Then pJ Ñ L8
C
pUq, t ÞÑ f pt, ¨qq is continuous.

Proof. For this, let t1, t2 P J, u P U. Then it follows by the mean value theorem that

| f pt1, uq ´ f pt2, uq| ď supt| f,1pt1 ` λpt2 ´ t1q, uq| : λ P r0, 1su ¨ |t1 ´ t2|

ď maxt|hpt1 ` λpt2 ´ t1qq| : λ P r0, 1su ¨ |t1 ´ t2|

and hence that

} f pt1, ¨q ´ f pt2, ¨q}8 ď maxt|hpt1 ` λpt2 ´ t1qq| : λ P r0, 1su ¨ |t1 ´ t2| .

[\

Theorem 10.1.6. Let ε ą 0, I :“ p0,8q, f : p´1, 1q Ñ R twice differentiable with
a piecewise continuous f 2, f 1p0q “ 0 and

| f 1pv̄q| ă
1
5

?
5

for every v̄ P p´1, 1q, U : p´1, 1q Ñ L8
C
pIq piecewise continuous such that, Upv̄q P

C1pI,Cq and pUpv̄qq1 P L8
C
pIq for every v̄ P p´1, 1q and such that U,ū :“ pp´1, 1q Ñ

L8
C
pIq, v̄ ÞÑ pUpv̄qq1q is piecewise continuous,
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Av̄ :“ ´p1´ f 12pv̄qqD2˚
I

ˇ

ˇ

W1
0,CpIqXW2

C
pIq ` ε , Bv̄ :“ ´2i f 1pv̄qqD1˚

I

ˇ

ˇ

W1
0,CpIq

,

Cv̄ :“ ´ f 2pv̄qD1˚
I

ˇ

ˇ

W1
0,CpIq

` Upv̄q ´ ε

for every v̄ P p´1, 1q and
X :“ W1

0,CpIq ˆ L2
C
pIq .

(i) Let v̄ P p´1, 1q. Then X equipped with p | qv̄ : X2 Ñ C defined by

ppg1, g2q|pg3, g4qqv̄ :“ xA1{2
v̄ g1|A

1{2
v̄ g3y ` xg2|g4y2

for all pg1, g2q, pg3, g4q P X is a complex Hilbert space. Further,

Gv̄ : Y Ñ X ,

where
Y :“

`

W1
0,CpIq XW2

C
pIq

˘

ˆW1
0,CpIq ,

defined by
Gv̄pg1, g2q :“ p´g2, pAv̄ `Cv̄q g1 ` iBv̄g2q

for all pg1, g2q P Y , is the infinitesimal generator of a strongly continuous semi-
group T pv̄q : r0,8q Ñ LppX, p | qv̄q, pX, p | qv̄qq such that

}T pv̄qptq}v̄ ď eµv̄ t

for all t P r0,8q where

µv̄ :“
ˆ

5
2

˙1{2

| f 2pv̄q| `
ˆ

2
ε

˙1{2

}Upv̄q ´ ε}8.

(ii) Let I be some closed subinterval of p´1, 1q, lpIq ě 0 the length of I,

C f ,I :“ supt| f 2pv̄q| : v̄ P Iu ,

CU,I ě 0 such that
}Upv̄q ´ ε}8 ď CU,I .

Then pGv̄qv̄PI is a stable family of infinitesimal generators of strongly continuous
semigroups on pX, p | qq, where p | q :“ p | q0, with constants

µI :“
ˆ

5
2

˙1{2

C f ,I `

ˆ

2
ε

˙1{2

CU,I , e2
?

5 lpIqC f ,I .

(iii) Let A :“ A0 and p | q :“ p | q0. Then S : Y Ñ pX, p | qq defined by

S pg1, g2q :“ pA1{2g1, A1{2g2q

for every pg1, g2q P Y is a densely-defined linear and closed operator in pX, p | qq.
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(iv)
Gv̄ P LppY, } }Sq, Xq

for every v̄ P p´1, 1q. In addition,

G :“ pp´1, 1q Ñ LppY, } }Sq, Xq, v̄ ÞÑ Gv̄q

is piecewise norm continuous.
(v) Let

Bpv̄q :“
´

X Ñ X, pg1, g2q ÞÑ p0, pA1{2Upv̄qA´1{2
´ Upv̄qqg1q

¯

for every v̄ P p´1, 1q. Then B P PCpp´1, 1q, LpX, Xqq. In addition, for every
v̄ P p´1, 1q and pg1, g2q P D̃ :“ DpA3{2q ˆ DpAq,

S Gv̄pg1, g2q “ pGv̄ ` Bpv̄qq S pg1, g2q .

Finally, for every v̄ P p´1, 1q there is λ ă 0 such that

pGv̄ ´ λqD̃ “ Y .

(vi) Let J be some closed subinterval of p´1, 1q and assume that Y is equipped with
} }S . Then there is a unique Y{X-evolution operator U P C˚p�pJq, LpX, Xqq for
G|J .

Proof. ‘(i)’: For this, let v̄ P p´1, 1q. It follows by Lemma 10.1.4 that Av̄ is densely-
defined, linear, self-adjoint operator in L2

C
pIqwhich is semibounded from below with

lower bound ε, that Bv̄ is a densely-defined, linear and symmetric operator in L2
C
pIq,

that Cv̄ is a densely-defined, linear and closed operator in L2
C
pIq and by Lemma 10.1.1

that DpAv̄q is a core for A1{2
v̄ , Bv̄ and Cv̄ as well as that

DpA1{2
v̄ q “ W1

0,CpIq .

In addition, it follows for g P DpAv̄q that

}Bv̄g}2
2 “ 4 | f 1pv̄q|2 }D1˚

I g}2
2 “ 4 | f 1pv̄q|2 xg| ´ D2˚

I gy2 “
4 | f 1pv̄q|2

1´ f 12pv̄q
xg|Av̄gy2

“
4 | f 1pv̄q|2

1´ f 12pv̄q
}A1{2

v̄ g}2
2

and

}Cv̄g}2
2 ď

`

| f 2pv̄q| }D1˚
I g}2 ` }Upv̄q ´ ε}8 }g}2

˘2
ď 2| f 2pv̄q|2 }D1˚

I g}2
2

` 2}Upv̄q ´ ε}2
8 }g}

2
2 ď

2| f 2pv̄q|2

1´ f 12pv̄q
}A1{2

v̄ g}2
2 ` 2}Upv̄q ´ ε}2

8 }g}
2
2

ď
5
2
| f 2pv̄q|2 }A1{2

v̄ g}2
2 ` 2}Upv̄q ´ ε}2

8 }g}
2
2
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and hence also that

}Bv̄g}2
2 ď

4 | f 1pv̄q|2

1´ f 12pv̄q
}A1{2

v̄ g}2
2 ,

}Cv̄g}2
2 ď

5
2
| f 2pv̄q|2 }A1{2

v̄ g}2
2 ` 2}Upv̄q ´ ε}2

8 }g}
2
2

for all g P DpA1{2
v̄ q. Since

4 | f 1pv̄q|2

1´ f 12pv̄q
ă 1 ,

the statement (i) follows by application of Theorem 5.4.3, Lemma 5.4.6 and
Theorem 5.4.7.
‘(ii)’: For v̄1, v̄2 P I and pg1, g2q P

´

W1
0,CpIq XW2

C
pIq

¯

ˆ L2
C
pIq, it follows

}pg1, g2q}
2
v̄1

“ }A1{2
v̄1

g1}
2
2 ` }g2}

2
2 “ p1´ f 12pv̄1qq xg1| ´ D2˚

I g1y2 ` ε}g1}
2
2 ` }g2}

2
2

“
1´ f 12pv̄1q

1´ f 12pv̄2q

”

}A1{2
v̄2

g1}
2
2 ´ ε}g1}

2
2

ı

` ε}g1}
2
2 ` }g2}

2
2

“
1´ f 12pv̄1q

1´ f 12pv̄2q
}pg1, g2q}

2
v̄2
`

„

1´
1´ f 12pv̄1q

1´ f 12pv̄2q

j

`

ε }g1}
2
2 ` }g2}

2
2

˘

ď

ˆ

1` 2
| f 12pv̄1q ´ f 12pv̄2q|

1´ f 12pv̄2q

˙

}pg1, g2q}
2
v̄2

ď

´

1`
?

5 | f 1pv̄1q ´ f 1pv̄2q|

¯

}pg1, g2q}
2
v̄2

ď

´

1`
?

5 C f ,I |v̄1 ´ v̄2|

¯

}pg1, g2q}
2
v̄2
ď e

?
5 C f ,I |v̄1´v̄2| }pg1, g2q}

2
v̄2
.

Since W1
0,CpIq XW2

C
pIq is a core for A1{2

v̄1
and A1{2

v̄2
, it follows that

}pg1, g2q}
2
v̄1
ď e

?
5 C f ,I |v̄1´v̄2| }pg1, g2q}

2
v̄2

for all pg1, g2q P X. Hence the statement follows by using part (i) and Theorem 8.6.4.
‘(iii)’: First, it follows that S is a densely-defined linear operator in X and

}pg1, g2q}
2
S “ }A

1{2g1}
2
2 ` }Ag1}

2
2 ` }g2}

2
2 ` }A

1{2g2}
2
2

for all pg1, g2q P Y . Further, if pg11, g21q, pg12, g22q, . . . is a Cauchy sequence in
pY, } }Sq, the closedness of A1{2 implies the existence of g2, h P W1

0,CpIq such that

lim
νÑ8

}g2ν ´ g2}2 “ 0 , lim
νÑ8

}A1{2g2ν ´ A1{2g2}2 “ 0 ,

lim
νÑ8

}A1{2g1ν ´ h}2 “ 0 , lim
νÑ8

}Ag1ν ´ A1{2h}2 “ 0 .
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Further, since A is bijective, it follows that

lim
νÑ8

}g1ν ´ g1}2 “ 0 , lim
νÑ8

}A1{2g1ν ´ A1{2g1}2 “ 0 , lim
νÑ8

}Ag1ν ´ Ag1}2 “ 0 ,

where

g1 :“ A´1A1{2h “ pA1{2
q
´1
pA1{2

q
´1A1{2h “ pA1{2

q
´1h P W1

0,CpIq XW2
C
pIq ,

and hence that pg1, g2q P Y as well as that

lim
νÑ8

}pg1ν, g2νq ´ pg1, g2q}S “ 0 .

Hence pY, } }Sq is complete and therefore S is closed.
‘(iv)’: For this, let v̄ P p´1, 1q. Then

Gv̄pg1, g2q “ p´g2, pAv̄ `Cv̄q g1 ` iBv̄g2q

“ p´g2,
“

´p1´ f 12pv̄qqD2˚
I ` ε´ f 2pv̄qD1˚

I ` Upv̄q ´ ε
‰

g1

` ip´2iq f 1pv̄qD1˚
I g2q

“ p´g2,
“

p1´ f 12pv̄qq A´ f 2pv̄qD1˚
I ` Upv̄q ´ ε p1´ f 12pv̄qq

‰

g1

` 2 f 1pv̄qD1˚
I g2q

for all pg1, g2q P Y . Hence it follows by using Lemma 10.1.4 (iii) that

}Gv̄pg1, g2q}
2
2 “ }A

1{2g2}
2
2

`
›

›

“

p1´ f 12pv̄qq A´ f 2pv̄qD1˚
I `Upv̄q ´ ε p1´ f 12pv̄qq

‰

g1` 2 f 1pv̄qD1˚
I g2

›

›

2
2

ď }A1{2g2}
2
2 ` 5

”

|1´ f 12pv̄q|2 }Ag1}
2
2 ` | f

2
pv̄q|2 }A1{2g1}

2
2 ` }Upv̄q}

2
8 }g1}

2
2

`ε2
|1´ f 12pv̄q|2 }g1}

2
2 ` 4 | f 1pv̄q|2 }A1{2g2}

2
2

ı

“ 5 | f 2pv̄q|2 }A1{2g1}
2
2 ` 5 |1´ f 12pv̄q|2 }Ag1}

2
2 ` p1` 20 | f 1pv̄q|2q }A1{2g2}

2
2

`
“

}Upv̄q}2
8 ` ε2

|1´ f 12pv̄q|2
‰

}g1}
2
2

ď

”

5 | f 2pv̄q|2 `
`

}Upv̄q}2
8 ` ε2

|1´ f 12pv̄q|2
˘

}pA1{2
q
´1
}

ı

}A1{2g1}
2
2

` 5 |1´ f 12pv̄q|2 }Ag1}
2
2 ` p1` 20 | f 1pv̄q|2q }A1{2g2}

2
2 ď C2

pv̄q }pg1, g2q}
2
S

for all pg1, g2q P Y where

Cpv̄q :“
´

maxt5 | f 2pv̄q|2 `
`

}Upv̄q}2
8 ` ε2

|1´ f 12pv̄q|2
˘

}pA1{2
q
´1
},

5 |1´ f 12pv̄q|2, 1` 20 | f 1pv̄q|2u
¯1{2

.
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Further, let v̄1, v̄2 P p´1, 1q and pg1, g2q P Y . Then

}Gv̄1pg1, g2q ´Gv̄2pg1, g2q}
2

“ }
“

p f 12pv̄2qq ´ f 12pv̄1qq A` p f 2pv̄2q ´ f 2pv̄1qqD1˚
I ` Upv̄1q ´ Upv̄2q

´ε p f 12pv̄2q ´ f 12pv̄1qq
‰

g1 ` 2p f 1pv̄1q ´ f 1pv̄2qqD1˚
I g2q}

2
2

ď 5 | f 12pv̄2qq ´ f 12pv̄1q|
2
}Ag1}

2
2 ` 5 | f 2pv̄2q ´ f 2pv̄1q|

2
}A1{2g1}

2
2

` 5
“

}Upv̄1q ´ Upv̄2q}
2
8 ` ε2

| f 12pv̄2q ´ f 12pv̄1q|
2‰
}g1}

2
2

` 20 | f 1pv̄1q ´ f 1pv̄2q|
2
}A1{2g2}

2
2

ď 5 }pg1, g2q}
2
S

“

| f 12pv̄2qq ´ f 12pv̄1q|
2
` | f 2pv̄2q ´ f 2pv̄1q|

2

`
“

}Upv̄1q ´ Upv̄2q}
2
8 ` ε2

| f 12pv̄2q ´ f 12pv̄1q|
2‰
}pA1{2

q
´1
}

`4 | f 1pv̄1q ´ f 1pv̄2q|
2‰ .

‘(v)’: By (10.1.18), it follows that

}Bpv̄qpg1, g2q} “ }p0, pA1{2Upv̄qA´1{2
´ Upv̄qqg1}

“ }pA1{2Upv̄qA´1{2
´ Upv̄qqg1}2 ď

”

4}Upv̄q}8 ` ε´1{2
}rUpv̄qs 1}8

ı

}g1}2

ď }A´1{2
}

”

4}Upv̄q}8 ` ε´1{2
}rUpv̄qs 1}8

ı

}A1{2g1}2

ď }A´1{2
}

”

4}Upv̄q}8 ` ε´1{2
}rUpv̄qs 1}8

ı

}pg1, g2q}

and

}Bpv̄1qpg1, g2q ´ Bpv̄2qpg1, g2q}

ď }A´1{2
}

”

4 }Upv̄1q ´ Upv̄2q}8 ` ε´1{2
}rUpv̄1qs

1
´ rUpv̄2qs

1
}8

ı

}pg1, g2q}

for all pg1, g2q P X and v̄, v̄1, v̄2 P p´1, 1q. Further,

S Gv̄pg1, g2q

“ S p´g2,
“

p1´ f 12pv̄qq A´ f 2pv̄qD1˚
I ` Upv̄q ´ ε p1´ f 12pv̄qq

‰

g1

` 2 f 1pv̄qD1˚
I g2q

“

´

´A1{2g2,
”

p1´ f 12pv̄qq A1{2A´ f 2pv̄q A1{2D1˚
I ` A1{2Upv̄q

´ε p1´ f 12pv̄qqA1{2
ı

g1 ` 2 f 1pv̄q A1{2D1˚
I g2

¯

“

´

´A1{2g2,
”

p1´ f 12pv̄qq A´ f 2pv̄qD1˚
I ` A1{2Upv̄qA´1{2

´ε p1´ f 12pv̄qq
‰

A1{2g1 ` 2 f 1pv̄qD1˚
I A1{2g2

¯
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“

´

´A1{2g2,
“

p1´ f 12pv̄qq A´ f 2pv̄qD1˚
I ` Upv̄q

´ε p1´ f 12pv̄qq
‰

A1{2g1 ` 2 f 1pv̄qD1˚
I A1{2g2

¯

` p0, rA1{2Upv̄qA´1{2
´ Upv̄qsA1{2g1q “ pGv̄ ` Bpv̄qqS pg1, g2q

for all pg1, g2q P D̃ and v̄ P p´1, 1q. Further, let v̄ P p´1, 1q. According to
Theorem 6.1.1, the restriction of Gv̄ in domain to DpG2

v̄q and in image to Y is the
infinitesimal generator of a strongly continuous semigroup. Hence there is λ ă 0
such that

pGv̄ ´ λqDpG2
v̄q “ Y .

In the following, it will be shown that

DpG2
v̄q “ D̃ .

First, remembering that

Y “ DpAq ˆ DpA1{2
q “

`

W1
0,CpIq XW2

C
pIq

˘

ˆW1
0,CpIq ,

it follows that

Gv̄pg1, g2q “ p´g2,
“

p1´ f 12pv̄qq A´ f 2pv̄qD1˚
I ` Upv̄q ´ ε p1´ f 12pv̄qq

‰

g1

` 2 f 1pv̄qD1˚
I g2q P Y

for all pg1, g2q P D̃ “ DpA3{2q ˆ DpAq and hence that

D̃ Ă DpG2
v̄q .

On the other hand, if ph1, h2q P Y and pg1, g2q P Y is such that

pGv̄ ´ λqpg1, g2q “ p´g2 ´ λg1,
“

p1´ f 12pv̄qq A´ f 2pv̄qD1˚
I ` Upv̄q

´ε p1´ f 12pv̄qq
‰

g1 ` 2 f 1pv̄qD1˚
I g2 ´ λg2q “ ph1, h2q ,

then
g2 “ ´ph1 ` λg1q P DpAq

and

p1´ f 12pv̄qq
ˆ

A´ ε`
λ2

1´ f 12pv̄q

˙

g1

“ h2 ` 2 f 1pv̄qD1˚
I h1 ´ λh1 ` f 2pv̄qD1˚

I g1 ´ Upv̄qg1 ` 2λ f 1pv̄qg1 P DpA1{2
q

and hence g1 P DpA3{2q. Therefore pg1, g2q P D̃ and

D̃ Ą DpG2
v̄q .

‘(vi)’: The statement (vi) is an immediate consequence of Theorem 9.0.6 and the
statements (i)-(v). [\
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10.2 Non-Autonomous Linear Hermitian Hyperbolic Systems

In the following, we consider the solutions of the system

Bu
Bt
pt, xq `

n
ÿ

j“1

Aj
pt, xq ¨

Bu
Bx j pt, xq `

n
ÿ

j“1

Bj
pt, xq ¨ upt, xq “ 0

for t P R, x P Rn, Cp-valued u, A1, . . . , An assuming values in the set of Hermitian
p ˆ p-matrices and C

p-valued f where p P N
˚, ¨ denotes matrix multiplication

and partial differentiation is to be interpreted component-wise.2 The main sources
for this section are the papers [107, 109]. Here these results are ‘adapted’ to the
late Kato’s most recent approach to abstract quasi-linear evolution equations [114]
given in this second part of the notes. For additional material on initial boundary
value problems for non-autonomous linear symmetric hyperbolic systems see, for
instance, [158, 161, 177, 193, 194].

Lemma 10.2.1. (A commutator estimate) Let n P N˚, a P C1pRn,Cq such that a,
a,1, . . . , a,n are bounded and b P C2pRn,Cq such that b, b, j, b, jk are bounded for all
j, k, l P t1, . . . , nu. Further, for every complex-valued function g which is a.e. defined
on Rn and measurable, we denote by Tg the corresponding maximal multiplication
operator in L2

C
pRnq. In addition, let F2 : L2

C
pRnq Ñ L2

C
pRnq be the unitary Fourier

transformation determined by

pF2 f qpxq :“ p2πq´n{2
ż

Rn
e´ixy f pyq dy

for all x P Rn, for every f P C80 pR
n,Cq. Finally, we denote for every j P t1, . . . , nu

by p j the projection of Rn onto the j-th coordinate.

(i) For every j P t1, . . . , nu and f P W2
C
pRnq

p´�` 1q1{2B j f “ B j
p´�` 1q1{2 f .

(ii) For every f P W1
C
pRnq, g P L2

C
pRnq

p´�` λq´1
B

j f “ B j
p´�` λq´1 f , }B j

p´�` λq´1g}2 ď
1

2
?
λ
}g}2 .

(iii) For every f P W2
C
pRnq,

Tbp´�q f ´ p´�qTb f “ 2
n
ÿ

j“1

B
jb, j f ´

˜

n
ÿ

j“1

b, j j

¸

f .

2 The elements of Cp are considered as column vectors.
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(iv) For every f P L2
C
pRnq,

}p´�` 1q1{2 Ta r p´�` 1q1{2 s´1 f }2 ď Cnpaq } f }2 (10.2.1)

where

Cnpaq :“ p2n` 1q }a}8 `
n
ÿ

j“1

}a, j}8 .

(v) In addition, let j P t1, . . . , nu. Then
´

p0,8q Ñ L2
C
pR

n, λ ÞÑ λ1{2
B

j
p´�` λ` 1q´2 f

¯

is weakly summable and
ż 8

0
λ1{2

B
j
p´�` λ` 1q´2 f dλ

“

ˆ
ż 8

0

λ1{2

pλ` 1q2
dλ

˙

F´1
2 Ti pj¨p| |

2`1q´1{2 F2 f (10.2.2)

for every f P L2
C
pRnq.

(vi) There is K ě 0 such that for every h P BCpRn,Cq X LippR,Cq and every C ě 0
such that | hpxq ´ hpyq | ď C | x´ y | for all x, y P Rn

}Thp´�` λq´1
´ p´�` λq´1Th} ď

KC
λ3{2

.

(vii)

}Tbp´�` 1q1{2 ´ p´�` 1q1{2Tb}

ď
2
π

˜

n
ÿ

j“1

r 2 }b, j}8 ` }b, j j}8s ` K
n
ÿ

j,k“1

}b, jk}8

¸

.

Proof. For this, note that F2Wk
C
pRnq coincides with the domain of the maximal mul-

tiplication operator in L2
C
pRnq by p1` | |2qk{2 for every k P N.

‘(i)’: Let j P t1, . . . , nu and f P W2
C
pRnq. Then

p´�` 1q1{2B j f “ iF´1
2 Tp1`| |2q1{2 F2F´1

2 Tpj F2 f “ iF´1
2 Tpjp1`| |2q1{2 F2

“ iF´1
2 Tpj F2F´1

2 Tp1`| |2q1{2 F2 f “ B j
p´�` 1q1{2 f .

‘(ii)’: For this, let λ ą 0 and j P t1, . . . , nu. Then

}B
j
p´�` λq´1g}2 “ } iF´1

2 Tpj F2F´1
2 T p | |2`λq´1 F2g}2 “ }Tpj¨p | |

2`λq´1 F2g}2

ď }p j ¨ p | |
2
` λq´1

}8 }g}2 ď
1

2
?
λ
}g}2
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for every g P L2
C
pRnq. Finally,

p´�` λq´1
B

j f “ iF´1
2 Tpjp1`| |2q1{2 F2 f “ B j

p´�` λq´1 f

for every f P W1
C
pRnq.

‘(iii)’: For this, let f P W2
C
pRnq. Then

�Tb f “
n
ÿ

j“1

B
j
B

jb f “ 2
n
ÿ

j“1

B
jb, j f `

n
ÿ

j“1

B
j
pb B j f ´ b, j f q

“ Tb � f ` 2
n
ÿ

j“1

B
jb, j f ´

˜

n
ÿ

j“1

b, j j

¸

f

‘(iv)’: It follows for j P t1, . . . , nu and f P W1
C
pRnq that

}p´�q1{2 f }2 “ }F2p´�q1{2 f }2 “ } | | F2 f }2 ď }

n
ÿ

j“1

|p j| F2 f }2 ď

n
ÿ

j“1

}|p j| F2 f }2

“

n
ÿ

j“1

}p j F2 f }2 “

n
ÿ

j“1

}F2 B
j f }2 “

n
ÿ

j“1

}B
j f }2 (10.2.3)

and

}B
j f }2 “ }F2 B

j f }2 “ }p jF2 f }2 “ }|p j|F2 f }2 ď } | | F2 f }2 (10.2.4)

“ }p´�q1{2 f }2 .

Further, by using Lemma 10.1.1, (10.1.13) and a f P W1
C
pRnq, it follows that

}p´�` 1q1{2 Ta f }2 ď }p´�q1{2 a f }2 ` }a f }2 ď

n
ÿ

j“1

}B
ja f }2 ` }a}8 } f }2

ď

n
ÿ

j“1

}a, j f ` a B j f }2 ` }a}8 } f }2 ď

n
ÿ

j“1

}a, j f }2 `

n
ÿ

j“1

}a B j f }2 ` }a}8 } f }2

ď r }a}8 `
n
ÿ

j“1

}a, j}8 s } f }2 ` }a}8
n
ÿ

j“1

}B
j f }2 ď r }a}8 `

n
ÿ

j“1

}a, j}8 s } f }2

` n}a}8 }p´�q1{2 f }2 ď r pn` 1q }a}8 `
n
ÿ

j“1

}a, j}8 s } f }2

` n}a}8 }p´�` 1q1{2 f }2 ď r p2n` 1q }a}8 `
n
ÿ

j“1

}a, j}8 s ¨ }p´�` 1q1{2 f }2

and hence, finally, (10.2.1).
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‘(v)’: First, it follows for λ1, λ2 ą 0, f P L2
C
pRnq that

}B
j
p´�` λ1 ` 1q´1 f ´ B j

p´�` λ2 ` 1q´1 f }2

“ |λ1 ´ λ2| ¨ }B
j
p´�` λ1 ` 1q´1

p´�` λ2 ` 1q´1 f }2

ď |λ1 ´ λ2| ¨ }Tpj¨p| |
2`λ1`1q´1} ¨ }p´�` λ2 ` 1q´1

} ¨ } f }2

ď
|λ1 ´ λ2|

2pλ2 ` 1q
?
λ1 ` 1

} f }2

and hence the strong continuity of
`

p0,8q Ñ LpL2
C
pR

n
q, L2

C
pR

n
qq, λ ÞÑ B

j
p´�` λ` 1q´1˘

and therefore by Lemma 8.1.1 (ii) also the strong continuity of

h :“
´

p0,8q Ñ LpL2
C
pR

n
q, L2

C
pR

n
qq, λ ÞÑ λ1{2

B
j
p´�` λ` 1q´2

¯

.

Further, it follows for f , g P L2
C
pRnq and λ ą 0 that

x f |hpλqgy “ iλ1{2
xF2 f | p j ¨ p | |

2
` λ` 1q´2F2gy

“

ż

Rn

iλ1{2k j

p |k|2 ` λ` 1q2
pF2 f q˚pkqpF2gqpkq dk .

In addition, by change of variables

ż 8

0

λ1{2 |k j|

p |k|2 ` λ` 1q2
¨ |pF2 f qpkq| ¨ |pF2gqpkq| dλ

“

ˆ
ż 8

0

λ1{2

pλ` 1q2
dλ

˙

|k j|

p |k|2 ` 1q1{2
¨ |pF2 f qpkq| ¨ |pF2gqpkq|

for almost all k P Rn. Since
ˆ

DpF2 f q X DpF2gq Ñ R, k ÞÑ
|k j|

p |k|2 ` 1q1{2
¨ |pF2 f qpkq| ¨ |pF2gqpkq|

˙

is summable, it follows by Tonelli’s theorem the summability of
˜

p0,8q ˆ DpF2 f q X DpF2gq Ñ C, pλ, kq ÞÑ

iλ1{2k j

p |k|2 ` λ` 1q2
¨ pF2 f q˚pkq ¨ pF2gqpkq

¸

and therefore by Fubini’s theorem and change of variables the summability of

pp0,8q Ñ C, λ ÞÑ x f |hpλqgyq



10.2 Non-Autonomous Linear Hermitian Hyperbolic Systems 203

and
ż 8

0
x f |hpλqgy dλ “

ˆ
ż 8

0

λ1{2

pλ` 1q2
dλ

˙
ż

Rn

ik j

p |k|2 ` 1q1{2
¨ pF2 f q˚pkq ¨ pF2gqpkq dk

“

ˆ
ż 8

0

λ1{2

pλ` 1q2
dλ

˙

x f | F´1
2 Ti pj¨p| |

2`1q´1{2 F2gy .

Finally, since pX, x | yq is reflexive, from this follows by Theorem 3.2.2 the weak
integrability of

`

p0,8q Ñ L2
C
pR

n
q, λ ÞÑ hpλq f

˘

and (10.2.2).
‘(vi)’: In a first step, we find a representation of the operator p´� ` λq´1 where
λ ą 0. In this, we consider the cases n “ 1, n “ 3 and n P R˚zt1, 3u. For n “ 1, we
define B1λ : R˚ Ñ R by

B1λpxq :“
1

2
?
λ

e´
?
λ |x|

for every x P R˚. Then

pF1B1λqpkq “ 2λ´1{2
ż 8

´8

expp´pikx`
?
λ |x| q q dx

“ 2´1λ´1{2
ż 8

0
expp´pik `

?
λ q xq dx

` 2´1λ´1{2
ż 8

0
expp´p´ik `

?
λ q xq dx

“ 2´1λ´1{2 1

ik `
?
λ
` 2´1λ´1{2 1

´ik `
?
λ
“

1
k2 ` λ

for every k P R. For n “ 3, we define B3λ : R3zt0u Ñ R by

B3λpxq :“
1

4π
e´
?
λ |x|

|x|

for every x P R3zt0u. The calculation in this case employs change of variables to
spherical coordinates, r P p0,8q, θ P p0, πq, φ P p´π, πq. Then

pF1B3λqp0, 0, |k|q

“ p4πq´1
ż

p0,8qˆp´π,πqˆp0,πq
expp´i |k| r cospθqq expp´

?
λrq r sinpθq dr dϕ dθ

“
1

2i|k|

ż 8

0
rexpp´p´i|k| `

?
λ q rq ´ expp´pi |k| `

?
λ q rqs dr

“
1

2i|k|

«

1

´i|k| `
?
λ
´

1

i|k| `
?
λ

ff

“
1

|k|2 ` λ
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for every k P R3zt0u and hence it follows because of the spherical symmetry and
continuity of the Fourier transform that

pF1B3λqpkq “
1

|k|2 ` λ

for every k P R3. The calculation in the remaining cases n P N˚zt1, 3u uses the facts
that

F2 ε
´n expp´| |2{p2ε2

qq “ expp´ε2
| |

2
{2q ,

where ε ą 0, as well as that
ż

R

e´αpx`iβq2
dx “

ż

R

e´αx2
dx “

´π

α

¯1{2

for all α ą 0 and β P R. Then

1
|k|2 ` λ

expp´ε2
|k|2{2q “ expp´ε2

|k|2{2q
ż 8

0
e´p|k|

2`λq t dt

“

ż 8

0
e´λ te´rt`pε

2{2qs |k|2 dt

for every k P Rn. Since p | |2 ` λq´1 expp´ε2| |2{2q P L1
C
pRnq X L2

C
pRnq, it follows

by Fubini’s theorem

rF´1
2 p | |

2
` λq´1 expp´ε2

p | |
2
` λq{2qspxq

“ p2πq´n{2 expp´λ ε2
{2q

ż 8

0
e´λ t

„
ż

Rn
eixke´rt`pε

2{2qs |k|2 dk
j

dt

“ p2πq´n{2 expp´λ ε2
{2q

ż 8

0
e´λ t

«

ż

Rn
exp

˜

´rt`pε2
{2qs

ˆ

k´
i

2rt`pε2{2qs
x
˙2

¸

exp
ˆ

´
x2

4rt`pε2{2qs

˙

dk

ff

dt

“ 2´n{2 expp´λ ε2
{2q

ż 8

0

`

t ` pε2
{2q

˘´n{2
exp

ˆ

´λ t ´
x2

4rt ` pε2{2qs

˙

dt

“ 2´n{2
ż 8

ε2{2
t´n{2 exp

ˆ

´λ t ´
x2

4t

˙

dt (10.2.5)

for every x P Rn where we used that

h :“ pp0,8q ˆ R
n
Ñ C, pt, kq ÞÑ expp´λ t ` ixk ´ rt ` pε2

{2qs |k|2qq

is summable since h is continuous and hence measurable and that |h| is majorized by
the summable function

pp0,8q ˆ R
n
Ñ R, pt, kq ÞÑ expp´λ t ´ pε2

{2q |k|2qq .

We define Bnλ : Rnzt0u Ñ R by

Bnλpxq :“
1

p4πqn{2

ż 8

0
t´n{2 exp

ˆ

´λ t ´
x2

4t

˙

dt



10.2 Non-Autonomous Linear Hermitian Hyperbolic Systems 205

for all x P Rnzt0u. Note that

Bnλpxq “
1

p4πqn{2

ż 8

´8

e p
n
2´1q τ exp

ˆ

´

„

x2

4
eτ ` λ e´τ

j˙

dτ

“
1

p4πqn{2

ż 8

´8

e p
n
2´1q τ exp

ˆ

´|x|
?
λ cosh

„

τ` ln
ˆ

|x|

2
?
λ

˙j˙

dτ

“
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´ n
2
ż 8

´8

e p
n
2´1q u expp´|x|

?
λ coshpuqq du

“
2

p4πqn{2

ˆ

|x|

2
?
λ

˙1´ n
2

K n
2´1p

?
λ |x| q

for all x P Rnzt0u where the modified Bessel function Kpn{2q´1 is defined according
to [1]. 3 Further, it follows for every x P Rnzt0u that

Bnλpxq “
1

p4πqn{2

ż 8

0
t´n{2 exp

ˆ

´λ t ´
x2

4t

˙

dt

“
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q ż 8

0
τ´n{2 exp

˜

´
|x|
?
λ

2

ˆ

τ`
1
τ

˙

¸

dτ

“
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q
«

ż 1

0
τ´n{2 exp

˜

´
|x|
?
λ

2

ˆ

τ`
1
τ

˙

¸

dτ

`

ż 8

1
τ´n{2 exp

˜

´
|x|
?
λ

2

ˆ

τ`
1
τ

˙

¸

dτ

ff

“
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q ż 8

0
τ´n{2 exp

˜

´
|x|
?
λ

2

ˆ

τ`
1
τ

˙

¸

dτ

“
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q
«

ż 8

1
upn{2q´2 exp

˜

´
|x|
?
λ

2

ˆ

u`
1
u

˙

¸

du

`

ż 8

1
τ´n{2 exp

˜

´
|x|
?
λ

2

ˆ

τ`
1
τ

˙

¸

dτ

ff

ď
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q
«

ż 8

1
upn{2q´2 exp

˜

´
|x|
?
λ

2
u

¸

du

`

ż 8

1
τ´n{2 exp

˜

´
|x|
?
λ

2
τ

¸

dτ

ff

3 See [1] formula 9.6.24.
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ď
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q

expp´|x|
?
λ{2q

«

ż 8

1
upn{2q´2 exp

˜

´
|x|
?
λ

2
pu´ 1q

¸

du`
2

|x|
?
λ

ff

and hence in the case n “ 2 that

B2λpxq ď
1

4π
expp´|x|

?
λ{2q

«

ż 8

1
exp

˜

´
|x|
?
λ

2
pu´ 1q

¸

du`
2

|x|
?
λ

ff

“
1
π

1

|x|
?
λ

expp´|x|
?
λ{2q ,

whereas it follows in the case n ‰ 2 that

Bnλpxq ď
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q

expp´|x|
?
λ{2q

¨

«

ż 8

0
py` 1qpn{2q´2 exp

˜

´
|x|
?
λ

2
y

¸

dy`
2

|x|
?
λ

ff

ď
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q

expp´|x|
?
λ{2q

¨

«

ż 8

0
ypn{2q´2 exp

˜

´
|x|
?
λ

2
y

¸

dy`
2

|x|
?
λ

ff

“
1

p4πqn{2

ˆ

|x|

2
?
λ

˙1´pn{2q

expp´|x|
?
λ{2q

«

Γppn{2q ´ 1q

p |x|
?
λ{2 qpn{2q´1

`
2

|x|
?
λ

ff

“
1

p4πqn{2
expp´|x|

?
λ{2q

«

Γppn{2q ´ 1q
ˆ

|x|
2

˙2´n

`
1
λ

ˆ

|x|

2
?
λ

˙´pn{2q
ff

.

As a consequence, hn P L1
C
pRnq. Further, it follows for every x P Rnzt0u that

ż

Rn

ˇ

ˇ

ˇ

ˇ

p4πq´n{2
ż 8

ε2{2
t´n{2 exp

ˆ

´λ t ´
x2

4t

˙

dt ´ Bnpxq
ˇ

ˇ

ˇ

ˇ

dx

“ p4πq´n{2
ż

Rn

«

ż ε2{2

0
t´n{2 exp

ˆ

´λ t ´
x2

4t

˙

dt

ff

dx

“

ż ε2{2

0
exp p´λ tq dt “

1
λ

“

1´ expp´λε2
{2q

‰

.

Note that in this Fubini’s theorem can been applied since the continuous and hence
measurable function pp0, ε2{2qˆRn, pt, xq ÞÑ t´n{2 expp´λ t´px2{p4tqqq is integrable
by Tonelli’s theorem. Finally, since

lim
εÑ0

} expp´ε2
p | |

2
` λq{2q ´ χ

Rn }8 “ 0 ,
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it follows from (10.2.5) that

pF1Bnλqpkq “
1

|k|2 ` λ
.

for every k P Rn. In the following, we drop additional restrictions of n. We note that
it follows by a standard criterion for integral operators 4 that for every G P L1

C
pRnq by

Int (G) f :“ G ˚ f

for every f P L1
C
pRnq there is given a bounded linear operator Int (G) of norm equal

or smaller than }G}1. The representation of the operator p´�` λq´1 follows by the
convolution theorem for elements of L1

C
pRnq. For this, let f P L1

C
pRnq X L2

C
pRnq.

Then

p´�` λq´1 f “ F´1
2

1
| |2 ` λ

F2 f “ p2πq´n{2 F´1
2

1
| |2 ` λ

F1 f

“ p2πq´n{2 F´1
2 F1pBnλ ˚ f q “ Bnλ ˚ f .

Since L1
C
pRnq X L2

C
pRnq is dense in L2

C
pRnq, from this it follows that

p´�` λq´1 f “ Bnλ ˚ f

for all f P L2
C
pRnq. We note that

Bnλpλ
´1{2 xq “ λ

n
2´1Bn1pxq

for all λ ą 0 and x P R
n. For the cases n “ 1, 3, this is obvious. For the cases

n P N˚zt1, 3u, this follows from

Bnλpλ
´1{2 xq “

1
p4πqn{2

ż 8

0
t´n{2 exp

ˆ

´λ t ´
x2

4λt

˙

dt

“
λ

n
2´1

p4πqn{2

ż 8

0
τ´n{2 exp

ˆ

´τ´
x2

4τ

˙

dτ “ λ
n
2´1Bn1pxq

for all λ ą 0 and x P Rn. Further, it follows for h P BCpRn,Cq for which there is
C ě 0 such that |hpxq ´ hpyq| ď C |x´ y| for all x, y P Rn and f P L2

C
pRnq that

` “

Thp´�` λq´1
´ p´�` λq´1Th

‰

f
˘

pxq

“

ż

Rn
Bnλpx´ yqphpxq ´ hpyqq f pyq dy

for every x, y P Rn and hence

}Thp´�` λq´1
´ p´�` λq´1Th} ď C

ż

Rn
|x| Bnλpxq dx

“ C λ
n
2´1

ż

Rn
|x| Bnλpλ

1{2 xq dx “ C λ´
3
2

ż

Rn
|x| Bn1pxq dx .

4 Sometimes referred to as ‘Schur’s Lemma’ (for integral operators). For instance, see the
Corollary of Theorem 6.24 in [216] or Theorem 6.18 in [68].
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Finally, note for future use that

´
1
π

ż 8

0
λ1{2Bnλpx´ yq dλ “ ´

1
π

ż 8

0
λ

n´1
2 Bn1pλ

1{2
px´ yqq dλ

“ ´
1
π

ż 8

0
λ

n´1
2 bnp λ

1{2
|x´ y| q dλ

“ ´
1
π

1
|x´ y|n`1

ż 8

0
λ̄

n´1
2 bnp λ̄

1{2
q dλ̄

“ ´
2
π

ˆ
ż 8

0
τnbnpτq dτ

˙

1
|x´ y|n`1

for all x, y P Rn such that x ‰ y where bn : p0,8q Ñ R is well-defined by bnp |x| q :“
Bn1pxq for all x P Rn.
‘(vii)’: For this, let f P W2

C
pRnq. By Lemma 10.1.3

p´�` 1q1{2 f “
1
π

ż 8

0
λ´1{2

p´�` λ` 1q´1
p´�` 1q f dλ

“
1
π

ż 8

0
λ´1{2

r f ´ λp´�` λ` 1q´1 f s dλ .

Further, since Tb P LpL2
C
pRnq, L2

C
pRnqq

rTbp´�` 1q1{2 ´ p´�` 1q1{2Tbs f

“ ´
1
π

ż 8

0
λ1{2

rTbp´�` λ` 1q´1 f ´ p´�` λ` 1q´1Tb f s dλ

“
1
π

ż 8

0
λ1{2

p´�` λ` 1q´1
p�Tb ´ Tb�qp´�` λ` 1q´1 f dλ

“
1
π

ż 8

0

n
ÿ

j“1

λ1{2
p´�` λ` 1q´1

pB
jTb, j ` Tb, jB

j
qp´�` λ` 1q´1 f dλ

“
1
π

ż 8

0

n
ÿ

j“1

λ1{2
p´�` λ` 1q´1

pTb, j j ` 2 Tb, jB
j
qp´�` λ` 1q´1 f dλ .

In addition, it follows for λ ą 0 that

2λ1{2
p´�` λ` 1q´1Tb, jB

j
p´�` λ` 1q´1 f

“ 2λ1{2 Tb, jp´�` λ` 1q´1
B

j
p´�` λ` 1q´1 f

` 2λ1{2
rp´�` λ` 1q´1Tb, j ´ Tb, jp´�` λ` 1q´1

sB
j
p´�` λ` 1q´1 f

and by (vi)

}2λ1{2
rp´�` λ` 1q´1Tb, j ´ Tb, jp´�` λ` 1q´1

sB
j
p´�` λ` 1q´1 f }2
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ď 2λ1{2K

˜

n
ÿ

k“1

}b, jk}8

¸

pλ` 1q´3{2 2´1
pλ` 1q´1{2

} f }2

ď K

˜

n
ÿ

k“1

}b, jk}8

¸

pλ` 1q´3{2
} f }2

}λ1{2
p´�` λ` 1q´1Tb, j jp´�` λ` 1q´1 f }2

ď }b, j j}8 } f }2 λ
1{2
pλ` 1q´2

and hence by (v)

}rTbp´�` 1q1{2 ´ p´�` 1q1{2Tbs f }2

ď
2
π

˜

n
ÿ

j“1

r 2 }b, j}8 ` }b, j j}8s ` K
n
ÿ

j,k“1

}b, jk}8

¸

} f }2 .

From this follows (vi), since W2
C
pRnq is dense in pW1

C
pRnq,~ ~1q and Tb, p´�`1q1{2

define continuous operators from pW1
C
pRnq,~ ~1q to L2

C
pRnq.

[\

Theorem 10.2.2. Let n, p P N˚, X :“ pL2
C
pRnqqp, Y :“ pW1

C
pRnqqp,

S :“
p

ą

j“1

p´�` 1q1{2

and J be a non-empty open interval of R. Further, let I be some closed subinterval of
J, lpIq ě 0 be the length of I, A1, . . . , An : J ˆ R

n Ñ Mpp ˆ p,Cq, B : J ˆ R
n Ñ

Mppˆ p,Cq such that Ajpt, xq is Hermitian for all pt, xq P J ˆ Rn and j P t1, . . . , nu
as well as such that

a) For all j P t1, . . . , nu, k, l P t1, . . . , pu and t P I: Aj
klpt, ¨q P C2pRn,Cq such that

all partial derivatives from zeroth up to second order, inclusively, are bounded.
Bklpt, ¨q P C1pRn,Cq such that all partial derivatives from zeroth up to first order,
inclusively, are bounded.

b) For all j P t1, . . . , nu, k, l P t1, . . . , pu, m P t1, . . . , nu: The restrictions of Aj
kl,m,

Bkl to I ˆ R
n are bounded.

c) For all j,m1,m2 P t1, . . . , nu, k, l P t1, . . . , pu: Aj
kl, Aj

kl,m1
, Aj

kl,m1m2
, Bkl, Bkl,m are

continuously partially differentiable with respect to time with derivative defining
a bounded function on I ˆ R

n.

Note that here we associate the index 0 to ‘time’, i.e., the coordinate projection of
JˆRn onto the first coordinate and the indices 1, . . . , n to the coordinate projections
of Rn. Finally, for every complex-valued function g which is a.e. defined on Rn and
measurable, we denote by Tg the corresponding maximal multiplication operator in
L2
C
pRnq. Then
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(i) S is a densely-defined linear, self-adjoint and bijective operator in X. In particu-
lar,

n´1{2

˜

p
ÿ

k“1

~uk~
2
1

¸1{2

ď }u}Y ď p2n` 1q1{2
˜

p
ÿ

k“1

~uk~
2
1

¸1{2

(10.2.6)

for all u “ pu1, . . . , upq P Y .
(ii) For every t P I, by

pY Ñ X, u ÞÑ
n
ÿ

j“1

Aj
pt, ¨qB ju` Bpt, ¨qu q ,

there is defined a densely-defined linear and quasi-accretive operator in X with
bound

´
1
2

n
ÿ

j“1

˜

p
ÿ

k,l“1

}Aj
kl, jpt, ¨q}

2
8

¸1{2

´

˜

p
ÿ

k,l“1

}Bklpt, ¨q}2
8

¸1{2

(10.2.7)

whose closure Aptq is the infinitesimal generator of a strongly continuous group
on X.

(iii) pAptqqtPI is a stable family of infinitesimal generators of strongly continuous
semigroups on X with constants

µI :“
1
2

$

&

%

n
ÿ

j“1

˜

p
ÿ

k,l“1

} Aj
kl, j|IˆRn }

2
8

¸1{2

`

˜

p
ÿ

k,l“1

} Bkl|IˆRn }
2
8

¸1{2
,

.

-

, 1 .

(iv) For every t P I,
Aptq|Y P LppY, } }Sq, Xq . (10.2.8)

Further,
A :“ pI Ñ LppY, } }Sq, Xq, t ÞÑ Aptq|Yq

is continuous.
(v) Define for every t P I

B0ptqu :“
˜

n
ÿ

j“1

p
ÿ

l“1

r p´�` 1q1{2TAj
1lpt,¨q

´ TAj
1lpt,¨q

p´�` 1q1{2 s B j
p´�` 1q´1{2ul

`

p
ÿ

l“1

r p´�` 1q1{2TB1lpt,¨qp´�` 1q´1{2
´ TB1lpt,¨q s ul, . . . ,

n
ÿ

j“1

p
ÿ

l“1

r p´�` 1q1{2TAj
plpt,¨q

´ TAj
plpt,¨q

p´�` 1q1{2 s B j
p´�` 1q´1{2ul
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`

p
ÿ

l“1

r p´�` 1q1{2TBplpt,¨qp´�` 1q´1{2
´ TBplpt,¨q s ul

¸

P X

for every u “ pu1, . . . , ulq P Y . Then

S Aptqu “ pAptq ` B0ptqqS u

for all u P D̃ :“ pW2
C
pRnqqp. Further, B0ptq has an extension to an element

of LpX, Xq which we denote by Bptq and B :“ pI Ñ LpX, Xq, t ÞÑ Bptqq P
CpI, LpX, Xqq. Finally, for every t P I, there is λ ă 0 such that

pAptq ` Bptq ´ λqS D̃

is dense in X.
(vi) Assume that Y is equipped with } }S . Then there is a unique Y{X-evolution op-

erator U P C˚p�pIq, LpX, Xqq for A.

Proof. ‘(i)’: Obviously, S is a densely-defined linear, self-adjoint operator in X as
direct sum of the densely-defined linear and self-adjoint operator p´�`1q1{2 opera-
tor in L2

C
pRnq. Also is S bijective as a consequence of the bijectivity of p´�` 1q1{2.

In particular, it follows by Lemma 10.1.1, (10.1.13), (10.2.3) that

}S u}2
X “

p
ÿ

k“1

}p´�` 1q1{2uk}
2
2 ď 2 }u}2

X ` 2
p
ÿ

k“1

}p´�q1{2uk}
2
2

ď 2 }u}2
X ` 2

p
ÿ

k“1

˜

n
ÿ

j“1

}B
juk}2

¸2

ď 2 }u}2
X ` 2n

p
ÿ

k“1

n
ÿ

j“1

}B
juk}

2
2

ď 2n
p
ÿ

k“1

~uk~
2
1

for all u “ pu1, . . . , upq P Y . Further, it follows for every f P W2
C
pRnq that

}p´�` 1q1{2 f }2
2 “ x f |p´�` 1q f y2 “ }p´�q

1{2 f }2
2 ` } f }2

2

and since W2
C
pRnq is dense in pW1

C
pRnq,~ ~1q that

}p´�` 1q1{2 f }2
2 “ }p´�q

1{2 f }2
2 ` } f }2

2 (10.2.9)

for all f P W1
C
pRnq. Using this along with (10.2.3), we conclude that

}S u}2
X ě

p
ÿ

k“1

}p´�q1{2uk}
2
2 ě

p
ÿ

k“1

}B
juk}

2
2

for every j P t1, . . . , nu and hence that

}u}2
Y “

1
n

n r }u}2
X ` }S u}2

X s ě
1
n

n
ÿ

j“1

p
ÿ

k“1

r }uk}
2
2 ` }B

juk}
2
2 s ě

1
n

p
ÿ

k“1

~uk~
2
1 .
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‘(ii)’: For this, let t P I. First, since Bklpt, ¨q are bounded for all k, l P t1, . . . , pu, it
follows for every u P X that

Bpt, ¨qu :“ t`
p
ÿ

l“1

B1lpt, ¨qul, . . . ,

p
ÿ

l“1

Bplpt, ¨qul
˘

P X

and

}Bpt, ¨qu}2
X “

p
ÿ

k“1

}

p
ÿ

l“1

Bklpt, ¨qul}
2
2 ď

p
ÿ

k“1

˜

p
ÿ

l“1

}Bklpt, ¨q}8}ul}2

¸2

ď

˜

p
ÿ

k,l“1

}Bklpt, ¨q}2
8

¸

}u}2
X .

Hence, obviously, it follows that by pX Ñ X, u ÞÑ Bpt, ¨quq there is given a bounded
linear operator Bpt, ¨q on X such that

}Bpt, ¨q} ď

˜

p
ÿ

k,l“1

}Bklpt, ¨q}2
8

¸1{2

.

Further, according to Corollary 5.5.3, by A0ptq :“ pY Ñ X, u ÞÑ
řn

j“1 Ajpt, ¨qB juq
there is defined a densely-defined, linear operator in X whose closure is the in-
finitesimal generator of a strongly continuous group on X. In addition, defining
Cptq P LpX, Xq by

Cptqu :“
1
2

n
ÿ

j“1

Aj
, jpt, ¨qu

for every u P X, it follows that

Re xu|A0ptq uyX “ Re xiu | ipA0ptq `CptqquyX ´ Re xu |CptquyX

“ ´
1
2

n
ÿ

j“1

Re xu | Aj
, jpt, ¨quyX

ě ´
1
2

n
ÿ

j“1

}Aj
, jpt, ¨qu}X }u}X

ě ´
1
2

n
ÿ

j“1

˜

p
ÿ

k,l“1

}Aj
kl, jpt, ¨q}

2
8

¸1{2

}u}2
X

for all u P Y and hence that A0ptq ` Bpt, ¨q is quasi-accretive with bound given by
(10.2.7).
‘(iii)’: The statement is a simple consequence of (ii), the boundedness of the re-
strictions of Aj

kl, A
j
kl,m, Bkl, k, l P t1, . . . , pu and j,m P t1, . . . , nu, to I ˆ R

n and
Lemma 8.6.4.
‘(iv)’: For this, let t P I. Then

}

n
ÿ

j“1

Aj
pt, ¨q B ju }2

X ď n
n
ÿ

j“1

}Aj
pt, ¨q B ju }2

X
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ď n
n
ÿ

j“1

˜

p
ÿ

k,l“1

}Aj
klpt, ¨q}

2
8

¸

}B
ju}2

X

ď n

˜

n
ÿ

j“1

p
ÿ

k,l“1

}Aj
klpt, ¨q}

2
8

¸

p
ÿ

k“1

~uk~
2
1

for every u P Y and hence by using the continuity of the inclusion of pY, } }Sq into X
the validity of (10.2.8). Further,

}

n
ÿ

j“1

Aj
pt2, ¨q B ju´

n
ÿ

j“1

Aj
pt1, ¨q B ju }2

X

ď n

˜

n
ÿ

j“1

p
ÿ

k,l“1

}Aj
klpt2, ¨q ´ Aj

klpt1, ¨q}
2
8

¸

p
ÿ

k“1

~uk~
2
1 ,

}Bpt2, ¨qu´ Bpt1, ¨qu}2
X ď

˜

p
ÿ

k,l“1

}Bklpt2, ¨q ´ Bklpt1, ¨q}2
8

¸

p
ÿ

k“1

~uk~
2
1 .

for all t1, t2 P I and u P Y . Since by the mean value theorem

}Aj
klpt2, ¨q ´ Aj

klpt1, ¨q}8 ď }A
j
kl,0|IˆRn }8 |t2 ´ t1| ,

}Bklpt2, ¨q ´ Bklpt1, ¨q}8 ď }Bkl,0|IˆRn }8 |t2 ´ t1| (10.2.10)

for all k, l P t1, . . . , pu, j P t1, . . . , nu, it follows also the continuity of A.
‘(v)’: For this, let t P I, u P D̃. Then S u P Y ,

Aptqu “

˜

n
ÿ

j“1

p
ÿ

l“1

Aj
1lpt, ¨q B

jul `

p
ÿ

l“1

B1lpt, ¨qul, . . . ,

n
ÿ

j“1

p
ÿ

l“1

Aj
plpt, ¨q B

jul `

p
ÿ

l“1

Bplpt, ¨qul

¸

P Y

and

pS Aptq ´ AptqS qu

“

˜

n
ÿ

j“1

p
ÿ

l“1

p´�` 1q1{2Aj
1lpt, ¨q B

jul `

p
ÿ

l“1

p´�` 1q1{2B1lpt, ¨qul, . . . ,

n
ÿ

j“1

p
ÿ

l“1

p´�` 1q1{2Aj
plpt, ¨q B

jul `

p
ÿ

l“1

p´�` 1q1{2Bplpt, ¨qul

¸

´

˜

n
ÿ

j“1

p
ÿ

l“1

Aj
1lpt, ¨q B

j
p´�` 1q1{2ul `

p
ÿ

l“1

B1lpt, ¨qp´�` 1q1{2ul, . . . ,

n
ÿ

j“1

p
ÿ

l“1

Aj
plpt, ¨q B

j
p´�` 1q1{2ul `

p
ÿ

l“1

Bplpt, ¨qp´�` 1q1{2ul

¸
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“

˜

n
ÿ

j“1

p
ÿ

l“1

r p´�` 1q1{2Aj
1lpt, ¨q ´ Aj

1lpt, ¨qp´�` 1q1{2 s B j
p´�` 1q´1{2

pS uql

`

p
ÿ

l“1

r p´�` 1q1{2B1lpt, ¨qp´�` 1q´1{2
´ B1lpt, ¨q spS uql, . . . ,

n
ÿ

j“1

p
ÿ

l“1

r p´�` 1q1{2Aj
plpt, ¨q ´ Aj

plpt, ¨qp´�` 1q1{2 s B j
p´�` 1q´1{2

pS uql

`

p
ÿ

l“1

r p´�` 1q1{2Bplpt, ¨qp´�` 1q´1{2
´ Bplpt, ¨q spS uql

¸

“ B0ptqS u .

Further, by Lemma 10.2.1 (ii), (iv), (vi), it follows thatB0ptq is a densely-defined and
bounded linear operator on X, which hence can be uniquely extended to a bounded
linear operator Bptq on X of the same norm as B0ptq. Noting that

r p´�` 1q1{2Tb1 ´ Tb1p´�` 1q1{2 s B j
p´�` 1q´1{2

´ r p´�` 1q1{2Tb2 ´ Tb2p´�` 1q1{2 s B j
p´�` 1q´1{2

“ r p´�` 1q1{2Tb1´b2 ´ Tb1´b2p´�` 1q1{2 s B j
p´�` 1q´1{2

r p´�` 1q1{2Tb1p´�` 1q´1{2
´ Tb1 s ´ r p´�` 1q1{2Tb2p´�` 1q´1{2

´ Tb2 s

“ r p´�` 1q1{2Tb1´b2p´�` 1q´1{2
´ Tb1´b2 s

for all b1, b2 P C1pRn,Cq such that b1, b1,k, b2, b2,k are bounded for all k P t1, . . . , nu,
it follows by Lemma 10.2.1 (ii), (iv), (vi) along with the estimates for the higher
derivatives analogous to (10.2.10) the continuity of B. Finally, for every t P I, the
closure of the operator Aptq`B0ptq is the generator of strongly continuous semigroup
on X. Hence S D̃ “ Y is a core for that operator and as a consequence it follows the
existence of λ ă 0 such that pAptq ` B0ptq ´ λqS D̃ is dense in X.
‘(vi)’: The statement (vi) is an immediate consequence of Lemma 6.2.2 (ii), Theo-
rem 9.0.6 and the statements (i)-(v). [\

Remark 10.2.3. By the stronger commutator estimate given in [113], it follows that
all statements in the previous theorem are true with conditions a) and c) replaced by
the following weaker conditions:

a) For all j P t1, . . . , nu, k, l P t1, . . . , pu and t P I: Aj
klpt, ¨q P C1pRn,Cq such

that all partial derivatives from zeroth up to first order, inclusively, are bounded.
Bklpt, ¨q P C1pRn,Cq such that all partial derivatives from zeroth up to first order,
inclusively, are bounded.

c) For all j,m P t1, . . . , nu, k, l P t1, . . . , pu: Aj
kl, Aj

kl,m are continuously partially
differentiable with respect to time with derivative defining a bounded function on
I ˆ R

n.
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The Quasi-Linear Evolution Equation

In this chapter, it will be proved the well-posedness (local in time) of the initial value
problem for quasi-linear evolution equations of the form

u1ptq “ ´Apt, uptqquptq ` f pt, uptqq

under certain assumptions. See also [82,109,111,112,119,168,188,209]. For the so-
lution of the analogous second order equation, see [207], and for abstract quasilinear
integrodifferential equations of hyperbolic type, see [163,164]. See also [150]. Here t
is from some non-empty open subinterval I of R, 1 denotes the ordinary derivative of
functions assuming values in a Banach space X; Apt, ξq, pt, ξq P I ˆW is a family of
infinitesimal generators of strongly continuous semigroups on X where W is a subset
of X; f : I ˆ W Ñ X and u : I Ñ X is such that uptq P DpAptqq X W for every
t P I. The proof proceeds by iteration using Theorem 9.0.6 for non-autonomous lin-
ear evolution equations and Theorem 11.0.5 which is a variation of Banach’s fixed
point theorem. The result will be strong enough to allow for variable domains of the
operators occurring in the equation.

Theorem 11.0.4. (Banach fixed point theorem) Let E be a closed subset of a
Banach space pX, } }q, and let F : E Ñ E be a contraction, i.e., let there exist
α P r0, 1q such that

}Fξ ´ Fη} ď α ¨ }ξ ´ η} (11.0.1)

for all ξ, η P E. Then F has a uniquely determined fixed point, i.e., a uniquely deter-
mined ξ˚ P E such that

Fξ˚ “ ξ˚ .

Further,

}ξ ´ ξ˚} ď
}ξ ´ Fξ}

1´ α
(11.0.2)

and
lim
νÑ8

Fνξ “ ξ˚ (11.0.3)

for every ξ P E where Fν for ν P N is inductively defined by F0 :“ idE and Fk`1 :“
F ˝ Fk, for k P N.
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Proof. Note that (11.0.1) implies that F is continuous. Further, define f : E Ñ R by

f pξq :“ }ξ ´ Fξ}

for all ξ P E. Now let ξ P X. Then it follows

}Fν`µ1ξ ´ Fν`µξ} ď

µ1´1
ÿ

k“µ

}Fν`k`1ξ ´ Fν`kξ} ď

µ1´1
ÿ

k“µ

αν`k f pξq ď
αν

1´ α
f pξq

for all ν, µ, µ1 P N such that µ1 ě µ. Hence pFνξqνPN is a Cauchy-sequence and hence,
by the completeness of pX, } }q and the closedness of E, convergent to some ξ˚ P E.
Further, it follows by the continuity of F that ξ˚ is a fixed point of F. Further, if
ξ̄ P E is some fixed point of F, then

}ξ˚ ´ ξ̄} “ }Fξ˚ ´ Fξ̄} ď α ¨ }ξ˚ ´ ξ̄}

and hence ξ̄ “ ξ˚ since the assumption ξ̄ ‰ ξ˚ leads to the contradiction that 1 ď α.
Finally, let η be some element of E. Then

}η´ ξ˚} “ }η´ Fξ˚} “ }η´ Fη` Fη´ Fξ˚}

ď }η´ Fη} ` }Fη´ Fξ˚} ď f pηq ` α ¨ }η´ ξ˚}

and hence (11.0.2). [\

Theorem 11.0.5. Let pX, } }Xq, pZ, } }Zq be Banach spaces, Y a subspace of X, } }Y a
norm on Y such that pY, } }Yq is a Banach space and such that the inclusion ιYãÑX of
pY, } }Yq into X is continuous. Further, let S P LppY, } }Yq,Zq be such that

}ξ}Y ď c ¨ p}ξ}X ` }Sξ}Zq

for all ξ P Y and some c ą 0. Finally, let E be a nonempty bounded closed subset of
pY, } }Yq, F : E Ñ E, D a closed subset of Z containing SE, Ē the closure of E in
pX, } }Xq and G : Ē ˆ Dˆ D Ñ D a continuous map such that

(i) F is a contraction with respect to } }X, i.e, there is α P r0, 1q such that

}Fξ ´ Fη}X ď α ¨ }ξ ´ η}X

for all ξ, η P E,
(ii)

SFξ “ Gpξ,Sξ,SFξq

for all ξ P E,
(iii) there are β, γ ě 0 such that β` γ ă 1 and

}Gpξ, η11, η
1
2q ´Gpξ, η1, η2q}Z ď β ¨ }η11 ´ η1}Z ` γ ¨ }η12 ´ η2}Z (11.0.4)

for all ξ P Ē, η1, η2, η
1
1, η

1
2 P D.
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Then F has a uniquely determined fixed point, i.e., a unique determined ξ˚ P E such
that

Fξ˚ “ ξ˚ .

Further, for every

}ξ ´ ξ˚}X ď
}ξ ´ Fξ}X

1´ α

and
lim

νÑ8,Y
Fνξ “ ξ˚

for every ξ P E where Fν for ν P N is inductively defined by F0 :“ idE and Fk`1 :“
F ˝ Fk, for k P N.

Proof. For this, let ξ P E. Since F is a contraction with respect to } }X, it follows
that pFνξqνPN is a Cauchy-sequence in X and hence, by the completeness of pX, } }q
and the closedness of Ē, convergent to some ξ˚ P Ē. Further, Gξ˚ : D Ñ D, defined
by Gξ˚η :“ Gpξ˚, η, ηq for all η P D, is a contraction as a consequence of (11.0.4).
Hence there is a uniquely determined η˚ P D such that

η˚ “ Gpξ˚, η˚, η˚q .

Further,

}SFν`1ξ ´ η˚}Z “ }GpFνξ,SFνξ,SFν`1ξq ´ η˚}Z

“ }GpFνξ,SFνξ,SFν`1ξq ´Gpξ˚, η˚, η˚q}Z

ď }GpFνξ,SFνξ,SFν`1ξq ´GpFνξ, η˚, η˚q}Z

` }GpFνξ, η˚, η˚q ´Gpξ˚, η˚, η˚q}Z

ď β ¨ }SFνξ ´ η˚}Z ` γ ¨ }SFν`1ξ ´ η˚}Z

` }GpFνξ, η˚, η˚q ´Gpξ˚, η˚, η˚q}Z

and hence

aν`1 ď
β

1´ γ
aν ` bν (11.0.5)

for every ν P N, where

aν :“ }SFνξ ´ η˚}Z , bν :“
1

1´ γ
}GpFνξ, η˚, η˚q ´Gpξ˚, η˚, η˚q}Z

and limνÑ8 bν “ 0, since G is continuous and limνÑ8 }Fνξ ´ ξ˚}X “ 0. In the
following, we prove that limνÑ8 aν “ 0, too. Note that

aν “ }SFνξ ´ η˚}Z ď }SFνξ}Z ` }η˚}Z ď }S}Op,Y,Z ¨ }Fνξ}Y ` }η˚}Z

and hence that a0, a1, . . . is bounded since E is a bounded subset of pY, x | yYq. There-
fore, by the Bolzano-Weierstrass Theorem, there is a convergent subsequence of
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a0, a1, . . . . Further, it follows from (11.0.5) that any such sequence has 0 as its limit.
(Note that β{p1 ´ γq “ pβ ` γ ´ γq{p1 ´ γq ă 1.) Hence for given ε ą 0, there is
ν0 P N such that aν0 ď ε and at the same time such that bν ď ε for all ν P N such
that ν ě ν0. Hence it follows by (11.0.5) inductively that

aν0`µ ď ε ¨

µ
ÿ

k“0

ˆ

β

1´ γ

˙k

for all µ P N and hence that
aν ď

ε

1´ β
1´γ

for all ν P N such that ν ě ν0 and hence, finally, that limνÑ8 aν “ 0, i.e., that

lim
νÑ8

}SFνξ ´ η˚}Z “ 0 .

Therefore, since

}Fµξ ´ Fνξ}Y ď c ¨ p}Fµξ ´ Fνξ}X ` }SFµξ ´ SFνξ}Zq

for all µ, ν P N, it follows that pFνξqνPN is a Cauchy sequence in Y and hence con-
vergent to some element of E. Hence, since the inclusion ιYãÑX of pY, } }Yq into X is
continuous, it follows that ξ˚ P E,

lim
νÑ8

}Fνξ ´ ξ˚}Y “ 0

and by the continuity of F : pE, } }Xq Ñ pE, } }Xq that Fξ˚ “ ξ˚. Further, if ξ̄ P E is
some fixed point of F, then

}ξ˚ ´ ξ̄}X “ }Fξ˚ ´ Fξ̄}X ď α ¨ }ξ˚ ´ ξ̄}X

and hence ξ̄ “ ξ˚ since the assumption ξ̄ ‰ ξ˚ leads to the contradiction 1 ď α.
Finally, let η be some element of E. Then

}η´ ξ˚}X “ }η´ Fξ˚}X “ }η´ Fη` Fη´ Fξ˚}X

ď }η´ Fη}X ` }Fη´ Fξ˚}X ď }η´ Fη}X ` α ¨ }η´ ξ˚}X

and hence

}η´ ξ˚}X ď
}η´ Fξ}X

1´ α
.

[\

Lemma 11.0.6. Let pX, } }Xq, pY, } }Yq and pZ, } }Zq be normed vector spaces. Fur-
ther, let K Ă X be non-empty and compact, A Ă Y be closed, U Ă Y and V Ă Z
be non-empty open sets, v P CpK,Yq, w P CpK,Zq, pvνqνPN P pCpK,YqqN uniformly
convergent to v and such that Ranpvνq Ă A for all ν P N and pwνqνPN P pCpK,ZqqN

be uniformly convergent to w.
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(i) In addition, let g P CpK ˆ Aˆ Z,Zq. Then there is C ě 0 such that

}gps, vνpsq,wνpsqq}Z ď C

for all s P K.
(ii) In addition, let B P C˚pK ˆ A ˆ Z, LpZ,Zqq and pw̄νqνPN P pCpK,ZqqN be

uniformly convergent to w̄ P CpK,Zq. Then there is C 1 ě 0 such that

}Bps, vνpsq,wνpsqqw̄νpsq}Z ď C 1

for all s P K.
(iii) In addition, let B P C˚pK ˆU ˆ V, LpZ,Zqq, pZ, } }Zq be complete and K1 Ă U,

K2 Ă V be a non-empty compact subsets of Y and Z, respectively. Then there
are ρ ą 0 and C 2 ě 0 such that

S ρ :“
ď

pξ,ηqPK1ˆK2

K ˆ Bρ,Ypξq ˆ Bρ,Zpηq Ă K ˆ U ˆ V

and
}Bps, ξ 1, η 1q}Op,Z ď C 2

for all ps, ξ 1, η 1q P S .

Proof. ‘(i)’: The proof is indirect. Assume that there is no such C. Then for every
n P N, there are sn P K and νn P N such that

}gpsn, vνnpsnq,wνnpsnqq}Z ě n .

Since gp¨, vν,wνq : K Ñ Z is continuous and hence Ran gp¨, vν,wνq is compact, for
every ν P N also the union of a finite number of Ran gp¨, vν,wνq, ν P N is compact and
hence bounded. Therefore, we can assume without restriction that pνnqνPN is increas-
ing. Further, because of the compactness of K, we can assume without restriction
that psnqnPN is converging to some s P K. Because of the uniform convergence of
pvνqνPN P pCpK,YqqN to v, of pwνqνPN P pCpK,ZqqN to w, the continuity of v,w and
the closedness of A, it follows that

lim
nÑ8

vνnpsnq “ vpsq P A , lim
nÑ8

wνnpsnq “ wpsq

and hence by the continuity of g that

lim
nÑ8

gpsn, vνnpsnq,wνnpsnqq “ gps, vpsq,wpsqq � .

‘(ii)’: The proof is indirect. Assume that there is no such C 1. We define the auxiliary
function h : K ˆ Aˆ Z ˆ Z Ñ Z by

hps, ξ, η, η 1q :“ Bps, ξ, ηqη 1
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for every ps, ξ, η, η 1q P K ˆ A ˆ Z ˆ Z. Then it follows by Lemma 8.1.1 (ii) that
h P CpKˆAˆZˆZ,Zq and by our assumption that for every n P N there are sn P K
and νn P N such that

}hpsn, vνnpsnq,wνnpsnq, w̄νnpsnqq}Z ě n .

Since hp¨, vν,wν, w̄νq : K Ñ Z is continuous and hence Ran hp¨, vν,wν, w̄νq is com-
pact, for every ν P N also the union of a finite number of Ran hp¨, vν,wν, w̄νq,
ν P N is compact and hence bounded. Therefore, we can assume without restric-
tion that pνnqνPN is increasing. Further, because of the compactness of K, we can
assume without restriction that psnqnPN is converging to some s P K. Because of
the uniform convergence of pvνqνPN P pCpK,YqqN to v, the uniform convergence of
pwνqνPN P pCpK,ZqqN to w and the uniform convergence of pw̄νqνPN P pCpK,ZqqN to
w̄, the continuity of v,w,w̄ and the closedness of A, it follows that

lim
nÑ8

vνnpsnq “ vpsq P A , lim
nÑ8

wνnpsnq “ wpsq , lim
nÑ8

w̄νnpsnq “ w̄psq

and hence by the continuity of h that

lim
nÑ8

hpsn, vνnpsnq,wνnpsnq, w̄νnpsnqq “ hps, vpsq,wpsq, w̄psqq � .

‘(iii)’: First, it follows the existence of δ ą 0 such that K1 ` Bδ,Yp0Yq Ă U and
K2 ` Bδ,Zp0Zq Ă V . Hence it follows S δ Ă K ˆ U ˆ V . Now, assume that B is
unbounded on every S ρ for every ρ ą 0 such that ρ ď δ. Further, let pnνqνPN˚ be
some unbounded sequence in N˚. Then for every ν P N˚ there are sν P K, ξν P K1,
ην P K2 and ξ 1ν P Bδ{ν,Ypξνq, η 1ν P Bδ{ν,Zpηνq such that

}Bpsν, ξ 1ν , η
1
νq}Op,Z ě nν ` 1

Hence there is η2ν P B1,Zp0Zq such that

}Bpsν, ξ 1ν , η
1
νqη

2
ν }Z ě nν

for all ν P N˚. Because of the compactness of K, K1 and K2, we can assume with-
out restriction (replacing pnνqνPN˚ by some unbounded subsequence) that psνqνPN˚ ,
pξνqνPN˚ and pηνqνPN˚ are converging to some s P K, ξ P K1 and η P K2, respec-
tively. As a consequence, also limνÑ8 ξ

1
ν “ ξ and limνÑ8 η

1
ν “ η. It follows from

the strong continuity of B that

lim
νÑ8

Bpsν, ξ 1ν , η
1
νqη

2
“ Bps, ξ, ηqη2

for every η2 P Z and hence by the principle of uniform boundedness1 also the bound-
edness of the sequence of operator norms of

p Bpsν, ξ 1ν , η
1
νq qνPN˚

1 See, e.g, Theorem III.9 in the first volume of [179].
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and hence because of }η2ν } ď 1 for ν P N˚ also the boundedness of the sequence

p }Bpsν, ξ 1ν , η
1
νqη

2
ν }Z qνPN˚ . �

[\

Theorem 11.0.7. Let K P tR,Cu, pX, } }q, pZ, } }Zq K-Banach spaces, a, b P R be
such that a ă b, I :“ ra, bs, Φ : pLpX, Xq,`, . , ˝q Ñ pLpZ,Zq,`, . , ˝q a strongly
sequentially continuous nonexpansive homomorphism and S a closed linear map
from some dense subspace Y of X into Z. Then pY, } }Yq, where } }Y :“ } }S, is a
K-Banach space and the inclusion ιYãÑX of pY, } }Yq into X is continuous. Further, let
X̃ be a subspace of X containing Y and } }X̃ be a norm on X̃ such that pX̃, } }X̃q is a
Banach space, }ξ}X ď }ξ}X̃ for all ξ P X̃, }ξ}X̃ ď }ξ}Y for all ξ P Y and such that the
identity on any bounded subset of pY, } }Yq, equipped in domain with the topology
induced by } }X and in range with the topology induced by } }X̃, is uniformly contin-
uous. In addition, let W be a bounded open subset of pY, } }Yq such that the closure
W̃ of W in pX̃, } }X̃q is contained in Y . If not said otherwise, in the following, we
assume that every subset of Y , X̃ and Z0 (see (iv) below) is equipped with the topol-
ogy induced by } }Y ,} }X̃ ,}}0, respectively. Finally, let pApt, ξqqpt,ξqPIˆW be a family
of infinitesimal generators of strongly continuous semigroups pT pt, ξqqpt,ξqPIˆW on
X, B P C˚pI ˆ W̃ ˆ Z, LpZ,Zqq be such that

}Bpt, ξ, S ξq}Op,Z,Z ď λB , }Bpt, ξ, ηq ´ Bpt, ξ, η1q}Op,Z,Z ď µB}η´ η1}Z

for all pt, ξq P I ˆ W̃, η, η1 P Z and some µB P r0,8q and λA, λB, λ f , µA, µg P r0,8q
such that

(i) (Stability) For every u P CpI,Wq X LippI, X̃q, the corresponding family
pApt, uptqqqtPI is stable and there are common stability constants for all elements
CpI,Wq X LippI, X̃q sharing a Lipschitz constant.

(ii) (Continuity) Y Ă DpApt, ξqq, Apt, ξq|Y P LpY, X̃q for every pt, ξq P I ˆW and
A :“ pI ˆW Ñ LpY, X̃q, pt, ξq ÞÑ Apt, ξq|Yq P CpI ˆW, LpY, X̃qq. Moreover,

}Apt, ξq}Op,Y,X̃ ď λA , }Apt, ξ1q ´ Apt, ξq}Op,Y,X ď µA}ξ
1
´ ξ}X

for all t P I, ξ, ξ1 P W.
(iii) (Intertwining relation) For every pt, ξq P I ˆW

S ˝ rT pt, ξqspsq Ą rT̂ pt, ξqspsq ˝ S (11.0.6)

for all s P r0,8q where T̂ pt, ξq : r0,8q Ñ LpZ,Zq is the strongly continuous
semigroup generated by ΦpApt, ξqq ` Bpt, ξ, S ξq.

(iv) Further, let Z0 be a dense subspace of Z contained in DpΦpApt, ξqqq for all
pt, ξq P I ˆ W, } }0 a norm on Z0 such that pZ0, } }0q is a K-Banach space
and such that the inclusion ιZ0ãÑZ of pZ0, } }0q into Z is continuous. Finally,
let ΦpApt, ξqq|Z0 P LpZ0,Zq for all pt, ξq P I ˆ W and ΦA :“ pI ˆ W Ñ

LpZ0,Zq, pt, ξq ÞÑ ΦpApt, ξqq|Z0q P C˚pI ˆW, LpZ0,Zqq.
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(v) In addition, let f P CpI ˆW,Yq be such that

} f pt, ξq}Y ď λ f , } f pt, ξq ´ f pt, ξ1q}X ď µ f }ξ ´ ξ1}X

for all t P I and ξ, ξ1 P W.
(vi) Finally, let g P CpI ˆ W̃ ˆ Z,Zq be such that

S f pt, ξq “ gpt, ξ, S ξq

for all pt, ξq P I ˆW and

}gpt, ξ, ηq ´ gpt, ξ, η1q}Z ď µg}η´ η1}Z

for all pt, ξq P I ˆ W̃ and η, η1 P Z.

Then for every compact subset K of W, there is T P pa, bs such that for every ξ P K
there is u P Cpra,T s,Wq XC1pra,T s, X̃q, where we define C1pra, ts, X̃q to consist of
those functions that are differentiable on pa, tq and whose derivatives have continuous
extensions to ra, ts, such that

u1ptq ` Apt, uptqquptq “ f pt, uptqq

for all t P pa,T q where differentiation is with respect to X̃ and upaq “ ξ. If v P
Cpra,T s,Wq X C1ppa,T q, X̃q is such that v1ptq ` Apt, vptqqvptq “ f pt, vptqq for all
t P pa,T q and vpaq “ ξ, then v “ u.

Proof. In the following, we are going to apply Theorem 11.0.5 where pX, } }Xq,
pZ, } }Zq are pCpI 1, Xq, }}8,Xq, pCpI 1,Yq, }}8,Yq and pCpI 1,Zq, }}8,Zq, respectively,
I 1 is a non-empty closed subinterval of I and

S :“ pCpI 1,Yq Ñ CpI 1,Zq , f ÞÑ S ˝ f q .

Then the inclusion

pCpI 1,Yq Ñ CpI 1, Xq , f ÞÑ ιYãÑX ˝ f q

is continuous, because of } f ptq}X ď } f ptq}Y for all t P I 1 and hence } f }8,X ď

} f }8,Y for all f P CpI 1,Yq. Further, S is linear and, because of

}S p f ptqq}Z ď } f ptq}Y

for every t P I 1 and hence
}S f }8,Z ď } f }8,Y

for every f P CpI 1,Yq, also continuous. In addition,

} f ptq}Y “
“

} f ptq}2
X ` }S p f ptqq}2

Z

‰1{2
ď } f ptq}X ` }S p f ptqq}Z
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for every t P I 1 and hence

} f }8,Y ď } f }8,X ` }S f }8,Z

for every f P CpI 1,Yq. Finally, E, F, D and G will be defined below.
First, obviously, it follows from the assumptions that the inclusions ιX̃ãÑX , ιYãÑX̃

and ιLpY,X̃qãÑLpY,Xq are continuous. In the following, let ξ P W, ρ P p0,8q be such that
the closed ball BY,ρpξq :“ tη P W : }η ´ ξ}Y ď ρu is contained in W. If K is some
compact subset of W and ξ P K, ρ is chosen such that Bρpξq Ă W for all ξ P K.

Further, let T 1 P r0, b´ as, I1 :“ ra, a` T 1s, L P r0,8q and

E :“ tv P CpI1,Yq X LippI1, X̃q : Ran v Ă BY,ρpξq ^ }vptq ´ vpsq}X̃ ď L|t ´ s|,

t, s P I1u .

E is a non-empty subset of CpI1,Yq since it contains pI1 Ñ Y, t ÞÑ ξq. E is bounded
in CpI1,Yq since for every t P I1 it also follows that

}vptq}Y ď }vptq ´ ξ}Y ` }ξ}Y ď }ξ}Y ` ρ

for all t P I1. Finally, E is closed in CpI1,Yq since for every pvνqνPN P E N, v P CpI1,Yq
such that

lim
νÑ8

}vν ´ v}8,Y “ 0 ,

it follows for every t P I1 the convergence of pvνptqqνPN in Y to vptq and hence vptq P
BY,ρpξq since BY,ρpξq is a closed subset of Y . Further, since ιYãÑX̃ is continuous, it also
follows for every t P I1 the convergence of pvνptqqνPN in X̃ to vptq and hence

lim
νÑ8

}vνptq ´ vνpsq}X̃ “ }vptq ´ vpsq}X̃ ď L|t ´ s|

for all t, s P I1. For each v P E, we define

Avptq :“ Apt, vptqq , Bvptq :“ Bpt, vptq, S vptqq , fvptq :“ f pt, vptqq

for every t P I1. Note that, obviously, there is an extension v̂ of v to an element of
CpI,Wq X LippI, X̃q such that Ran v̂ Ă BY,ρpξq and }v̂ptq ´ v̂psq}X̃ ď L|t ´ s| for all
t, s P I. In addition, because of

Av :“ ιLpY,X̃qãÑLpY,Xq ˝ A ˝ pI1 Ñ I ˆW, t ÞÑ pt, vptqqq

“ pI1 Ñ LpY, Xq, t ÞÑ Apt, vptqq|Yq P CpI1, LpY, Xqq

and

Bv “ B ˝ pI1 Ñ I ˆ W̃ ˆ Z, t ÞÑ pt, vptq, S vptqqq P C˚pI1, LpZ,Zqq ,

note that S : Y Ñ Z is continuous, it follows by Theorem 9.0.6 that there is a
unique Y{X-evolution operator Uv P C˚p�pI1q, LpX, Xqq for Av and, if µL P R and
cL P r1,8q are the stability constants common to the elements of E, that
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}Uvpt, rq}Op,X ď CL :“ cL e|µL|¨pb´aq , }UvYpt, rq}Op,Y ď C 1
L :“ cL e |µL`cλB|¨pb´aq

(11.0.7)
for all pt, rq P �pI1q. Since

fv “ f ˝ pI1 Ñ I ˆW, t ÞÑ pt, vptqqq P CpI1,Yq ,

it follows by Corollary 9.0.7 and its proof that uv : I1 Ñ X defined by

uvptq :“ Uvpt, aqξ `
ż t

a,Y
Uvpt, sq fvpsq ds

for all t P I1, where the integrand is a continuous Y-valued map and integration
denotes weak Lebesgue integration with respect to LpY,Kq, satisfies uv P CpI1,Yq,
uvpaq “ ξ, uv|I̊1 is differentiable and in particular

u 1vptq “ ´Avptquvptq ` fvptq

for all t P I̊1. Note that also fv P CpI1, X̃q. By Theorem 3.2.4 (ii), it also follows that

uvptq “ Uvpt, aqξ `
ż t

a,X̃
Uvpt, sq fvpsq ds

for all t P I1 where integration denotes weak Lebesgue integration with respect to
LpX̃,Kq. Since for every s P I1 and h P R such that s` h P I1,

}Avps` hquvps` hq ´ Avpsquvpsq}X̃ ď } pAvps` hq ´ Avpsqq uvpsq}X̃

` } pAvps` hq ´ Avpsqq puvps` hq ´ uvpsqq }X̃

` }Avpsq puvps` hq ´ uvpsqq }X̃

ď } pAvps` hq ´ Avpsqq uvpsq}X̃ ` 3λA ¨ }uvps` hq ´ uvpsq}Y ,

this implies that pI1 Ñ X̃, s ÞÑ Avpsquvpsqq is continuous. Finally, for every pt, rq P
D :“ tpt, rq : r P I1 ^ t P rr,T 1su and all h, h 1 P R such that pt, rq ` ph, h 1q P D

}Avpt ` h 1qUvpt ` h 1, r ` hq fvpr ` hq ´ AvptqUvpt, rq fvprq}X̃

“ }Avpt ` h 1q rUvpt ` h 1, r ` hq fvpr ` hq ´ Uvpt, rq fvprqs

` pAvpt ` h 1q ´ AvptqqUvpt, rq fvprq}X̃

ď λA ¨ }Uvpt ` h 1, r ` hq fvpr ` hq ´ Uvpt, rq fvprq}Y

` } pAvpt ` h 1q ´ AvptqqUvpt, rq fvprq}X̃

“ λA }Uvpt ` h 1, r ` hq p fvpr ` hq ´ fvprqq

` pUvpt ` h 1, r ` hq ´ Uvpt, rqq fvprq}Y

` } pAvpt ` h 1q ´ AvptqqUvpt, rq fvprq}X̃

ď λA ¨ }Uv}8,Y,Y ¨ } fvpr ` hq ´ fvprq}Y

` λA ¨ }Uvpt ` h 1, r ` hq ´ Uvpt, rqq fvprq}Y

` } pAvpt ` h 1q ´ AvptqqUvpt, rq fvprq}X̃
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and hence that pD Ñ X̃, pt, rq ÞÑ AvptqUvpt, rq fvprqq is continuous. As consequence,
it follows by Theorem 3.2.4 (ii), Theorem 3.2.5, the Theorem of Fubini, and (9.0.14)
that

ξ `

ż t

a,X̃
p fvpsq ´ Avpsquvpsqq ds

“ ξ `

ż t

a,X̃

„

fvpsq ´ Avpsq
ˆ

Uvps, aqξ `
ż s

a,Y
Uvps, s 1q fvps 1q ds 1

˙j

ds

“ ξ `

ż t

a,X̃

„

fvpsq ´ AvpsqUvps, aqξ ´
ż s

a,X̃
AvpsqUvps, s 1q fvps 1q ds 1

j

ds

“ ξ `

ż t

a,X̃
fvpsq ds´

ż t

a
AvpsqUvps, aqξ ds

´

ż t

a,X̃

ˆ
ż s

a,X̃
AvpsqUvps, s 1q fvps 1q ds 1

˙

ds

“ ξ `

ż t

a,X̃
fvpsq ds´ pξ ´ Uvpt, aqξq ´

ż t

a,X̃

ˆ
ż t

s 1
AvpsqUvps, s 1q fvps 1q ds

˙

ds 1

“ Uvpt, aqξ `
ż t

a,X̃
fvpsq ds´

ż t

a,X̃
p fvps 1q ´ Uvpt, s 1q fvps 1qq ds 1

“ Uvpt, aqξ `
ż t

a,X̃
Uvpt, sq fvpsq ds “ uvptq

for all t P I1. Hence, finally, it follows by the auxiliary result in the proof of
Lemma 8.5.2 that ιYãÑX̃ ˝ uv|I̊1 is differentiable and in particular that

u 1vptq “ ´Avptquvptq ` fvptq (11.0.8)

for all t P I̊1, where differentiation is with respect to X̃, and hence also that uv P

CpI1,Yq X C1pI1, X̃q where we define C1pI1, X̃q to consist of those functions that are
differentiable on I̊1 and whose derivatives have continuous extensions to I1. Further,
it follows by Lemma 9.0.8 for every ε ą 0 the existence of some R P r0,8q such
that

} pUvpt, rq ´ idXq ξ}Y ď ε` R ¨ pt ´ rq (11.0.9)

for all pt, rq P �pI1q and hence by Theorem 3.2.5 that

}uvptq ´ ξ}Y ď }Uvpt, aqξ ´ ξ}Y `

›

›

›

›

ż t

a,Y
Uvpt, sq fvpsq ds

›

›

›

›

Y
ď ε` pR` λ f C 1

Lq ¨ T
1

and

}u 1vptq}X̃ ď }Avptquvptq}X̃ ` } fvptq}X̃ ď λA}uvptq}Y ` λ f

ď λA}uvptq ´ ξ}Y ` λA}ξ}Y ` λ f ď λA r }ξ}Y ` ε` pR` λ f C 1
Lq ¨ T

1
s ` λ f
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for all t P I1. If K is some compact subset of W and ξ P K, we choose R such that
(11.0.9) is true for all ξ P K which is possible according to Lemma 9.0.8.

In the following, we choose ε :“ ρ{2,

L :“ λA ¨ pρ` }ξ}Yq ` λ f

or, if K is some compact subset of W and ξ P K,

L :“ λA ¨ pρ`maxt}ξ}Y : ξ P Kuq ` λ f

and T 1 such that
pR` λ f C 1

Lq ¨ T
1
ď
ρ

2
.

Then
Ran uv Ă BY,ρpξq , }u 1vptq}X̃ ď L

for all t P I1 and hence also }uvptq ´ uvpsq}X̃ ď L|t ´ s| for all t, s P I1 and, finally,
uv P E. We define Fv :“ uv in this way defining a map F : E Ñ E. In the following,
it will be shown that

}Fv´ Fw}8,X ď α }v´ w}8,X (11.0.10)

for all w, v P E and some α P r0, 1q. By the proof of Theorem 9.0.6, it follows

Uvpt, rqη´ Uwpt, rqη “
ż t

r
Uwpt, sq pAwpsq ´ AvpsqqUvps, rqη ds ,

for every η P Y and pt, rq P �pI1q where the integrand is a continuous X- valued
map and integration is weak Lebesgue integration with respect to LpX,Kq. From this
follows by Theorem 3.2.5

}Uvpt, rqη´ Uwpt, rqη} ď µA CL C1L }v´ w}8,X }η}Y T 1 (11.0.11)

for every η P Y and pt, rq P �pI1q and hence

}Uvpt, sq fvpsq ´ Uwpt, sq fwpsq}

ď } pUvpt, sq ´ Uwpt, sqq fvpsq} ` }Uwpt, sq p fvpsq ´ fwpsqq }

ď CL pµ f ` µA λ f C1L T 1q }v´ w}8,X

pt, sq P �pI1q and finally

}uvptq ´ uwptq} ď µA CL C1L }v´ w}8,X }ξ}Y T 1

`CL pµ f ` µA λ f C1L T 1q }v´ w}8,X T 1

“ CL rµ f ` µA C1L pλ f T 1 ` }ξ}Yqs T 1}v´ w}8,X

and hence (11.0.10) for small enough T 1. In the following, we derive an integral equa-
tion for S uv where v P E. Since S : Y Ñ Z is continuous, it follows by Theorem 3.2.4
(ii), the proof of Theorem 9.0.6 and Lemma 8.1.1 (ii), (iii)c) that
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S uvptq “ S Uvpt, aqξ `
ż t

a,Z
S Uvpt, sq fvpsq ds

“ Ûvpt, aqS ξ `
ż t

a,Z
Ûvpt, sqS fvpsq ds

“ ΦpUvpt, aqqS ξ `
ż t

a,Z
pΦ ˝ Uvqpt, sqS fvpsq ds´ rpΦ ˝ UvqBvÛvspt, aqS ξ

´

ż t

a,Z
rpΦ ˝ UvqBvÛvspt, sqS fvpsq ds

for every t P I1 where
Ûvpt, rq :“ voltpΦ ˝ Uv,´Bvq

for all pt, rq P �pI1q. Further, it follows by Lemma 8.1.1 (ii) the continuity of rpΦ ˝
Uvqpt, ¨q ˝ pr1spBv ˝ pr1qÛv rpS ˝ fvq ˝ pr2s where pr1 :“ pI12 Ñ R, ps, s 1q ÞÑ sq
and pr2 :“ pI12 Ñ R, ps, s 1q ÞÑ s 1q. Hence it follows by the proof of Lemma 8.1.1
(iii)b), the Theorem of Fubini, the change of variable formula and Theorem 3.2.4 (ii)
that

ż t

a,Z
rpΦ ˝ UvqBvÛvspt, sqS fvpsq ds

“

ż t

a,Z

ˆ
ż t

s,Z
ΦpUvpt, s 1qqBvps 1qÛvps 1, sqS fvpsq ds 1

˙

ds

“

ż t

a,Z

˜

ż s 1

a,Z
ΦpUvpt, s 1qqBvps 1qÛvps 1, sqS fvpsq ds

¸

ds 1

“

ż t

a,Z

˜

ΦpUvpt, s 1qqBvps 1qS
ż s 1

a,Y
Uvps 1, sq fvpsq ds

¸

ds 1

“

ż t

a,Z
ΦpUvpt, s 1qqBvps 1q pS uvps 1q ´ S Uvps 1, aqξq ds 1

and hence, finally,

S uvptq “ ΦpUvpt, aqqS ξ `
ż t

a,Z
pΦ ˝ Uvqpt, sq pS fvpsq ´ BvpsqS uvpsqq ds

“ ΦpUvpt, aqqS ξ

`

ż t

a,Z
pΦ ˝ Uvqpt, sq rgps, vpsq, S vpsqq ´ BvpsqS uvpsqs ds (11.0.12)

for every t P I1. In the following, let Ē be the closure of E in CpI1, Xq. Ē coincides
with the closure Ẽ of E in CpI1, X̃q. For this, note that CpI1, X̃q Ă CpI1, Xq since
ιX̃ãÑX is continuous. Further, since ιYãÑX̃ is continuous, it follows that E Ă CpI1, X̃q.
Also for every pvνqνPN P EN, v P CpI1, X̃q such that

lim
νÑ8

}vν ´ v}8,X̃ “ 0 ,
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it follows because of }ξ}X ď }ξ}X̃ for all ξ P X̃ also

lim
νÑ8

}vν ´ v}8,X “ 0

and hence v P Ē. Finally, let pvνqνPN P EN, v P CpI1, Xq be such that

lim
νÑ8

}vν ´ v}8,X “ 0 .

Since the identity on BY,ρpξq equipped in domain with the topology induced by } }X
and in range with the topology induced by } }X̃ is uniformly continuous, it follows
for given ε ą 0 the existence of δ ą 0 such that for all η, η 1 P BY,ρpξq satisfying
}η ´ η 1}X ď δ it follows }η ´ η 1}X̃ ď ε. In particular, if N P N is such that for all
µ, ν P tN,N ` 1, . . . u

}vµ ´ vν}8,X ď δ ,

then it also follows that
}vµ ´ vν}8,X̃ ď ε

and hence that pvνqνPN is a Cauchy sequence in CpI1, X̃q and therefore convergent.
Moreover, since }ξ}X ď }ξ}X̃ for all ξ P X̃, it follows that its limit is given by v
and hence that v P Ẽ. In the following, we define U : E Ñ C˚p�pI1q, LpX, Xqq
by Upvq :“ Uv for all v P E, Uξ : E Ñ Cp�pI1q, Xq by pUξqpvq :“ p�pI1q Ñ
X, pt, rq ÞÑ Uvpt, rqξq for every ξ P X and Ū : E Ñ C˚p�pI1q, LpZ,Zqq by Upvq :“
Φ ˝ Uv for all v P E. By (11.0.11), (11.0.7), it follows for all v,w P E, pt, rq P �pI1q,
ξ P X, η P Y that

}rpUξqpvqspt, rq ´ rpUξqpwqspt, rq} “ }Uvpt, rqξ ´ Uwpt, rqξ} (11.0.13)
ď }Uvpt, rqpξ ´ ηq ´ Uwpt, rqpξ ´ ηq} ` }Uvpt, rqη´ Uwpt, rqη}

ď 2 CL }ξ ´ η} ` µA CL C1L }v´ w}8,X }η}Y T 1 .

Obviously, since Y is dense in X, from this it follows the continuity of Uξ where E
is equipped with the topology induced by } }8,X. Further, let v P Ẽ and pvνqνPN P EN

such that limνÑ8 }vν ´ v}8,X and ε ą 0. Then pvνqνPN P EN is in particular a
Cauchy sequence in Cp�pI1q, Xq. Since Y is dense in X, it follows from (11.0.13)
that ppUξqpvνqqνPN “ pp�pI1q Ñ X, pt, rq ÞÑ Uvνpt, rqξqqνPN is a Cauchy-sequence
in Cp�pI1q, Xq and hence convergent to some p�pI1q Ñ X, pt, rq ÞÑ Uvpt, rqξq P
Cp�pI1q, Xq. By (11.0.13) along with the denseness of Y in X, it also follows that
this limit is independent of the approximating sequence pvνqνPN P EN. Further, it
follows by the linearity of Uvνpt, rq and the chain property of Uvν for every ν P N˚,
the linearity of Uvpt, rq and the chain property of Uv and by (11.0.7)

}Uvpt, rqξ}X ď CL }ξ}X

for every ξ P X and hence Uvpt, rq P LpX, Xq and

}Uvpt, rq}Op,X ď CL (11.0.14)
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for all pt, rq P �pI 1q. In this way, we arrive at an extension Ũ : pẼ Ñ C˚p�pI1q, LpX,
Xqq of U. Further, by a simple argument using ‘diagonal sequences’, it follows that
Ũξ : Ẽ Ñ Cp�pI1q, Xq defined by pŨξqpvq :“ p�pI1q Ñ X, pt, rq ÞÑ Uvpt, rqξq
for every v P Ẽ, ξ P X is continuous and hence that Ũ is strongly continuous.
Therefore, since Φ is a strongly sequentially continuous nonexpansive homomor-
phism, the extension ˜̄U :“ pẼ Ñ C˚p�pI1q, LpZ,Zqq, v ÞÑ Φ˝ Ũpvqq of Ū is strongly
continuous, too. In particular, it follows by (11.0.14) that

} ˜̄Uvpt, rq}Op,Z ď CL (11.0.15)

for all pt, rq P �pI 1q.
In the following, we define for every pv,w, w̄q P Ẽ ˆCpI1,Zq ˆCpI1,Zq a corre-

sponding Gpv,w, w̄q P CpI1,Zq by

rGpv,w, w̄qsptq :“ ˜̄Uvpt, aqS ξ

`

ż t

a,Z

˜̄Uvpt, sq rgps, vpsq,wpsqq ´ Bps, vpsq,wpsqqw̄psqs ds

for all t P I1. Note that for every v P E, it follows that Ran v Ă BY,ρpξq Ă W Ă

W̃ and hence also that Ran v Ă W̃ for all v P Ẽ. In addition, for every pv,wq P
Ẽ ˆ CpI1,Zq the corresponding inclusion ιpv,wq : I1 Ñ I1 ˆ W̃ ˆ Z, defined by
ιpv,wqpsq :“ ps, vpsq,wpsqq for every s P I1, is continuous. Therefore, because of
g P CpI ˆ W̃ ˆ Z,Zq, B P C˚pI ˆ W̃ ˆ Z, LpZ,Zqq, it follows g ˝ ιpv,wq P CpI1,Zq,
B ˝ ιpv,wq P C˚pI1, LpZ,Zqq and hence by Lemma 8.1.1 (ii)

`

B ˝ ιpv,wq
˘

w̄ P CpI1,Zq
for every w̄ P CpI1,Zq and ˜̄Uvpt, ¨q

“

g ˝ ιpv,wq ´
`

B ˝ ιpv,wq
˘

w̄
‰

P Cpra, ts,Zq. In the
following, let k :“ g ˝ ιpv,wq ´

`

B ˝ ιpv,wq
˘

w̄ P CpI1,Zq. In particular, it follows by
Theorem 3.2.4 (ii) and Theorem 3.2.5 for every t P I1 and h ě 0 such that t ` h P I1

›

›

›

›

ż t`h

a,Z

˜̄Uvpt ` h, sqkpsq ds´
ż t

a,Z

˜̄Uvpt, sqkpsq ds
›

›

›

›

Z

ď

›

›

›

›

ż t

a,Z

´

˜̄Uvpt ` h, sqkpsq ´ ˜̄Uvpt, sqkpsq
¯

ds
›

›

›

›

Z
`

›

›

›

›

ż t`h

t,Z

˜̄Uvpt ` h, sqkpsq ds
›

›

›

›

Z

ď

›

›

›

›

´

˜̄Uvpt ` h, tq ´ ˜̄Uvpt, tq
¯

ż t

a,Z

˜̄Uvpt, sqkpsq ds
›

›

›

›

Z

` } ˜̄Uv}8,Z,Z ¨

ż t`h

t,Z
}kpsq}Z ds ,

for h ď 0 such that t ` h P I1

›

›

›

›

ż t`h

a,Z

˜̄Uvpt ` h, sqkpsq ds´
ż t

a,Z

˜̄Uvpt, sqkpsq ds
›

›

›

›

Z

ď

›

›

›

›

ż t`h

a,Z

´

˜̄Uvpt, sqkpsq ´ ˜̄Uvpt ` h, sqkpsq
¯

ds
›

›

›

›

Z
`

›

›

›

›

ż t

t`h,Z

˜̄Uvpt, sqkpsq ds
›

›

›

›

Z
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ď

ż t`h

a,Z

›

›

›

˜̄Uvpt, sqkpsq ´ ˜̄Uvpt ` h, sqkpsq
›

›

›

Z
ds` } ˜̄Uv}8,Z,Z ¨

ż t

t`h,Z
}kpsq}Z ds

and hence by ˜̄Uv P C˚p�pI1q, LpZ,Zqq and Lebesgue’s dominated convergence theo-
rem that Gpv,w, w̄q P CpI1,Zq.

In the following, it will be proved that G is continuous where Ẽ is equipped
with the induced topology by the uniform topology of CpI1, Xq. For this let v P
Ẽ, w, w̄ be elements of CpI1,Zq and pvµqµPN P ẼN uniformly convergent to v and
pwµqµPN, pw̄µqµPN sequences in pCpI1,Zq which are uniformly convergent to w and w̄,
respectively. Then it follows

} ˜̄Uvµpt, sq rgps, vµpsq,wµpsqq ´ Bps, vµpsq,wµpsqqw̄µpsqs

´ ˜̄Uvpt, sq rgps, vpsq,wpsqq ´ Bps, vpsq,wpsqqw̄psqs }Z

ď } ˜̄Uvµpt, sq rgps, vµpsq,wµpsqq ´ gps, vpsq,wpsqq

´Bps, vµpsq,wµpsqqw̄µpsq ` Bps, vpsq,wpsqqw̄psqs }Z

`

›

›

›

´

˜̄Uvµpt, sq ´
˜̄Uvpt, sq

¯

rgps, vpsq,wpsqq ´ Bps, vpsq,wpsqqw̄psqs
›

›

›

Z

ď CL }gps, vµpsq,wµpsqq ´ gps, vpsq,wpsqq}

`CL }Bps, vµpsq,wµpsqqw̄µpsq ´ Bps, vpsq,wpsqqw̄psq}Z

`

›

›

›

´

˜̄Uvµpt, sq ´
˜̄Uvpt, sq

¯

rgps, vpsq,wpsqq ´ Bps, vpsq,wpsqqw̄psqs
›

›

›

Z

for every pt, sq P �pI1q and ν P N and hence for every t P I1
ż t

a
} ˜̄Uvµpt, sq rgps, vµpsq,wµpsqq ´ Bps, vµpsq,wµpsqqw̄µpsqs (11.0.16)

´ ˜̄Uvpt, sq rgps, vpsq,wpsqq ´ Bps, vpsq,wpsqqw̄psqs }Z ds

ď CL

ż

I1
}gps, vµpsq,wµpsqq ´ gps, vpsq,wpsqq}Z ds

`CL

ż

I1
}Bps, vµpsq,wµpsqqw̄µpsq ´ Bps, vpsq,wpsqqw̄psq}Z ds

`

ż t

a

›

›

›

´

˜̄Uvµpt, sq ´
˜̄Uvpt, sq

¯

rgps, vpsq,wpsqq ´ Bps, vpsq,wpsqqw̄psqs
›

›

›

Z
ds .

Further, since ˜̄U is strongly continuous for every η P Z and given ε ą 0, there is
µ0 P N such that

} ˜̄Uvµη´
˜̄Uvη}8,Z ď ε

for all ν P N such that ν ě ν0. That such an µ0 P N can be found uniformly for
all elements of some compact subset K Ă Z can be seen as follows. For this, let
δ ą 0 be such that 4CL ď ε, n P N˚ and η1, . . . , ηn P K be such that the union of
Uδ,Zpη1q, . . . ,Uδ,Zpηnq is covering K. Then there is µ0 P N such that

} ˜̄Uvµηk ´
˜̄Uvηk}8,Z ď

ε

2
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for all k P t1, . . . , nu and all ν P N such that ν ě ν0. For η P K, there is j P t1, . . . , nu
such that η P Uδ,Zpη jq and hence

} ˜̄Uvµη´
˜̄Uvη}8,Z ď }

˜̄Uvµη´
˜̄Uvµη j}8,Z ` }

˜̄Uvµη j ´
˜̄Uvη j}8,Z

` } ˜̄Uvη j ´
˜̄Uvη}8,Z ď 2CL δ`

ε

2
ď ε .

Applying this to the compact range of g ˝ ιpv,wq ´
`

B ˝ ιpv,wq
˘

w̄, it follows from
(11.0.16) by Lemma 11.0.6, (11.0.15) and Lebesgue’s dominated convergence for
given ε the existence of µ0 P N such that

ż t

a
} ˜̄Uvµpt, sq rgps, vµpsq,wµpsqq ´ Bps, vµpsq,wµpsqqw̄µpsqs

´ ˜̄Uvpt, sq rgps, vpsq,wpsqq ´ Bps, vpsq,wpsqqw̄psqs }Z ds ď ε

for all ν P N such that ν ě ν0. and hence finally by Theorem 3.2.5 and the strong
continuity of ˜̄U that

lim
µÑ8

}Gpvµ,wµ, w̄µq ´Gpv,w, w̄q}8,Z “ 0 .

Further, it follows by Theorem 3.2.5 for v P Ẽ, w1, w̄1,w2, w̄2 P CpI1,Zq and t P I1

}rGpv,w1, w̄1qsptq ´ rGpv,w2, w̄2qsptq}Z

ď

ż t

a,Z
} ˜̄Uvpt, sq rgps, vpsq,w1psqq ´ gps, vpsq,w2psqqs }Z ds

`

ż t

a,Z
} ˜̄Uvpt, sq rBps, vpsq,w1psqqw̄1psq ´ Bps, vpsq,w2psqqw̄2psqs }Z ds

ď µg CL T 1 }w1 ´ w2}8,Z

`CL

ż t

a,Z
}Bps, vpsq,w1psqqw̄1psq ´ Bps, vpsq,w2psqqw̄2psq}Z ds

ď µg CL T 1 }w1 ´ w2}8,Z

`CL

ż t

a,Z
} rBps, vpsq,w1psqq ´ Bps, vpsq,w2psqqs w̄1psq}Z ds

`CL

ż t

a,Z
}Bps, vpsq,w2psqqpw̄2psq ´ w̄1psqq}Z ds

ď CL T 1 pµg ` µB }w̄1}8,Zq }w1 ´ w2}8,Z

`CL

ż t

a,Z
}Bps, vpsq,w2psqqpw̄2psq ´ w̄1psqq}Z ds

ď CL T 1 pµg ` µB }w̄1}8,Zq }w1 ´ w2}8,Z

`CL

ż t

a,Z
} pBps, vpsq,w2psqq ´ Bps, ξ, S ξqq pw̄2psq ´ w̄1psqq}Z ds



232 11 The Quasi-Linear Evolution Equation

`CL

ż t

a,Z
}Bps, ξ, S ξqpw̄2psq ´ w̄1psqq}Z ds

ď CL T 1 pµg ` µB }w̄1}8,Zq }w1 ´ w2}8,Z `CL λB T 1 }w̄1 ´ w̄2}8,Z

`CL

ż t

a,Z
} pBps, vpsq,w2psqq ´ Bps, ξ, S ξqq pw̄2psq ´ w̄1psqq}Z ds .

Further, for every s P I1

} pBps, vpsq,w2psqq ´ Bps, ξ, S ξqq pw̄2psq ´ w̄1psqq}Z

ď } pBps, vpsq,w2psqq ´ Bps, vpsq, S ξqq pw̄2psq ´ w̄1psqq}Z

` } pBps, vpsq, S ξq ´ Bps, ξ, S ξqq pw̄2psq ´ w̄1psqq}Z

ď µB ¨ p}w2}8,Z ` }S ξ}Zq ¨ }w̄1 ´ w̄2}8,Z

` } pBps, vpsq, S ξq ´ Bps, ξ, S ξqq pw̄2psq ´ w̄1psqq}Z

By Lemma 11.0.6 (iii), there are ρ0 ą 0 and C 2 ě 0 such that if ρ ď ρ0, which is
assumed to be the case in the following,

}Bps, ξ 1, S ξq}Op,Z ď C 2 (11.0.17)

for all ξ 1 P BX̃,ρpξq pĄ BY,ρpξqq and s P I1. Note that according to Lemma 11.0.6 (iii)
ρ0,C 2 exist such that (11.0.17) is true for all ξ 1 P BX̃,ρpξq pĄ BY,ρpξqq and s P I1 and
all ξ P K if K is some compact subset of W. Hence

} pBps, vpsq,w2psqq ´ Bps, ξ, S ξqq pw̄2psq ´ w̄1psqq}Z

ď µB ¨ p}w2}8,Z ` }S ξ}Zq ¨ }w̄1 ´ w̄2}8,Z ` pλB `C 2
q ¨ }w̄2 ´ w̄1}8,Z

for all s P I1 and, finally,

}rGpv,w1, w̄1qs ´ rGpv,w2, w̄2qs}8,Z (11.0.18)
ď CL T 1 pµg ` µB }w̄1}8,Zq }w1 ´ w2}8,Z

`CL T 1 r µB ¨ p}w2}8,Z ` }S ξ}Zq ` 2λB `C 2
s ¨ }w̄1 ´ w̄2}8,Z .

for all t P I1. Further, it follows by Theorem 3.2.5 for v P Ẽ, w, w̄ P CpI1,Zq and
t P I1

}rGpv,w, w̄qsptq ´ ˜̄Uvpt, aqS ξ}Z

ď CL

ż t

a,Z
}gps, vpsq,wpsqq}Z ds`CL

ż t

a,Z
}Bps, vpsq,wpsqqw̄psq}Z ds

ď CL

ż t

a,Z
}gps, vpsq,wpsqq ´ gps, vpsq, 0Zq}Z ds`CL

ż t

a,Z
}gps, vpsq, 0Zq}Z ds

`CL

ż t

a,Z
}Bps, vpsq,wpsqqw̄psq ´ Bps, vpsq, 0Zqw̄psq}Z ds
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`CL

ż t

a,Z
}Bps, vpsq, 0Zqw̄psq}Z ds ď CL T 1 ¨ pµg ` µB }w̄}8,Zq ¨ }w}8,Z

`CL

ż t

a,Z
}gps, vpsq, 0Zq}Z ds`CL

ż t

a,Z
}Bps, vpsq, 0Zqw̄psq}Z ds .

By Lemma 11.0.6 (iii), there are ρ 10 P p0, ρ0s and C3,CIV ě 0 such that if ρ ď ρ 10,
which is assumed to be the case in the following,

}gps, ξ 1, 0Zq}Z ď C3 , }Bps, ξ 1, 0Zq}Op,Z ď C IV (11.0.19)

for all ξ 1 P BX̃,ρpξq pĄ BY,ρpξqq and s P I1. Note that according to Lemma 11.0.6 (iii)
ρ 10,C

3,CIV exist such that (11.0.19) is true for all for all ξ 1 P BX̃,ρpξq pĄ BY,ρpξqq
and s P I1 and ξ P K if K is some compact subset of W. Hence

}rGpv,w, w̄qsptq ´ ˜̄Uvpt, aqS ξ}Z ď CL T 1 ¨ pµg ` µB }w̄}8,Zq ¨ }w}8,Z
`CL T 1 ¨ pC3

`C IV
}w̄}8,Zq

and

}rGpv,w, w̄qs}8,Z ď CL }S ξ}Z `CL T 1 ¨ rpµg ` µB }w̄}8,Zq ¨ }w}8,Z (11.0.20)

`C3
`C IV

}w̄}8,Z .
‰

We define
D :“ BCL}S ξ}Z`ρp0CpI1,Zqq Ă CpI1,Zq .

If K is some compact subset of W and ξ P K, we define

D :“ BCL maxt}S ξ}Z:ξPKu`ρp0CpI1,Zqq Ă CpI1,Zq .

Then it follows by (11.0.18) and (11.0.20) that for small enough T 1 ą 0 that G maps
Ẽ ˆ Dˆ D into D and the existence of β, γ ě 0 such that β` γ ă 1 and

}Gpv,w1, w̄1q ´Gpv,w2, w̄2q}8,Z ď β ¨ }w1 ´ w2}8,Z ` γ ¨ }w̄1 ´ w̄2}8,Z

for all v P Ẽ and w1, w̄1,w2, w̄2 P D. In particular, it follows for every v P E

}S vptq}Z ď }S vptq ´ S ξ}Z ` }S ξ}Z ď }vptq ´ ξ}Y ` }S ξ}Z ď CL }S ξ}Z ` ρ

for every t P I1 and hence that SE Ă D. By (11.0.12) also

SFv “ Gpv,Sv,SFvq

for all v P E. Hence, finally, it follows by Theorem 11.0.5 the existence of a unique
u P E such that Fu “ u. This implies (see (11.0.8)) that upaq “ ξ, that ιYãÑX̃ ˝ u|I̊1 is
differentiable and in particular

u 1ptq “ ´Apt, uptqquptq ` f pt, uptqq
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for all t P I̊1, where differentiation is with respect to X̃, and hence also that u P
CpI1,Yq XC1pI1, X̃q.

If v P CpI1,Wq XC1pI1, X̃q is such that

v1ptq ` Apt, vptqqvptq “ f pt, vptqq

for all t P I̊1 and vpaq “ ξ. Then

}v 1ptq}X̃ ď }Apt, vptqqvptq}X̃ ` } f pt, vptqq}X̃ ď λA}vptq}Y ` λ f

ď λA}vptq ´ ξ}Y ` λA}ξ}Y ` λ f

for all t P I1. Hence there is T 2 such that 0 ď T 2 ď T 1 and

Ran v Ă BY,ρpξq , }v 1ptq}X̃ ď L

for all t P I2 :“ ra, a` T 2s. Then it follows by Corollary 9.0.7 (ii) that uv “ v on I2
and hence that the restrictions of u and v to I2 are both fixed points of the contraction
F associated to I2 and hence equal. Hence it follows the equality of u and v on a
neighbourhood of a. Now assume that

tt P I1 : vptq ‰ uptqu

is non-empty. Then
t0 :“ inftt P I1 : vptq ‰ uptqu

is smaller than b. Then applying the same reasoning to the interval rt0, bs, where
among others ξ is replaced by vpt0q “ upt0q, it follows the contradiction that v “ u
on a neighbourhood of t0.� Hence v “ u. [\



12

Examples of Quasi-Linear Evolution Equations

This chapter gives examples of the application of Theorem 11.0.7 to quasi-linear evo-
lution equations. Here the main stress is on quasi-linear Hermitian hyperbolic sys-
tems. The treatment of a generalized inviscid Burgers’ equation is included mainly
in order to display the steps needed for the application of Theorem 11.0.7 to quasi-
linear Hermitian hyperbolic systems in a technically simpler situation. Note that in
all the examples of these notes, we consider solutions whose component functions
are complex-valued because this generalization simplifies the application of spec-
tral methods. In general, in the case of quasi-linear systems of partial differential
equations taken from applications, this forces to extend coefficient functions, that
are usually defined only in the real domain, into the complex domain. In general,
this is easy to do in such cases and solutions corresponding to data with real-valued
component functions lead to solutions with this property which don’t depend on the
extension. The main sources for this section are the papers [102, 109, 110]. Here,
these results are ‘adapted’ to the late Kato’s most recent approach to abstract quasi-
linear evolution equations [114] given in this second part of the notes. For additional
material on initial boundary value problems for quasi-linear symmetric hyperbolic
systems see, for instance, [195, 196]. For examples of applications of Kato’s older
results [102, 109, 110] to problems in General Relativity and Astrophysics, see, for
instance, [5, 17, 29, 33, 37, 44, 45, 61, 70–77, 117, 135, 147, 166, 215].

12.1 A Generalized Inviscid Burgers’ Equation

In the following, we consider the solutions of the 1` 1 equation

Bu
Bt
pt, xq ` apupt, xqq

Bu
Bx
pt, xq “ bpupt, xqq upt, xq,

for complex-valued u where t, x P R and a, b P C2pR2,Cq.1

1 Note that C “ R
2.
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Lemma 12.1.1. (Elementary inequalities) Let n P N˚, m P N and k “ pk1, . . . , knq

P Rn. Then

1
pn` 1qm{2

ÿ

αPNn,|α|ďm

|kα| ď p1` |k|2qm{2 ď 2m
ÿ

αPNn,|α|ďm

|kα|.

Proof. First,

p1` |k|2qm{2 ď

˜

1`
n
ÿ

j“1

|k j|

¸m

ď 2m
ÿ

αPNn,|α|ďm

|kα|

where the last inequality follows by induction over m P N˚. Further, it follows by
the Cauchy-Schwartz inequality for the Euclidean scalar product on Rn`1 that

1`
n
ÿ

j“1

|k j| ď pn` 1q1{2
˜

1`
n
ÿ

j“1

|k j|
2

¸1{2

and hence that

p1` |k|2qm{2 ě pn` 1q´m{2

˜

1`
n
ÿ

j“1

|k j|

¸m

ě pn` 1q´m{2
ÿ

αPNn,|α|ďm

|kα|.

[\

Lemma 12.1.2. (Sobolev inequalities) Let n P N˚, k P t1, . . . , nu and m,m 1 such
that m ą n{2,m1 ą pn{2q ` 1. Further, let e1, . . . , en be the canonical basis of Rn.
Then

Wm
C
pR

n
q, Bek Wm1

C
pR

n
q Ă C8pRn,Cq

and
}h}8 ď Cnm1~h~m, }B

ek h}8 ď Cnm12~h~m1 ,

for all h P W2
C
pRnq where ~ ~l denotes the Sobolev norm on Wl

C
pRnq for every l P N

and

Cnm1 :“ 2m
p2πq´n{2

}p1` | |2q´m{2
}2,

Cnm12 :“ 2m1
p2πq´n{2

}p1` | |2q´pm
1´1q{2

}2.

Proof. For this, let F1 : L1
C
pRnq Ñ C8pRn,Cq and F2 : L2

C
pRnq Ñ L2

C
pRnq be the

continuous Fourier transformations defined by

pF1 f qpxq :“
ż

Rn
e´ixy f pyq dy
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for all x P Rn and determined by F2 f :“ p2πq´n{2F1 f for every f P C80 pR
n,Cq,

respectively. Since F2Wm
C
pRnq coincides with the the domain of the maximal multi-

plication operator in L2
C
pRnq, by p1`| |2qm{2 and m ą n{2, it follows for h P Wm

C
pRnq

F2h “ p1` | |2q´m{2
p1` | |2qm{2 F2h P L1

C
pR

n
q X L2

C
pR

n
q.

Hence
h “ F´1

2 F2h “ p2πq´n{2
rpF1F2hq ˝ p´idRnqs P C8pRn,Cq

and

}h}8 ď p2πq´n{2
}F2h}1 “ p2πq´n{2

}p1` | |2q´m{2
p1` | |2qm{2F2h}1

ď p2πq´n{2
}p1` | |2q´m{2

}2 }p1` | |2qm{2F2h}2

ď p2πq´n{2 2m
}p1` | |2q´m{2

}2}
ÿ

αPNm,|α|ďm

|kα| F2h}2

“ 2m
p2πq´n{2

}p1` | |2q´m{2
}2 ~h~m.

Further, since F2Wm1
C
pRnq coincides with the domain of the maximal multiplication

operator in L2
C
pRnq by p1` | |2qm

1{2, it follows for h P Wm1
C
pRnq that

F2 B
ek h “ p1` | |2q´pm

1´1q{2
p1` | |2qpm

1´1q{2 F2 B
ek h P L1

C
pR

n
q X L2

C
pR

n
q.

Hence

B
ek h “ F´1

2 F2 B
ek h “ p2πq´n{2

rpF1F2 B
ek hq ˝ p´idRnqs P C8pRn,Cq

and

}B
ek h}8 ď p2πq´n{2

}F2 B
ek h}1

“ p2πq´n{2
}p1` | |2q´pm

1´1q{2
p1` | |2qpm

1´1q{2F2 B
ek h}1

ď p2πq´n{2
}p1` | |2q´pm

1´1q{2
}2 }p1` | |2qpm

1´1q{2F2 B
ek h}2

“ p2πq´n{2
}p1` | |2q´pm

1´1q{2
}2 }prk p1` | |

2
q
pm1´1q{2F2h}2

ď p2πq´n{2
}p1` | |2q´pm

1´1q{2
}2 }p1` | |2qm

1{2F2h}2

ď 2m1
p2πq´n{2

}p1` | |2q´pm
1´1q{2

}2 ~h~m1

where prk denotes the k-th coordinate projection of Rn. [\

Corollary 12.1.3. Let n P N˚, k P N, m P N such that m ą pn{2q ` k, α P Nn such
that |α| ď k. Then

B
αWm

C
pR

n
q Ă C8pRn,Cq

and
}B

α f }8 ď Cnpm´kq1~ f~m

for all f P Wm
C
pRnq.
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Proof. Since m ą pn{2q ` k, it follows by Lemma 12.1.2 that

B
αWm

C
pR

n
q Ă Wm´|α|

C
pR

n
q Ă Wm´k

C
pR

n
q Ă C8pRn,Cq

and
}B

α f }8 ď Cnpm´kq1~B
α f~m´k ď Cnpm´kq1~ f~m

for all f P Wm
C
pRnq. [\

Theorem 12.1.4. Let a, b P C2pR2,Cq and

α0pRq :“ }a|BRp0q}8, α1pRq :“ } |∇a| |BRp0q }8, β0pRq :“ }b|BRp0q}8,

β1pRq :“ } |∇b| |BRp0q }8, α2pRq :“ maxt}a,lm |BRp0q}8 : l,m P t1, 2uu,

β2pRq :“ maxt}β,lm |BRp0q}8 : l,m P t1, 2uu

for k P t0, 1u and R P r0,8q.2 In addition, let X :“ L2
C
pRq, Y :“ W2

C
pRq pĂ

C1pR,Cqq, S :“ pY Ñ X, h ÞÑ p´D2˚ ` 1qhq, R ą 0,

W :“ th P Y : ~h~2 ă Ru

where ~ ~2 denotes the Sobolev norm for W2
C
pRq and I “ rc, ds. Here c, d P R are

such that c ď d.

(i) S is a densely-defined, linear self-adjoint and bijective operator in X. In partic-
ular, ?

3
2
~ ~2 ď } }S ď

?
3~ ~2.

(ii) For every pt, hq P RˆW2
C
pRq, by

A0pt, hqk :“ ´pa ˝ hqD1˚k

for every k P W1
C
pRq, there is defined a closable linear operator A0pt, hq in X,

whose closure Apt, hq is quasi-accretive with bound

´
1
2
α1pC1~h~2qC2~h~2 (12.1.1)

and is the infinitesimal generator of a strongly continuous group on X. Here
C1 :“ C121,C2 :“ C122 where C121,C122 are defined as in Lemma 12.1.2.

(iii) The family pApt, uptqqqtPI is stable with stability constants

RC2 α1pRC1q{2, 1

for every u : I Ñ W.

2 Note that C “ R
2.
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(iv) Y Ă DpApt, hqq, Apt, hq|Y P LpY, Xq for every pt, hq P I ˆW and

A :“ pI ˆW Ñ LpY, Xq, pt, hq ÞÑ Apt, hq|Yq P CpI ˆW, LpY, Xqq.

Moreover,

}Apt, hq} ď λA, }Apt, h1q ´ Apt, h2q} ď µA}h1 ´ h2}Y

for all t P I, h1, h2 P W where

λA :“ p2
?

3{3qα0pRC1q, µA :“ p2
?

3{3qC2 α1p3RC1q.

(v) Let D̃ :“ W4
C
pRq. Then

S Apt, hqk “ pApt, hq ` Bpt, h, S hqqS k (12.1.2)

for every t P I, h P W and k P D̃ where B : IˆWˆX Ñ LpX, Xq is defined by

Bpt, h, h̄qk :“´
2
ÿ

l“1

pa,l ˝ hq
“

ph̄l ´ 1qD1˚S´1k ` 2h 1l D2˚S´1k
‰

`

2
ÿ

l,m“1

pa,lm ˝ hqh 1l h 1mD1˚S´1k

for all pt, h, h̄q P I ˆW ˆ X and k P X. Further, B is strongly continuous and
such that

}Bpt, h, S hq} ď λB, }Bpt, h, h̄1q ´ Bpt, h, h̄2q} ď µB}h̄1 ´ h̄2}2

for all pt, hq P I ˆW, h̄1, h̄2 P X where

λB :“ α1pRqr1` 4C2p2`
?

2 qRs ` 2C2
2 α2pRqR2, µB :“ p4{3q

?
6 C2 α1pRq.

(vi) Let pt, hq P I ˆ W and T pt, hq : r0,8q Ñ LpX, Xq, T̂ pt, hq : r0,8q Ñ
LpX, Xq be the strongly continuous semigroups generated by Apt, hq and Âpt, hq
:“ Apt, hq ` Bpt, h, S hq, respectively. Then

S T pt, hqpsq Ą T̂ pt, hqpsqS

for all s ě 0.
(vii) By

f pt, hq :“ pb ˝ hqh

for all pt, hq P IˆW, there is defined an element f P CpIˆW,Yq. In particular,

} f pt, hq}Y ď λ f , } f pt, h1q ´ f pt, h2q}2 ď µ f }h1 ´ h2}2

for all t P I and h1, h2 P W where

λ f :“
?

3R r3 β0pRC1q ` 2R β1pRC1qpC1 ` 3C2q ` 4R2C2
2β2pRC1q s,

µ f :“ β0pRC1q ` RC1β1p3RC1q.
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(viii) By

gpt, h, kq :“ pb ˝ hqk `
2
ÿ

l“1

pb,l ˝ hq h kl ´

2
ÿ

l“1

pb,l ˝ hq h hl

´

2
ÿ

l,m“1

pb,lm ˝ hq h 1l h 1mh´ 2
2
ÿ

l“1

pb,l ˝ hq h 1l h 1

for all pt, h, kq P I ˆW ˆ X, there is defined an element g of CpI ˆW ˆ X, Xq.
In particular,

S f pt, hq “ gpt, h, S hq

for all pt, hq P I ˆW and

}gpt, h, k1q ´ gpt, h, k2q}2 ď µg}k1 ´ k2}2

for all pt, hq P I ˆW and k1, k2 P X where

µg :“ β0pRC1q ` 2RC1β1pRC1q.

(ix) Then for every compact subset K of W, there is T P pc, ds such that for every
h P K there is u P Cprc,T s,Wq XC1prc,T s, Xq such that

u1ptq ` Apt, uptqquptq “ f pt, uptqq

for all t P pc,T q where differentiation is with respect to X and upcq “ h. If
v P Cprc,T s,Wq X C1ppc,T q, Xq is such that v1ptq ` Apt, vptqqvptq “ f pt, vptqq
for all t P pc,T q and vpcq “ h, then v “ u.

Proof. ‘(i)’: For this, let the Fourier transformation F2 : L2
C
pRq Ñ L2

C
pRq be defined

as in the proof of Lemma 12.1.2. Obviously, S is a densely-defined linear operator
in X. Note that F2Wm

C
pRq coincides with the domain of the maximal multiplication

operator in L2
C
pRq by p1` | |2qm{2 for every m P N. Let h P W2

C
pRq, then

}h}2
S
“ }h}2

2 ` }p´D2˚
` 1qh}2

2 ď 3}h}2
2 ` 2}D2˚h}2

2 ď 3~h~2
2

and

}h}2
S
“ }h}2

2 ` }p´D2˚
` 1qh}2

2 “ }h}
2
2 ` }F2p´D2˚

` 1qh}2
2

“ }h}2
2 ` }pid

2
R
` 1qF2h}2

2 ě }h}
2
2 `

3
4
}id2

R
F2h}2

2 ` }idRF2h}2
2 ě

3
4
~h~2

2

and finally ?
3

2
~h~2 ď }h}S ď

?
3~h~2.

Hence pDpS q, } }S is complete and therefore S is closed. In addition, since

´D2˚
` 1 “ F´1

2 ˝ Tid2
R
`1 ˝ F2,

S is self-adjoint and bijective.
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‘(ii)’: For this, let pt, hq P RˆW2
C
pRq. Then h P C1pR,Cq, a˝h P C1pR,Cq, pa˝hq 1 “

pa 1 ˝ hq h 1. Then it follows by Lemma 12.1.2 that a ˝ h, pa ˝ hq 1 P BpR,Cq and

}a ˝ h}8 ď α0pC1~h~2q, }pa ˝ hq 1}8 ď α1pC1~h~2qC2~h~2.

Hence it follows by Corollary 5.5.3 that by

A0pt, hqk :“ ´pa ˝ hqD1˚k

for every k P W1
C
pRq there is defined a closable linear operator A0pt, hq in X whose

closure Apt, hq is quasi-accretive with bound given by (12.1.1) and is the infinitesimal
generator of a strongly continuous group on X.
‘(iii)’: The statement is a simple consequence of (ii) along with Lemma 8.6.4.
‘(iv)’: First, DpApt, hqq Ą W1

C
pRq Ą Y and Apt, hq|Y P LpY, Xq since the restriction

of D1˚ to Y defines an element of LpY, Xq and a ˝ h P BpR,Cq for all pt, hq P I ˆW.
Further, it follows for pt1, h1q, pt2, h2q P I ˆW and x P R that

|aph1pxqq ´ aph2pxqq| ď
„

max
λPr0,1s

| p∇aqph1pxq ` λph2pxq ´ h1pxqqq|
j

¨ | h1pxq ´ h2pxq|

and hence because of

}h1 ` λph2 ´ h1q}8 ď C1~h1 ` λph2 ´ h1q~2 ď 3RC1

for every λ P r0, 1s that

|a ˝ h1pxq ´ a ˝ h2pxq| ď α1p3RC1q | h1pxq ´ h2pxq|.

Using this, it follows for every k P Y

}pApt1, h1q ´ Apt2, h2qqk}2 ď α1p3RC1q }h1 ´ h2}2 }D1˚k}8
ď C2 α1p3RC1q }h1 ´ h2}2 ~k~2

and hence

}Apt1, h1q ´ Apt2, h2q} ď C2 α1p3RC1q }h1 ´ h2}2 ď C2 α1p3RC1q ~h1 ´ h2~2.

Further, since
}h1}8 ď C1~h1~2 ď RC1,

it follows that

}Apt1, h1qk}2 “ }pa ˝ h1qD1˚k}2 ď α0pRC1q }D1˚k}2 ď α0pRC1q~k~2

for every k P Y and hence

}Apt1, h1q} ď α0pRC1q.
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‘(v)’: First, it follows for pt, h, h̄q P I ˆW ˆ X and k P X by using the boundedness
of a,l ˝ h, a,lm ˝ h, D1˚S´1k and h 1 that Bpt, h, h̄qk P X. In particular,

}Bpt, h, h̄qk}2 “ } ´

2
ÿ

l“1

pa,l ˝ hq
“

ph̄l ´ 1qD1˚S´1k ` 2h 1l D2˚S´1k
‰

`

2
ÿ

l,m“1

pa,lm ˝ hqh 1l h 1mD1˚S´1k}2

ď α1pRq }D1˚S´1k}8
2
ÿ

l“1

}h̄l}2 ` 4α1pRqC2R }D2˚S´1k}2

` 2
`

α1pRq ` 2C2
2 α2pRqR2˘

}D1˚S´1k}2

ď C2 α1pRq~S´1k~2

2
ÿ

l“1

}h̄l}2 ` rα1pRqp1` 8C2Rq

`2C2
2 α2pRqR2‰

}k}2

ď p2{3q
?

3 C2 α1pRq}S´1k}S

2
ÿ

l“1

}h̄l}2 ` rα1pRqp1` 8C2Rq

`2C2
2 α2pRqR2‰

}k}2

ď

«

p2{3q
?

6 C2 α1pRq
2
ÿ

l“1

}h̄l}2 ` α1pRqp1` 8C2Rq ` 2C2
2 α2pRqR2

ff

}k}2.

Since B is obviously linear, it follows that Bpt, h, h̄q P LpX, Xq and since

}S h}2 ď }h}S ď
?

3R

that
}Bpt, h, S hq} ď λB

for every pt, hq P I ˆW. Further, it follows

}Bpt, h, h̄1qk ´ Bpt, h, h̄2qk}2 ď

2
ÿ

l“1

}pa,l ˝ hqph̄1l ´ h̄2lqD1˚S´1k}2

ď µB}h̄1 ´ h̄2}2}k}2

for all pt, hq P IˆW, h̄1, h̄2 P X. Let pt, h, h̄q P IˆW ˆ X, pt1, h1, h̄1q, pt2, h2, h̄2q, . . .
a sequence in IˆWˆX which is convergent to pt, h, h̄q and k P X. As a consequence
of

}hν ´ h}8 ď C1~hν ´ h~2, }h 1ν ´ h 1}8 ď C2~hν ´ h~2,
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and the continuity of a,l , a,lm for all l,m P t1, 2u, it follows that

Bptν, hν, h̄qk “ ´
2
ÿ

l“1

pa,l ˝ hνq
“

ph̄l ´ 1qD1˚S´1k ` 2h 1νlD
2˚S´1k

‰

`

2
ÿ

l,m“1

pa,lm ˝ hνqh 1νlh
1
νmD1˚S´1k

is a sequence in X which is everywhere pointwise convergent to Bpt, h, h̄q and which
is majorized by the square summable function

2α1pRq r p
?

6{3qC2}k}2|h̄l| ` p1` 2C2
2R2
q|D1˚S´1k| `C2R|D2˚S´1k| s.

Hence it follows by an application of Lebesgue’s dominated convergence theorem
that

lim
νÑ8

}Bptν, hν, h̄qk ´ Bpt, h, h̄qk}2 “ 0

and hence because of

}Bptν, hν, h̄νqk ´ Bpt, h, h̄qk}2 ď }Bptν, hν, h̄νqk ´ Bptν, hν, h̄qk}2

`}Bptν, hν, h̄qk ´ Bpt, h, h̄qk}2 ď µB}h̄ν ´ h̄}2}k}2

`}Bptν, hν, h̄qk ´ Bpt, h, h̄qk}2

also that
lim
νÑ8

}Bptν, hν, h̄νqk ´ Bpt, h, h̄qk}2 “ 0

and finally the strong continuity of B. Further, let t P I, h P W XW3
C
pRq Ă C2pR,Cq

and k P D̃ Ă C3pR,Cq. Then a ˝ h P C2pR,Cq X BCpR,Cq and

pa ˝ hq1 “
2
ÿ

l“1

pa,l ˝ hq h 1l P BpR,Cq,

pa ˝ hq2 “
2
ÿ

l“1

pa,l ˝ hq h2l `
2
ÿ

l,m“1

pa,lm ˝ hq h 1l h 1m P BpR,Cq

and hence

Apt, hqk “ ´pa ˝ hqD1˚k “ pa ˝ hq k 1 P Y XC2
pR,Cq.

In particular,

´ D2˚Apt, hqk “ ´rpa ˝ hq k 1s2 “ ´

«

pa ˝ hq k 2 `
2
ÿ

l“1

pa,l ˝ hq h 1l k 1
ff1

“ ´pa ˝ hq k3 ´
2
ÿ

l“1

pa,l ˝ hqph2l k 1 ` 2h 1l k 2q ´
2
ÿ

l,m“1

pa,lm ˝ hqh 1l h 1mk 1
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“ ´Apt, hqD2˚k ´
2
ÿ

l“1

pa,l ˝ hqrp´D2˚hql D1˚k ` 2h 1l D2˚ks

`

2
ÿ

l,m“1

pa,lm ˝ hqh 1l h 1mD1˚k “ ´Apt, hqD2˚k ` Bpt, h, S hqS k

and hence
S Apt, hqk “ rApt, hq ` Bpt, h, S hqsS k.

Since R ą 0 is otherwise arbitrary and W3
C
pRq is dense in W2

C
pRq, it follows,

by the continuity, strong continuity of A and B, respectively, the continuity of
S : pY, } }S q Ñ X, the equivalence of the norms } }S ,~ ~2 as well as the closed-
ness of S , also that

S Apt, hqk “ rApt, hq ` Bpt, h, S hqsS k.

for all pt, hq P I ˆW, k P D̃.
‘(vi)’: For this, let pt, hq P I ˆW. Then S D̃ “ W2

C
pRq is a core for Âpt, hq and hence

the statement follows from (12.1.2) by Theorem 6.2.2 (ii).
‘(vii)’: In a first step, we show that for h P W2

C
pRq it follows that

pb ˝ hqh P W2
C
pRq (12.1.3)

(note that pb ˝ hqh P L2
C
pRqq and

D1˚
pb ˝ hqh “ H1 :“ pb ˝ hqh 1 `

2
ÿ

l“1

pb,l ˝ hq h 1l h
`

P L2
C
pRq

˘

D2˚
pb ˝ hqh “ H2 :“

2
ÿ

l“1

pb,l ˝ hq h pD2˚hql `
2
ÿ

l,m“1

pb,lm ˝ hq h 1l h 1mh

` 2
2
ÿ

l“1

pb,l ˝ hq h 1l h 1 ` pb ˝ hqD2˚h
`

P L2
C
pRq

˘

. (12.1.4)

For this, let h1, h2, . . . be a sequence in W3
C
pRq Ă C2pR,Cq such that

lim
νÑ8

~hν ´ h~2 “ 0.

Note that this implies that

lim
νÑ8

}hν ´ h}8 “ lim
νÑ8

}h 1ν ´ h 1}8 “ 0

and the uniform boundedness of the sequences h1, h2, . . . , h 11, h
1
2, . . . . Then b ˝ hν P

C2pR,Cq X BCpR,Cq and

pb ˝ hνqhν P L2
C
pRq

rpb ˝ hνqhνs 1 “ pb ˝ hνqh 1ν `
2
ÿ

l“1

pb,l ˝ hνq h 1νlhν P L2
C
pRq
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rpb ˝ hνqhνs2 “
2
ÿ

l“1

pb,l ˝ hνq hν h2νl `
2
ÿ

l,m“1

pb,lm ˝ hνq h 1νlh
1
νmhν

` 2
2
ÿ

l“1

pb,l ˝ hνq h 1νlh
1
ν ` pb ˝ hνqh2ν P L2

C
pRq (12.1.5)

and hence pb ˝ hνqhν P W2
C
pRq. We note that for any sequence g1, g2, ¨ ¨ ¨ P BCpR,Cq

which is uniformly bounded by some C ą 0 and converging almost everywhere on
R pointwise to some g P BCpR,Cq and any sequence k1, k2, ¨ ¨ ¨ P L2

C
pRq such that

lim
νÑ8

}kν ´ k}2 “ 0

for some k P L2
C
pRq, it follows that

}gνkν ´ gk}2 ď }gνpkν ´ kq}2 ` }pgν ´ gqk}2 ď C}kν ´ k}2 ` }pgν ´ gqk}2

and hence by an application of Lebesgue’s dominated convergence theorem that

lim
νÑ8

}gνkν ´ gk}2 “ 0.

Hence it follows that

lim
νÑ8

}b ˝ hνqhν ´ b ˝ h}2 “ lim
νÑ8

}rpb ˝ hνqhνs 1 ´ H1}2

“ lim
νÑ8

}rpb ˝ hνqhνs2 ´ H2}2 “ 0

and therefore (12.1.3) and (12.1.4). Hence it follows that f :“ pI ˆW Ñ Y, pt, hq ÞÑ
pb ˝ hqhq is well-defined and by the previous arguments also that f P CpIˆW,Yq. In
particular, it follows for pt, hq P I ˆW that

} f pt, hq}2 ď R β0pRC1q

}D1˚ f pt, hqq}2 ď R r β0pRC1q ` 2RC2 β1pRC1q s

}D2˚ f pt, hq}2 ď R r β0pRC1q ` 2R β1pRC1qpC1 ` 2C2q ` 4R2C2
2β2pRC1q s

and, finally,
} f pt, hq}Y ď λ f .

Further, it follows for t P I, h1, h2 P W that

|b ˝ h2qpxq ´ pb ˝ h1qpxq|2 ď β2
1p3RC1q |h2pxq ´ h1pxq|2

for all x P R and hence

} f pt, h2q ´ f pt, h2q}2 “ }pb ˝ h2qh2 ´ pb ˝ h1qh1}2 ď }pb ˝ h2qph2 ´ h1q}2

` }ppb ˝ h2q ´ pb ˝ h1qqh1}2 ď µ f }h2 ´ h1}2.
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‘(viii)’: The well-definedness of g as a map is obvious. Also the continuity of g
follows by an application of Lebesgue’s dominated convergence theorem by using
the remark after (12.1.5). Further, for pt, hq P I ˆW, it follows by (12.1.4) that

S f pt, hq “ pb ˝ hqS h`
2
ÿ

l“1

pb,l ˝ hq h pS hql ´
2
ÿ

l“1

pb,l ˝ hq h hl

´

2
ÿ

l,m“1

pb,lm ˝ hq h 1l h 1mh´ 2
2
ÿ

l“1

pb,l ˝ hq h 1l h 1 “ gpt, h, S hq.

Finally, it follows for pt, hq P I ˆW and k1, k2 P X that

}gpt, h, k1q ´ gpt, h, k2q}2 ď }pb ˝ hqk1 ´ pb ˝ hqk2}2

`

2
ÿ

l“1

}pb,l ˝ hq hpk1l ´ k2lq}2 ď µg}k1 ´ k2}2.

‘(ix)’ Is a consequence of (i) - (viii) and Theorem 11.0.7. [\

12.2 Quasi-Linear Hermitian Hyperbolic Systems

In the following, we consider the solutions of the system

Bu
Bt
pt, xq `

n
ÿ

j“1

Aj
pt, x, upt, xqq ¨

Bu
Bx j pt, xq “ Fpt, x, upt, xqq

for t P R, x P Rn, Cp-valued u, A1, . . . , An assuming values in the set of Hermitian
pˆ p-matrices and Cp-valued F where p P N˚, ¨ denotes matrix multiplication and
partial differentiation is to be interpreted component-wise.3

Lemma 12.2.1. (Commutator estimates) Let n P N˚.

(i) In addition, let m,m1,m2 P N such that m1 ě m, m2 ě m and m1 ` m2 ą
m` pn{2q Then for all f P Wm1

C
pRnq, g P Wm2

C
pRnq

f g P Wm
C
pR

n
q

and
~ f g~m ď Cnmm1m2 ~ f~m1 ~g~m2

where

Cnmm1m2 :“ 2m1`m2`ppn`1q{2q
pn` 1qm{2 πn{2

}p1` | |2q´pm
1`m2´mq

}
1{2
1

and ~ ~l denotes the Sobolev norm for Wl
C
pRnq for every l P N.

3 The elements of Cp are as usual considered as column vectors.
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(ii) Let m P N such that m ą n{2, q P N˚, k1, . . . , kq P N such that k1`¨ ¨ ¨`kq ď m.
Then there is C ě 0 such that

}h1 . . . hq}m´pk1`¨¨¨`kqq ď C ~h1~m´k1 . . .~hq~m´kq

for all h1 P Wm´k1
C

pRnq, . . . , hq P Wm´kq

C
pRnq.

(iii) Let m P N such that m ą n{2, q P Nzt0, 1u, k1, . . . , kq P N such that k1 ` ¨ ¨ ¨ `

kq ď m´ 1. Then
f1 . . . fq P W1

C
pR

n
q

and
B

e jp f1 . . . fqq “ pBe j f1q ¨ f2 . . . fq ` ¨ ¨ ¨ ` f1 . . . fq´1 ¨ B
e j fq

for all f j P Wm´k j

C
pRnq, j P t1, . . . , qu where e1, . . . , en denotes the canonical

basis of Rn.
(iv) Let m P N˚ such that m ą pn{2q ` 1 and a P C1pRn,Cq X BCpRn,Cq such that

a, j P Wm´1
C

pRnq pĂ C8pRn,Cqq for all j P t1, . . . , nu. Then

}rTap´�` 1qm{2 ´ p´�` 1qm{2Ta s rp´�` 1qpm´1q{2
s
´1 f }2

ď Dnm } f }2

˜

n
ÿ

j“1

~a, j~2
m´1

¸1{2

for all f P W1
C
pRnq where

Dnm :“ m rC2
npm´1q1 ` 22pm´1q m2n C2

npm´1qpm´1qpm´1q s
1{2.

Here Ta denotes the maximal multiplication operator in L2
C
pRnq corresponding

to a, p´� ` 1ql{2 :“ r p´� ` 1q1{2 sl for all l P N˚ and Cnpm´1q1 P r0,8q is
defined according to Lemma 12.1.2.

(v) Let m P N˚ such that m ą pn{2q ` 1, a P Cm`1pRn ˆ C
p,Cq such that

a,α|RnˆpURp0qqp

is bounded for every α P Nn`2p, |α| ď m ` 1 and every R ě 0 . Finally, let
ap¨, 0, . . . , 0q “ 0.
a) In addition, let h1, . . . , hp P Wm

C
pRnq (Ă C1pRn,Cq). Then

ap¨, h1, . . . , hpq P Wm
C
pR

n
q.

Hence according to (iv) the restriction of

rTap¨,h1,...,hpqp´�` 1qm{2 ´ p´�` 1qm{2Tap¨,h1,...,hpq s

¨ rp´�` 1qpm´1q{2
s
´1

to W1
C
pRnq gives a densely-defined bounded linear operator in L2

C
pRnqwhose

unique extension to a bounded linear operator on L2
C
pRnq will be denoted by

b1
aph1, . . . , hpq.
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b) The map

b1
a :“ ppWm

C
pR

n
qq

p
Ñ LpL2

C
pR

n
q, L2

C
pR

n
qq, ph1, . . . , hpq

ÞÑ b1
aph1, . . . , hpqq

is continuous as well as bounded on bounded subsets of ppWm
C
pRnqqp.

(vi) Let m P N˚, a P Cm`1pRn,Cq such that a,α is bounded for every α P Nn, |α| ď
m` 1. By the restriction of

rTap´�` 1qm{2 ´ p´�` 1qm{2Ta s rp´�` 1qpm´1q{2
s
´1

to W1
C
pRnq, there is given a densely-defined bounded linear operator in L2

C
pRnq

whose unique extension to a bounded linear operator on L2
C
pRnq will be denoted

by b2
a. In particular, there is C ą 0 such that for all such a

}b2
a} ď C

ÿ

αPNm`1

}a,α}8

Proof. ‘(i)’: For this, let F1 : L1
C
pRnq Ñ C8pRn,Cq and F2 : L2

C
pRnq Ñ L2

C
pRnq be

the continuous Fourier transformations defined by

pF1 f qpxq :“
ż

Rn
e´ixy f pyq dy

for all x P Rn and determined by F2 f :“ p2πq´n{2F1 f for every f P C80 pR
n,Cq,

respectively. In addition, let f , g P C80 pR
n,Cq. Then

p1` |k|2qm{2pF2 f gqpkq “ p2πq´n{2
p1` |k|2qm{2 pF1 f gqpkq

“ p2πq´n{2
p1` |k|2qm{2 pF1 f ˚ F1gqpkq

“ p2πq´n{2
ż

Rn
p1` |k|2qm{2pF1 f qpk ´ k1qpF1gqpk1q dk1

for all k P Rn. Further, let k, k1 P Rn. If

|k ´ k1| ď |k1|,

then

p1` |k|2qm{2 ď r1` p |k ´ k1| ` |k1| q2sm{2 ď p1` 4|k1|2qm{2

ď 2m
p1` |k1|2qm{2 “ 2m

p1` |k1|2qm
2{2
p1` |k1|2qpm´m2q{2

ď 2m
p1` |k1|2qm

2{2
p1` |k ´ k1|2qpm´m2q{2.

If
|k ´ k1| ě |k1|,
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then

p1` |k|2qm{2 ď r1` p |k ´ k1| ` |k1| q2sm{2 ď p1` 4|k ´ k1|2qm{2

ď 2m
p1` |k ´ k1|2qm{2 “ 2m

p1` |k ´ k1|2qm
1{2
p1` |k ´ k1|2qpm´m1q{2

ď 2m
p1` |k ´ k1|2qm

1{2
p1` |k1|2qpm´m1q{2.

Hence it follows for k P Rn that

p1` |k|2qm{2pF2 f gqpkq

“ p2πq´n{2
ż

|k´k1|ď|k1|
p1` |k|2qm{2pF1 f qpk ´ k1qpF1gqpk1q dk1

` p2πq´n{2
ż

|k´k1|ě|k1|
p1` |k|2qm{2pF1 f qpk ´ k1qpF1gqpk1q dk1.

Further,
ˇ

ˇ

ˇ

ˇ

ż

|k´k1|ď|k1|
p1` |k ´ k1|2qpm´m2q{2

pF1 f qpk ´ k1qp1` |k1|2qm
2{2
pF1gqpk1q dk1

ˇ

ˇ

ˇ

ˇ

2

ď 22m
ˇ

ˇ

ˇ

ˇ

ż

|k´k1|ď|k1|
|p1` |k ´ k1|2qpm´m2q{2

pF1 f qpk ´ k1q|

¨|p1` |k1|2qm
2{2
pF1gqpk1q| dk1

ˇ

ˇ

ˇ

2

ď 22m
ˇ

ˇ

ˇ

ˇ

ż

Rn
|p1` |k ´ k1|2qm

1{2
pF1 f qpk ´ k1q| ¨ p1` |k ´ k1|2q´pm

1`m2´mq{2

¨|p1` |k1|2qm
2{2
pF1gqpk1q dk1

ˇ

ˇ

ˇ

2

ď }p1` | |2qm
1{2
pF1 f q}2

2

ż

Rn
p1` |k ´ k1|2q´pm

1`m2´mq
¨ |p1` |k1|2qm

2{2

pF1gqpk1q|2 dk1

as well as
ˇ

ˇ

ˇ

ˇ

ż

|k´k1|ě|k1|
p1` |k ´ k1|2qm

1{2
pF1 f qpk ´ k1qp1` |k1|2qpm´m1q{2

pF1gqpk1q dk1
ˇ

ˇ

ˇ

ˇ

2

ď 22m
ˇ

ˇ

ˇ

ˇ

ż

|k´k1|ě|k1|
|p1` |k ´ k1|2qm

1{2
pF1 f qpk ´ k1q|

¨|p1` |k1|2qpm´m1q{2
pF1gqpk1q| dk1

ˇ

ˇ

ˇ

2

ď 22m
ˇ

ˇ

ˇ

ˇ

ż

Rn
|p1` |k ´ k1|2qm

1{2
pF1 f qpk ´ k1q| ¨ p1` |k ´ k1|2q´pm

1`m2´mq{2

¨|p1` |k1|2qm
2{2
pF1gqpk1q dk1

ˇ

ˇ

ˇ

2
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ď }p1` | |2qm
1{2
pF1 f q}2

2

ż

Rn
p1` |k ´ k1|2q´pm

1`m2´mq
|p1` |k1|2qm

2{2

¨ pF1gqpk1q|2 dk1.

Hence it follows by Fubini’s theorem that

}p1` | |2qm{2pF2 f gq}2
2 ď 2 p2πqn }p1` | |2q´pm

1`m2´mq
}1

¨ }p1` | |2qm
1{2
pF2 f q}2

2 ¨ }p1` | |
2
q

m2{2
pF2gq}2

2.

From this, we conclude by Lemma 12.1.1

~ f g~2
m ď 2n`2m1`2m2`1

pn` 1qm πn
}p1` | |2q´pm

1`m2´mq
}1 ¨ ~ f~2

m1 ¨ ~g~2
m2

and therefore, since C80 pR
n,Cq is dense in Wl

C
pRnq for every l P N, the statement of

the theorem.
‘(ii)’: The proof proceeds by induction over q P N˚. The statement is obviously true
for q “ 1. Let q be some element of N˚ for which there is C ě 0 such that

}h1 . . . hq}m´pk1`¨¨¨`kqq ď C ~h1~m´k1 . . .~hq~m´kq

for all h1 P Wm´k1
C

pRnq, . . . , hq P Wm´kq

C
pRnq. In addition, let h1 P Wm´k1

C
pRnq, . . . ,

hq`1 P Wm´kq`1

C
pRnq. Then by assumption

}h2 . . . hq`1}m´pk2`¨¨¨`kq`1q ď C ~h2~m´k2 . . .~hq`1~m´kq`1 .

Further, we define

m1 :“ m´ k1 ě m´ pk1 ` ¨ ¨ ¨ ` kq`1q,

m2 :“ m´ pk2 ` ¨ ¨ ¨ ` kq`1q ě m´ pk1 ` ¨ ¨ ¨ ` kq`1q.

Then

m1 ` m2 “ m´ k1 ` m´ pk2 ` ¨ ¨ ¨ ` kq`1q ą pn{2q ` m´ pk1 ` ¨ ¨ ¨ ` kq`1q.

Hence it follows from (i) the existence of C 1 ě 0 such that

~h1 . . . hq`1~m´pk1`¨¨¨`kq`1q ď C 1
~h1~m´k1 ~h2 . . . hq`1~m´pk2`¨¨¨`kq`1q

ď C C 1
~h1~m´k1 . . .~hq`1~m´kq`1 .

‘(iii)’: For this, let j P t1, . . . , nu. By (ii), it follows that by

pWm´k1
C

pR
n
q ˆ ¨ ¨ ¨ ˆWm´kq

C
pR

n
q Ñ Wm´1´pk1`¨¨¨`kqq

C
pR

n
q, p f1, . . . , fqq

ÞÑ B
e jp f1 . . . fqqq
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and

pWm´k1
C

pR
n
q ˆ ¨ ¨ ¨ ˆWm´kq

C
pR

n
q Ñ Wm´1´pk1`¨¨¨`kqq

C
pR

n
q, p f1, . . . , fqq

ÞÑ pB
e j f1q f2 . . . fq ` ¨ ¨ ¨ ` f1 . . . fq´1 B

e j fq

there are defined continuous multilinear maps whose restrictions to pC80 pR
n,Cqqq

coincide. From this follows (iii) by the denseness of pC80 pR
n,Cqqq in Wm´k1

C
pRnq ˆ

¨ ¨ ¨ ˆWm´kq

C
pRnq.

‘(iv)’: For every complex-valued function g which is a.e. defined on Rn and measur-
able, we denote by Tg the corresponding maximal multiplication operator in L2

C
pRnq.

Note that according to the proof of Theorem 12.2.2 (i), p´�` 1ql{2 is a linear, self-
adjoint and bijective operator in L2

C
pRnq with domain Wl

C
pRnq satisfying

F2p´�` 1ql{2F´1
2 “ Tp | |2`1ql{2 .

Since m ą n{2` 1, Wm
C
pRnq is closed under pointwise multiplication of its elements

according to (i). In the first step, we assume in addition that a P L2
C
pRnq which

implies that a P Wm
C
pRnq. Hence it follows that W1

C
pRnq is contained in the domain

of
Kam :“ rTap´�` 1qm{2 ´ p´�` 1qm{2Ta s rp´�` 1qpm´1q{2

s
´1.

In addition, since the restriction of Ta to Wm
C
pRnq defines a continuous linear operator

on pWm
C
pRnq,~ ~mq, it follows that the restriction of Kam to W1

C
pRnq is a continuous

linear map from pW1
C
pRnq,~ ~1q to L2

C
pRnq. Further, it follows for f P F2 C80 pR

n,Cq
and almost all k P Rn that

pF2KamF´1
2 f qpkq

“

´

F2 aF´1
2 p | |

2
` 1q1{2 f ´ p | |2 ` 1qm{2F2 aF´1

2 p | |
2
` 1qp1´mq{2 f

¯

pkq

“ p2πqn{2
´

pF2aq ˚ p | |2 ` 1q1{2 f

´p | |
2
` 1qm{2pF2aq ˚ p | |2 ` 1qp1´mq{2 f

¯

pkq

“

ż

Rn
p2πqn{2pF2aqpk ´ k1q r p |k1|2 ` 1qm{2 ´ p |k|2 ` 1qm{2 s p |k1|2 ` 1qp1´mq{2

f pk1q dk1.

Since

|p |k|2 ` 1qm{2 ´ p |k1|2 ` 1qm{2| ď m
„

max
λPr0,1s

p |k ` λpk1 ´ kq|2 ` 1qpm´1q{2
j

¨ |k ´ k1| ď m
”

p |k|2 ` 1qpm´1q{2
` p |k1|2 ` 1qpm´1q{2

ı

|k ´ k1|,
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where in the last estimate it has been used that p r0,8q Ñ R, x ÞÑ p1 ` x2qpm´1q{2 q

is increasing and that the polynomial p r0, 1s Ñ R, λ ÞÑ rk ` λpk1 ´ kqs2 q assumes
its maximum at one of the endpoints of its domain,

|KamF´1
2 f | ď m p2πqn{2 rTp | |2`1qpm´1q{2 p |F2∇a| ˚ Tp | |2`1q´pm´1q{2 f q ` |F2∇a| ˚ f s,

a.e. on Rn where F2∇a :“ pF2a,1, . . . , F2a,nq. Note that

|F2∇a| P DpTp | |2`1qpm´1q{2q

and hence that

F´1
2 |F2∇a|, pF´1

2 |F2∇a| q ¨ F´1
2 f , pF´1

2 |F2∇a| q ¨ F´1
2 Tp | |2`1q´pm´1q{2 f

P Wm´1
C

pR
n
q Ă BCpRn,Cq

where it has been used that F´1
2 f , F´1

2 Tp | |2`1q´pm´1q{2 f have bounded derivatives to
any order as a rapidly decreasing functions. As a consequence,

m F2rpF´1
2 |F2∇a| q ¨ F´1

2 f s “ m p2πqn{2 |F2∇a| ˚ f P DpTp | |2`1qpm´1q{2q,

m F2rpF´1
2 |F2∇a| q ¨ F´1

2 Tp | |2`1q´pm´1q{2 f s

“ m p2πqn{2 |F2∇a| ˚ Tp | |2`1q´pm´1q{2 f P DpTp | |2`1qpm´1q{2q

and therefore

}m p2πqn{2 |F2∇a| ˚ f }2
2

ď m2
} F´1

2 |F2∇a| }2
8 ¨ } f }2

2 ď m2 C2
npm´1q1 } F´1

2 |F2∇a| }2
m´1 } f }2

2

“ m2 C2
npm´1q1 } f }2

2

ÿ

αPNn,|α|ďm´1

} B
αF´1

2 |F2∇a| }2
2

“ m2 C2
npm´1q1 } f }2

2

n
ÿ

j“1

~a, j~2
m´1

where Cnpm´1q1 P r0,8q is defined according to Lemma 12.1.2. Further, it follows
by Lemma 12.1.1 along with (i) that

}m p2πqn{2 Tp | |2`1qpm´1q{2 p |F2∇a| ˚ Tp | |2`1q´pm´1q{2 f q}2
2

ď 22pm´1q m2
}p2πqn{2

ÿ

αPNn,|α|ďm´1

| prα | ¨
`

|F2∇a| ˚ Tp | |2`1q´pm´1q{2 f
˘

}
2
2

ď 22pm´1q mn`2
ÿ

αPNn,|α|ďm´1

}p2πqn{2 prα ¨
`

|F2∇a| ˚ Tp | |2`1q´pm´1q{2 f
˘

}
2
2
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“ 22pm´1q mn`2
ÿ

αPNn,|α|ďm´1

}B
α
p2πqn{2 F´1

2

`

|F2∇a| ˚ Tp | |2`1q´pm´1q{2 f
˘

}
2
2

“ 22pm´1q mn`2
}p2πqn{2 F´1

2

`

|F2∇a| ˚ Tp | |2`1q´pm´1q{2 f
˘

}
2
m´1

“ 22pm´1q mn`2
}pF´1

2 |F2∇a| q ¨ F´1
2 Tp | |2`1q´pm´1q{2 f }2

m´1

ď 22pm´1q mn`2 C2
npm´1qpm´1qpm´1q }F

´1
2 |F2∇a| }2

m´1

¨ }F´1
2 Tp | |2`1q´pm´1q{2 f }2

m´1

ď 22pm´1q mn`2 C2
npm´1qpm´1qpm´1q }F

´1
2 Tp | |2`1q´pm´1q{2 f }2

m´1

n
ÿ

j“1

~a, j~2
m´1

“ 22pm´1q mn`2 C2
npm´1qpm´1qpm´1q

ÿ

αPNn,|α|ďm´1

} prαTp | |2`1q´pm´1q{2 f }2
2

¨

n
ÿ

j“1

~a, j~2
m´1

ď 22pm´1q m2pn`1qC2
npm´1qpm´1qpm´1q } f }2

2

n
ÿ

j“1

~a, j~2
m´1

where

prα :“
n
ź

j“1

prα j

j

for every α P Rn and pr j denotes the coordinate projection of Rn onto the j-th coor-
dinate, j P t1, . . . , nu. Hence we arrive at

}KamF´1
2 f }2 ď Dnm }F´1

2 f }2 ¨

˜

n
ÿ

j“1

~a, j~2
m´1

¸1{2

.

Since C80 pR
n,Cq is dense in pW1

C
pRnq,~ ~1q, the restriction of Kam to W1

C
pRnq

is a continuous linear map from pW1
C
pRnq,~ ~1q to L2

C
pRnq and the inclusion of

pW1
C
pRnq,~ ~1q into L2

C
pRnq is continuous, finally, it follows that

}Kamg}2 ď Dnm }g}2 ¨

˜

n
ÿ

j“1

~a, j~2
m´1

¸1{2

for all g P W1
C
pRnq. In the final step, we drop the additional assumption that a P

L2
C
pRnq and define for ν P N˚

aν :“ hνa, hν :“ e´| |
2{ν2

.
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Since a is bounded and hν and all its partial derivatives are bounded as well as square
integrable, it follows that aν is satisfying the assumptions for a from the previous
step. In particular, for j P t1, . . . , nu and β P Nn such that |β| ď m´ 1,

B
βaν, j “ pBβhν, jq a`

n
ÿ

k“1

ÿ

γPΓk

ˆ

β1

γ1

˙

. . .

ˆ

βn

γn

˙

pB
β´γhν, jq Bγ´ek a,k

`

β1
ÿ

γ1“0

. . .

βn
ÿ

γn“0

ˆ

β1

γ1

˙

. . .

ˆ

βn

γn

˙

pB
γhνq Bβ´γa, j

where

Γk :“ tγ P t0, . . . , β1u ˆ ¨ ¨ ¨ ˆ t0, . . . , βnuztp0, . . . , 0qu : γ1 “ ¨ ¨ ¨ “ γk´1 “ 0
^ γk ‰ 0u

for k P t1, . . . , nu and e1, . . . , en is the canonical basis in Rn. Since for every γ P Nn

the corresponding Bγh1, B
γh2, . . . converges in L2

C
pRnq to the zero function if |γ| ‰ 0

and the constant function of value 1 if |γ| “ 0 and at the same time is a bounded
sequence in BCpRn,Cq converging everywhere pointwise on Rn to the zero function
if |γ| ‰ 0 and the constant function of value 1 if |γ| “ 0, it follows by Lebesgue’s
dominated convergence theorem that

lim
νÑ8

}B
βaν, j ´ Bβa, j}2 “ 0

and hence that
lim
νÑ8

~aν, j ´ a, j~m´1 “ 0. (12.2.1)

In the following, we denote by K̄aν the unique extension of Kaν to a bounded linear
operator on L2

C
pRnq. Then

}pKaµm ´ Kaνmq f }2 “

}rTaµ´aνp´�` 1qm{2 ´ p´�` 1qm{2Taµ´aν s rp´�` 1qpm´1q{2
s
´1 f }2

ď Dnm } f }2

˜

n
ÿ

j“1

~aµ, j ´ aν, j~2
m´1

¸1{2

for all f P W1
C
pRnq and hence

}K̄aµm ´ K̄aνm} ď Dnm

˜

n
ÿ

j“1

~aµ, j ´ aν, j~2
m´1

¸1{2

.

Hence it follows by (12.2.1) that Ka1m,Ka2m, . . . is a Cauchy sequence in LpL2
C
pRnq,

L2
C
pRnqq and hence convergent to some K̄am P LpL2

C
pRnq, L2

C
pRnqq satisfying

}K̄am} ď Dnm

˜

n
ÿ

j“1

~a, j~2
m´1

¸1{2

.
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Further, since a1, a2, . . . is a bounded sequence in BCpRn,Cqwhich is everywhere on
R

n pointwise convergent to a, it follows for f P W1
C
pRnq by Lebesgue’s dominated

convergence theorem that

lim
νÑ8

}Taνp´�` 1q1{2 f ´ Tap´�` 1q1{2 f }2 “ 0,

lim
νÑ8

}Taνp´�` 1qp1´mq{2 f ´ Tap´�` 1qp1´mq{2 f }2 “ 0

and therefore also the convergence of

p´�` 1qm{2Ta1 rp´�` 1qp1´mq{2
s f , p´�` 1qm{2Ta2 rp´�` 1qp1´mq{2

s f , . . .

in L2
C
pRnq. Since p´�` 1qm{2 is closed, this implies that

Ta rp´�` 1qp1´mq{2
s f P Dpp´�` 1qm{2q

and

lim
νÑ8

}p´�` 1qm{2Taνp´�` 1qp1´mq{2 f

´ p´�` 1qm{2Tap´�` 1qp1´mq{2 f }2 “ 0

as well as

}rTap´�` 1qm{2 ´ p´�` 1qm{2Ta s rp´�` 1qpm´1q{2
s
´1 f }2

ď Dnm } f }2

˜

n
ÿ

j“1

~a, j~2
m´1

¸1{2

.

‘(v)’: For this, let h1, . . . , hp P Wm
C
pRnq (Ă pC1pRn,Cqqp) and α P Nn ˆ t0u2p such

|α| ď m.4 Then
a,αp¨, h1, . . . , hpq P L2

C
pR

n
q. (12.2.2)

For the proof, we notice that a,αp¨, h1, . . . , hpq P CpRn,Cq and that h1, . . . , hp are
bounded according to Lemma 12.1.2. Hence it follows by the mean value theorem
that

| a,αpx, h1pxq, . . . , hppxqq |2 “ | a,αpx, h1pxq, . . . , hppxqq ´ a,αpx, 0, . . . , 0q |2

ď

„

max
λPr0,1s

| p∇a,αqpx, λh1pxq, . . . , λhppxq|
j2

¨ |ph1pxq, . . . , hppxqq|2

ď C ¨ |ph1pxq, . . . , hppxqq|2

for all x P Rn and large enough C ě 0. Hence it follows (12.2.2). Then it follows by
(iii) and induction over |α| that

pap¨, h1, . . . , hpqq,α

4 Note that C “ R
2. Also we identify Rn ˆ C

p and Rn`2p.
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is a linear combination of

a,pα1,...,αn,0,...,0qp¨, h1, . . . , hpq (12.2.3)

and, if |α| ‰ 0, of terms of the form

a,βp¨, h1, . . . , hpq pB
γ j1 h j1r1q ¨ ¨ ¨ ¨

`

B
γ jq h jqrq

˘

(12.2.4)

where β P Nn`2p is such that |β| ď |α|, q P N satisfying 1 ď q ď |α|, j1, . . . , jq P
t1, . . . , 2pu satisfying |γ j1 |, . . . , |γ jq | ě 1 as well as

q ď |γ j1 | ` ¨ ¨ ¨ ` |γ jq | ď |α|

and r1, . . . , rq P t1, 2u. Hence it follows by (12.2.2) and (ii) that

pap¨, h1, . . . , hpqq,α P L2
C
pR

n
q

and therefore that
ap¨, h1, . . . , hpq P Wm

C
pR

n
q.

Hence b1
a is well-defined. By help of Lemma 12.1.2, (ii) and Lebesgue’s dominated

convergence theorem, it follows that all derivatives (12.2.3), (12.2.4) define con-
tinuous maps from Wm

C
pRnq to L2

C
pRnq which are bounded on bounded subsets of

ppWm
C
pRnqqp and therefore by (iv) also that b1

a is continuous as well as bounded on
bounded subsets of pWm

C
pRnqqp.

‘(vi)’: The statement is obvious for even m and a simple consequence of Lemma
10.2.1 (vii) if m is odd. [\

Theorem 12.2.2. Let n, p P N˚, m P N˚ such that m ą pn{2q ` 1, X :“ pL2
C
pRnqqp,

Y :“ pWm
C
pRnqqp (Ă pC1pRn,Cqqp),

S :“ pY Ñ X, u “ pu1, . . . , upq ÞÑ pp´�` 1qm{2u1, . . . , p´�` 1qm{2upqq

where p´�`1qm{2 :“ r p´�`1q1{2 sm, J be a non-empty open interval of R, c, d P J
such that c ď d and I :“ rc, ds. Further, let A1, . . . , An : JˆRnˆCp Ñ Mppˆ p,Cq,
F : JˆRnˆCp Ñ C be such that Ajpt, x, uq is Hermitian for all pt, x, uq P IˆRnˆCp

and j P t1, . . . , nu as well as such that5 for every j P t1, . . . , nu, k, l P t1, . . . , pu and
R ą 0

Aj
klpt, ¨, ¨q, F

j
pt, ¨, ¨q P Cm`1

pR
n`1`2p,Cq

for every t P J and such that the restriction of Aj
kl,α, f to I ˆ R

n ˆ pURp0qqp is
bounded for every α P t0u ˆ N

n`2p satisfying |α| ď m ` 1. Also, for any such α,
Aj

kl,α, F
j continuously is partially differentiable by time with a corresponding partial

derivative whose restriction to IˆRnˆpURp0qqp is bounded. In particular, we define

α0pRq :“ max t} Aj
kl|IˆRnˆpURp0qqp}8 : j P t1, . . . , nu, k, l P t1, . . . , puu,

5 Note that C “ R
2. The index ‘0’ associated to time, i.e., the coordinate projection of

RˆRnˆpR2qp onto the first coordinate. Finally, RˆRnˆCp and Rn`1`2p will be identified.
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α1pRq :“ max t} Aj
kl,m|IˆRnˆpURp0qqp}8 : j P t1, . . . , nu, k, l P t1, . . . , pu,

m P t0, . . . , n` 2puu.

In addition, let F be such that

pI Ñ Y, t ÞÑ pF1
pt, ¨, 0, . . . , 0q, . . . , F p

pt, ¨, 0, . . . , 0qqq P CpI,Yq.

Finally, let R ą 0 and

W :“ th P Y : }h1}
2
m ` . . . }hp}

2
m ă R2

u.

Then

(i) S is a densely-defined linear, self-adjoint and bijective operator in X. In
particular,

1
nm{2

˜

p
ÿ

k“1

~uk~
2
m

¸1{2

ď }u}Y ď r1` pn` 1qms1{2
˜

p
ÿ

k“1

~uk~
2
m

¸1{2

(12.2.5)

for all u “ pu1, . . . , upq P Y where ~ ~m denotes the Sobolev norm for Wm
C
pRnq.

(ii) For every t P I, h P W, by
˜

pW1
C
pR

n
qq

p
Ñ X, u ÞÑ

n
ÿ

j“1

Aj
pt, ¨, hqB ju

:“

˜

n
ÿ

j“1

p
ÿ

l“1

Aj
1lpt, ¨, hqB

jul, . . . ,
n
ÿ

j“1

p
ÿ

l“1

Aj
plpt, ¨, h qB

julq

¸

,

there is defined a densely-defined linear and quasi-accretive operator in X with
bound

´np p1` 2pRC2qα1pRC1q{2 (12.2.6)

whose closure Apt, hq is the infinitesimal generator of a strongly continuous
group on X where C1 :“ Cnm1,C2 :“ Cnm2 and Cnm1,Cnm2 are defined accord-
ing to Lemma 12.1.2.

(iii) The family pApt, uptqqqtPI is stable with stability constants

np p1` 2pRC2qα1pRC1q{2, 1

for every u : I Ñ W.
(iv) Y Ă DpApt, hqq, Apt, hq|Y P LpY, Xq for every pt, hq P I ˆW and

A :“ pI ˆW Ñ LpY, Xq, pt, hq ÞÑ Apt, hq|Yq P CpI ˆW, LpY, Xqq.

Moreover,

}Apt, hq} ď λA, }Apt, h1q ´ Apt, h2q} ď µA}h1 ´ h2}Y

for all t P I, h1, h2 P W where

λA :“ p pn` 1` 2pq1{2 npm`2q{2 α0pRC1q,

µA :“ p pn` 1` 2pq1{2 nm`1
p2C1q

1{2 α1p3RC1q.
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(v) Let D̃ :“ pWm`1
C

pRnqqp. Then

S Apt, hqk “ pApt, hq ` Bpt, h, S hqqS k, (12.2.7)

for every t P I, h P W and k P D̃ where B : IˆWˆX Ñ LpX, Xq is defined by

Bpt, h, h̄qk :“

˜

n
ÿ

j“1

p
ÿ

l“1

b1
Aj

1lpt,¨,¨q´Aj
1lpt,¨,0q

phq p´�` 1q´1{2
B

jkl, . . . ,

n
ÿ

j“1

p
ÿ

l“1

b1
Aj

plpt,¨,¨q´Aj
plpt,¨,0q

phq p´�` 1q´1{2
B

jkl

¸

`

˜

n
ÿ

j“1

p
ÿ

l“1

b2
Aj

1lpt,¨,0q
p´�` 1q´1{2

B
jkl, . . . ,

n
ÿ

j“1

p
ÿ

l“1

b2
Aj

plpt,¨,0q
p´�` 1q´1{2

B
jkl

¸

for all pt, h, h̄q P I ˆ W ˆ X and k P X. Here b1, b2 are defined according to
Lemma 12.2.1. Further, B is continuous and there is λB ě 0 such that

}Bpt, h, S hq} ď λB, }Bpt, h, h̄1q ´ Bpt, h, h̄2q} “ 0

for all pt, hq P I ˆW, h̄1, h̄2 P X.
(vi) Let pt, hq P I ˆ W and T pt, hq : r0,8q Ñ LpX, Xq, T̂ pt, hq : r0,8q Ñ

LpX, Xq be the strongly continuous semigroups generated by Apt, hq and Âpt, hq
:“ Apt, hq ` Bpt, h, S hq, respectively. Then

S T pt, hqpsq Ą T̂ pt, hqpsqS

for all s ě 0.
(vii) By

f pt, hq :“ pF1
pt, ¨, hq, . . . , F p

pt, ¨, hqq

for all pt, hq P IˆW, there is defined an element f P CpIˆW,Yq. In particular,
there are λ f , µ f ě 0 such that

} f pt, hq}Y ď λ f , } f pt, h1q ´ f pt, h2q}2 ď µ f }h1 ´ h2}2

for all t P I and h1, h2 P W.
(viii) By

gpt, h, kq :“ S f pt, hq

for all pt, h, kq P I ˆW ˆ X, there is defined an element g of CpI ˆW ˆ X, Xq.
In particular,

}gpt, h, k1q ´ gpt, h, k2q}2 “ 0

for all pt, hq P I ˆW and k1, k2 P X.
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(ix) Then for every compact subset K of W, there is T P pc, ds such that for every
h P K there is u P Cprc,T s,Wq XC1prc,T s, Xq such that

u1ptq ` Apt, uptqquptq “ f pt, uptqq

for all t P pc,T q where differentiation is with respect to X, and upcq “ h. If
v P Cprc,T s,Wq X C1ppc,T q, Xq is such that v1ptq ` Apt, vptqqvptq “ f pt, vptqq
for all t P pc,T q and vpcq “ h, then v “ u.

Proof. ‘(i)’: For this, let ~ ~k denote the Sobolev norm for Wk
C
pRnq where k P N.

Further, let F2 : L2
C
pRnq Ñ L2

C
pRnq be the unitary Fourier transformation deter-

mined by

pF2 f qpxq :“ p2πq´n{2
ż

Rn
e´ixy f pyq dy

for all x P Rn and for every f P C80 pR
n,Cq. Finally, for every complex-valued func-

tion g which is a.e. defined on Rn and measurable, we denote by Tg the corresponding
maximal multiplication operator in L2

C
pRnq. Then p´� ` 1qm{2 :“ r p´� ` 1q1{2 sm

is a linear operator as composition of linear operators. Further,

F2r p´�` 1q1{2 smF´1
2 “ rTp | |2`1q1{2s

m
Ă Tp | |2`1qm{2 .

Further, for every f P DpTp | |2`1qm{2q and k P t1, . . . ,mu

r p | |
2
` 1q1{2 sk f “

1
p | |2 ` 1qpm´kq{2

p | |
2
` 1qm{2 f P L2

C
pR

n
q

and hence f P Dp rTp | |2`1q1{2smq. Therefore,

rTp | |2`1q1{2s
m
“ Tp | |2`1qm{2

and hence p´� ` 1qm{2 is self-adjoint and bijective with domain given by Wm
C
pRnq

since F2Wm
C
pRnq coincides with the domain of Tp1`| |2qm{2 . As a consequence, S is

a densely-defined linear, self-adjoint and bijective operator in X. In the next step, it
will be proved that

1
?

n
~ f~k`1 ď ~p´�` 1q1{2 f~k ď

?
n` 1~ f~k`1 (12.2.8)

for all f P Wk`1
C
pRnq and k P N. For this, let k P N and f P Wk`1

C
pRnq. Then by

(10.2.9), (10.2.3),

~p´�` 1q1{2 f~2
k “

ÿ

αPNn,|α|ďk

}p´�` 1q1{2Bα f }2
2

“

ÿ

αPNn,|α|ďk

}p´�q1{2Bα f }2
2 `

ÿ

αPNn,|α|ďk

}B
α f }2

2

ď n
ÿ

αPNn,|α|ďk

n
ÿ

j“1

}B
j
B
α f }2

2 ` ~ f~2
k ď pn` 1q ~ f~2

k`1.
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Further, it follows by (10.2.9), (10.2.4)

}p´�` 1q1{2 f }2
2 ě }B

j f }2
2 ` } f }2

2

and hence

}p´�` 1q1{2 f }2
2 ě } f }2

2 `
1
n

n
ÿ

j“1

}B
j f }2

2

for all f P W1
C
pRnq and hence for f P Wk`1

C
pRnq

~p´�` 1q1{2 f~2
k “

ÿ

αPNn,|α|ďk

}p´�` 1q1{2Bα f }2
2

ě
ÿ

αPNn,|α|ďk

}B
α f }2

2 `
1
n

ÿ

αPNn,|α|ďk

n
ÿ

j“1

}B
j
B
α f }2

2

ě
1
n
~ f~2

k`1.

Inequality (12.2.8) implies that

n´m{2
~ f~m ď }p´�` 1qm{2 f }2 ď pn` 1qm{2 ~ f~m (12.2.9)

for all f P Wm
C
pRnq. Hence it follows

}u}2
S
“

p
ÿ

k“1

´

}uk}
2
2 ` }p´�` 1qm{2uk}

2
2

¯

ď r1` pn` 1qms
p
ÿ

k“1

~uk~
2
m

and

}u}2
S
“

p
ÿ

k“1

´

}uk}
2
2 ` }p´�` 1qm{2uk}

2
2

¯

ě n´m
p
ÿ

k“1

~uk~
2
m

for all u “ pu1, . . . , upq P Y .
‘(ii)’: For this, let t P I, h P W. By Theorem 10.2.2 (ii), it follows that by

˜

pW1
C
pR

n
qq

p
Ñ X, u ÞÑ

˜

n
ÿ

j“1

p
ÿ

l“1

Aj
1lpt, ¨, hqB

jul, . . . ,
n
ÿ

j“1

p
ÿ

l“1

Aj
plpt, ¨, hqB

jul

¸¸

there is defined a densely-defined linear and quasi-accretive operator in X with bound

´
1
2

n
ÿ

j“1

˜

p
ÿ

k,l“1

}rAj
klpt, ¨, hqs, j}

2
8

¸1{2

whose closure Apt, hq is the infinitesimal generator of a strongly continuous group
on X. Further, it follows for every j P t1, . . . , nu, x P Rn

|rAj
klpt, ¨, hqs, jpxq| “ |A

j
kl, jpt, x, hpxqq

`

p
ÿ

r“1

rAj
kl,n`2r´1pt, x, hpxqq hr1, jpxq
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` Aj
kl,n`2rpt, x, hpxqq hr2, jpxqs|

ď p1` 2pRC2qα1pRC1q.

‘(iii)’: The statement is a simple consequence of (ii) along with Lemma 8.6.4. ‘(iv)’:
First, DpApt, hqq Ą W1

C
pRnq Ą Y and Apt, hq|Y P LpY, Xq since the restrictions

of B1, . . . , Bn to Wm
C
pRnq define elements of LpWm

C
pRnq, L2

C
pRnqq and Aj

klpt, ¨, hq P
BpRn,Cq for j P t1, . . . , nu, k, l P t1, . . . , pu and pt, hq P I ˆ W. Further, it follows
for pt1, h1q, pt2, h2q P I ˆW and j P t1, . . . , nu, k, l P t1, . . . , pu that

|Aj
klpt1, x, h1pxqq ´ Aj

klpt2, x, h2pxqq|

ď

„

max
λPr0,1s

| p∇Aj
klqpt1 ` λpt2 ´ t1q, x, h1pxq ` λph2pxq ´ h1pxqqq|

j

¨|pt1 ´ t2, 0, h1pxq ´ h2pxqq|

ď

„

max
λPr0,1s

| p∇Aj
klqpt1 ` λpt2 ´ t1q, x, h1pxq ` λph2pxq ´ h1pxqqq|

j

¨

«

pt1 ´ t2q2 `
p
ÿ

k“1

2
ÿ

r“1

|h1krpxq ´ h2krpxq|2
ff1{2

and hence, because of

}h1k ` λph2k ´ h1kq}8 ď C1}h1k ` λph2k ´ h1kq}m ď 3RC1

for every λ P r0, 1s, that

}Aj
klpt1, ¨, h1q ´ Aj

klpt2, ¨, h2q}8

ď pn` 1` 2pq1{2α1p3RC1q

«

pt1 ´ t2q2 ` 2C1

p
ÿ

k“1

~h1k ´ h2k~
2
m

ff1{2

.

This implies that

}Apt1, h1qu´ Apt2, h2qu}2
X ď pn` 1` 2pq p2n2 α2

1p3RC1q

p
ÿ

k“1

~uk~
2
m

¨

«

pt1 ´ t2q2 ` 2C1

p
ÿ

k“1

~h1k ´ h2k~
2
m

ff

for every u P Y and hence that

}Apt1, h1q|Y ´ Apt2, h2q|Y}

ď p pn` 1` 2pq1{2npm`2q{2α1p3RC1q ¨

”

|t1 ´ t2| ` p2C1nm
q

1{2
}h1 ´ h2}Y

ı

.
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Hence A is continuous and

}Apt, h1q ´ Apt, h2q} ď µA}h1 ´ h2}Y

for all t P I, h1, h2 P W. Analogously, it follows that

}Apt, hq} ď λA

for all t P I, h P W.
‘(v)’: For this, let t P I, h P W and k P D̃. Then it follows by Lemma 12.2.1 (v) that

Apt, hqk “

˜

n
ÿ

j“1

p
ÿ

l“1

Aj
1lpt, ¨, hqB

jkl, . . . ,
n
ÿ

j“1

p
ÿ

l“1

Aj
plpt, ¨, h qB

jkl

¸

“

˜

n
ÿ

j“1

p
ÿ

l“1

rAj
1lpt, ¨, hq ´ Aj

1lpt, ¨, 0qsB
jkl, . . . ,

n
ÿ

j“1

p
ÿ

l“1

rAj
plpt, ¨, h q ´ Aj

plpt, ¨, 0qsB
jkl

¸

`

˜

n
ÿ

j“1

p
ÿ

l“1

Aj
1lpt, ¨, 0qB

jkl, . . . ,
n
ÿ

j“1

p
ÿ

l“1

Aj
plpt, ¨, 0qB

jkl

¸

P Y

and hence that

S Apt, hqk ´ Apt, hqS k

“

˜

n
ÿ

j“1

p
ÿ

l“1

!

p´�` 1qm{2rAj
1lpt, ¨, hq ´ Aj

1lpt, ¨, 0qs ´ rA
j
1lpt, ¨, hq ´ Aj

1lpt, ¨, 0qs

p´�` 1qm{2
)

p´�` 1qp1´mq{2
p´�` 1q´1{2

B
j
p´�` 1qm{2kl, . . . ,

n
ÿ

j“1

p
ÿ

l“1

!

p´�` 1qm{2rAj
plpt, ¨, hq ´ Aj

plpt, ¨, 0qs ´ rA
j
plpt, ¨, hq ´ Aj

plpt, ¨, 0qs

p´�` 1qm{2
)

p´�` 1qp1´mq{2
p´�` 1q´1{2

B
j
p´�` 1qm{2kl

¸

`

˜

n
ÿ

j“1

p
ÿ

l“1

!

p´�` 1qm{2Aj
1lpt, ¨, 0q ´ Aj

1lpt, ¨, 0qp´�` 1qm{2
)

p´�` 1qp1´mq{2
p´�` 1q´1{2

B
j
p´�` 1qm{2kl, . . . ,

n
ÿ

j“1

p
ÿ

l“1

!

p´�` 1qm{2Aj
plpt, ¨, 0q ´ Aj

plpt, ¨, 0qp´�` 1qm{2
)

p´�` 1qp1´mq{2
p´�` 1q´1{2

B
j
p´�` 1qm{2kl

¸

“ Bpt, h, S hqS k.
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The remaining statements are obvious, see the proofs of Lemma 12.2.1 (v)b), (vi).
‘(vi)’: For this, let pt, hq P I ˆ W. Then S D̃ “ pW1

C
pRnqqp is a core for Âpt, hq and

hence the statement follows from (12.2.7) by Theorem 6.2.2 (ii).
‘(vii)’: The statements are obvious, see the proofs of Lemma 12.2.1 (v)b).
‘(viii)’: The statements are obvious consequences of the definition of g and (vii).
‘(ix)’: Is a consequence of (i) - (viii) and Theorem 11.0.7. [\
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Appendix

Lemma 13.0.3. (Peetre’s inequality) Let n P N˚, s P R and k, k1 P Rn. Then

p1` |k|2qs{2
ď 2|s|{2p1` |k ´ k1|2q|s|{2 p1` |k1|2qs{2. (13.0.1)

Proof. If s ě 0, it follows that

p1` |k|2qs{2
ď r1` p |k ´ k1| ` |k1| q2ss{2 ď r1` 2|k ´ k1|2 ` 2|k1|2ss{2

ď r 2p1` |k ´ k1|2qp1` |k|2q ss{2

“ 2s{2
p1` |k ´ k1|2qs{2

p1` |k1|2qs{2.

If s ď 0, it follows from the previous inequality by exchanging k and k1 that

p1` |k1|2q|s|{2 ď 2|s|{2 p1` |k ´ k1|2q|s|{2 p1` |k|2q|s|{2

and hence that

2´|s|{2p1` |k ´ k1|2q´|s|{2 p1` |k1|2q|s|{2 ď p1` |k|2q|s|{2

and, finally, that

2|s|{2p1` |k ´ k1|2q|s|{2 p1` |k1|2qs{2
ě p1` |k|2qs{2.

[\

Lemma 13.0.4. (Sobolev’s inequalities) Let n P N˚, p P R such that 1 ď p ă n
and m P N˚ such that n{m ą p. Then

} f }np{pn´mpq ď

«

m
ź

m1“1

ppn´ 1q
npn´ m1pq

ff

ÿ

αPNn,|α|“m

›

›

›

›

Bm f
Bxα

›

›

›

›

p
(13.0.2)

for all f P C80 pR
n,Cq.
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Proof. For this, let n P N˚, f P C1
0pR

n,Cq and j P t1, . . . , nu. We define f j : Rn´1 Ñ

R by

f jpx1, . . . , x j´1, x j`1, . . . , xnq :“
ż 8

´8

| f, jpx1, . . . , xnq| dx j

for all px1, . . . , x j´1, x j`1, . . . , xnq P R
n´1. Obviously, f j is continuous with a com-

pact support and

| f px1, . . . , xnq| “

ˇ

ˇ

ˇ

ˇ

ż x j

´8

f, jpx1, . . . , x j´1, t, x j`1, xnq dt
ˇ

ˇ

ˇ

ˇ

ď f jpx1, . . . , x j´1, x j`1, . . . , xnq

for all px1, . . . , xnq P R
n and j P t1, . . . , nu. Hence it follows that

| f px1, . . . , xnq|
n{pn´1q

ď

n
ź

j“1

r f jpx1, . . . , x j´1, x j`1, . . . , xnqs
1{pn´1q

for all px1, . . . , xnq P R
n, which by integration and application of the generalized

Hölder inequality for pn´ 1q-factors leads to
ż

R

| f px1, . . . , xnq|
n{pn´1q dx1

ď r f1px2, . . . , xnqs
1{pn´1q

ż

R

n
ź

j“2

r f jpx1, . . . , x j´1, x j`1, . . . , xnqs
1{pn´1q dx1

ď r f1px2, . . . , xnqs
1{pn´1q

n
ź

j“2

ˆ
ż

R

f jpx1, . . . , x j´1, x j`1, . . . , xnq dx1

˙1{pn´1q

for all px2, . . . , xnq P R
n. Note that only n ´ 1 of these factors in the last expression

depend on x2. Hence it follows by integration, Fubini’s theorem and application of
the generalized Hölder inequality for pn´ 1q´factors that

ż

R2
| f px1, . . . , xnq|

n{pn´1q dx1 dx2

ď

ˆ
ż

R

f1px2, . . . , xnq dx2

˙1{pn´1q

¨

ˆ
ż

R

f2px1, x3, . . . , xnq dx1

˙1{pn´1q

¨

n
ź

j“3

ˆ
ż

R

f jpx1, . . . , x j´1, x j`1, . . . , xnq dx1dx2

˙1{pn´1q

for all px3, . . . , xnq P R
n. Repeating these previous steps pn´ 2q´times leads to

ż

Rn
| f |n{pn´1q dvn

ď

n
ź

j“1

ˆ
ż

Rn´1
f j dvn´1

˙1{pn´1q

“

˜

n
ź

j“1

} f, j}1

¸1{pn´1q

ď

˜

1
n

n
ÿ

j“1

} f, j}1

¸n{pn´1q
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and hence, finally, to

} f }n{pn´1q ď
1
n

n
ÿ

j“1

} f, j}1. (13.0.3)

Now let p P R such that 1 ă p ă n,

r :“
ppn´ 1q

n´ p
“ 1`

pp´ 1qn
n´ p

ą 1

and f P C1
0pR

n,Cq. Note that | |r P C1pR2,Rq. Obviously, since | |r “ p| |2qr{2, it
follows that | |r|R2ztp0,0qu P C1pR2ztp0, 0qu,Rq. Further,

lim
hÑ0,h‰0

|ph, 0q|r

h
“ lim

hÑ0,h‰0

|p0, hq|r

h
“ lim

hÑ0,h‰0

|h|
h
|h|r´1

“ 0.

Hence | |r is partially differentiable with continuous partial derivatives p | |rq,1,
p | |rq,2 : R2 Ñ R given by

p | |
r
q,1px, yq “

#

x
|px,yq| |px, yq|

r´1 if px, yq ‰ p0, 0q

0 if px, yq “ p0, 0q.

p | |
r
q,2px, yq “

#

y
|px,yq| |px, yq|

r´1 if px, yq ‰ p0, 0q

0 if px, yq “ p0, 0q.

for all px, yq P R2. As a consequence, | f |r P C1
0pR

n,Rq and by (13.0.3) and Hölder’s
inequality

`

} f }np{pn´pq
˘r
“ } | f |r}n{pn´1q ď

1
n

n
ÿ

j“1

}p| f |rq, j}1

“
r
n

n
ÿ

j“1

} | f |r´2
|Rep f ˚ f, jq| }1 ď

r
n

n
ÿ

j“1

} | f |r´1
| f, j| }1

ď
r
n

n
ÿ

j“1

} | f |r´1
}p{pp´1q } f, j}p “

r
n

`

} f }np{pn´pq
˘r´1

n
ÿ

j“1

} f, j}p,

where we use the conventions that the arguments of } }1 are zero in all zeros of f ,
and hence

} f }np{pn´pq ď
ppn´ 1q
npn´ pq

n
ÿ

j“1

} f, j}p. (13.0.4)

For the final step, let p P R such that 1 ď p ă n and m P N˚ such that n{m ą p.
Then

} f }np{pn´mpq ď
rppn´ 1q{nsm

śm
m1“1pn´ m1pq

ÿ

αPNn,|α|“m

›

›

›

›

Bm f
Bxα

›

›

›

›

p
(13.0.5)

for every f P C80 pR
n,Cq. The proof proceeds by finite induction over m. The case

m “ 1 is a special case of the previously proved. Now let m P N
˚ be such that
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n{m ą p and such that (13.0.5) is true for every f P C80 pR
n,Cq. Then, if n{pm`1q ą

p, it follows for f P C80 pR
n,Cq

ppn´ 1q
nrn´ pm` 1qps

n
ÿ

j“1

} f, j}np{pn´mpq

ď
rppn´ 1q{nsm`1

śm`1
m1“1pn´ m1pq

n
ÿ

j“1

ÿ

αPNn,|α|“m

›

›

›

›

B

Bx j

Bm f
Bxα

›

›

›

›

p

“
rppn´ 1q{nsm`1

śm`1
m1“1pn´ m1pq

ÿ

αPNn,|α|“m`1

›

›

›

›

Bm`1 f
Bxα

›

›

›

›

p
.

We define p̄ :“ np{pn´ mpq. Then

p̄ “ p`
mp2

n´ mp
ě p ě 1, p̄ “

n
n
p ´ m

ă
n

pm` 1q ´ m
“ n.

Hence it follows by (13.0.3), (13.0.4)

} f }np̄{pn´p̄q ď
p̄pn´ 1q
npn´ p̄q

n
ÿ

j“1

} f, j}p̄

and therefore, since

p̄pn´ 1q
npn´ p̄q

“

np
n´mp pn´ 1q

n
´

n´ np
n´mp

¯ “
ppn´ 1q

nrn´ pm` 1qps

np̄
n´ p̄

“

n2 p
n´mp

n´ np
n´mp

“
np

n´ pm` 1qp
,

it follows that

} f }np{rn´pm`1qps ď
rppn´ 1q{nsm`1

śm`1
m1“1pn´ m1pq

ÿ

αPNn,|α|“m`1

›

›

›

›

Bm`1 f
Bxα

›

›

›

›

p
.

[\
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Index of Notation

Ran f , range of a map f , 1
ker f , kernel of a linear map f , 1
idS The identity map on a set S , 1
N, Set of natural numbers, 1
R, Set of real numbers, 1
C, Set of complex numbers, 1
N
˚,Nzt0u, 1

R
˚,Rzt0u, 1

C
˚,Czt0u, 1

strictly positive, 1
strictly negative, 1
e1, . . . , en, canonical basis of Rn, 1
Mpnˆ n,Kq, nˆ n matrices, 1
det A, determinant of a matrix A, 1
CkpM,Kq, 1
Ck

0pM,Kq, 1
Ckp M̄,Kq, 1
f, j, 1
f,α, 1
f 1pxq, derivative of f in x (matrix), 2
∇ f , gradient of f , 2
1, ordinary derivative, 2
BCpRn,Cq, 2
C8pRn,Cq, 2

vn, Lebesgue measure on Rn, 2
Lp
C
pM, ρq, weighted Lp-space, 2

} }p, Lp-norm, 2
x | y2, L2-scalar product, 2
L8
C
pMq, 3

} }8, Infinity-norm, 3
LpX,Yq, Bounded linear operators, 3
} }Op,X,Y, Operator norm, 3
CpU,Yq, 3
LippU,Yq, 3
ψξ, Spectral measure, 6
A1{2, Square root of A, 9
´�, Negative Laplace operator, 10
J0, Bessel function of order 0, 11
J1, Bessel function of order 1, 11
K0, Macdonald function of order 0, 11
K1, Macdonald function of order 1, 11
} }XˆY, 13
x | yXˆY, 13
DpAq, Domain of A, 14
GpAq, Graph of A, 14
A Ă B, B is a linear extension of A, 14
B Ą A, B is a linear extension of A, 14
Ā, Closure of A, 14
} }A, 15
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A˚, Adjoint of A, 17
s´lim, Strong limit, 22
ρpAq, Resolvent set of A, 24
RA, Resolvent of A, 24
exp(A), Exponential of A, 36
�, Contradiction, 38
Wn
C
pIq, Sobolev space of order n, 78

Dk
I , k-th weak ordinary derivative, 78
B α, α-th weak partial derivative, 97
Wn
C
pRnq, Sobolev space of order n, 98

x , yk, 98
˚, Convolution product, 98

w´lim, Weak limit, 108
~~k, Sobolev norm of order k, 133
C˚pK, LpX,Yqq, 138
PC˚pI, LpX,Yqq, 138
} }8, Infinity norm, 138
�pIq, 138
rUBVs, 138
voltpU, Bq, 138
lnpAq, Natural logarithm of A, 181
F2, Fourier transformation, 199
Kpn{2q´1, Macdonald function, 205
F1, Fourier transformation, 236
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Boundary condition
Engquist-Majda, 78, 127
Sommerfeld, 78, 124

Chains, 146
finitely generated, 148
juxtapositions, 147

Commutator estimates, 186, 199, 246
Commutator function, 9
Conventions, 1
Couette flow, 74

Difference method, 78

Equation
abstract evolution

linear, 171
quasilinear, 221

Burgers, 235
Dirac, 103
Klein-Gordon

in Minkowski space, 11
on the real line, 10

Maxwell’s equations, 132
wave, 8, 84

Evolution operator, 149
associated differential equations, 150
finitely generated, 151
for the linear evolution equation, 165
uniqueness, 150

Exponential function, 35

Group
strongly continuous, 63

associated differential equation, 63
infinitesimal generator, 63, 65

Inequalities
Elementary, 235
Peetre’s, 265
Sobolev, 236
Sobolev’s, 265

Infinitesimal generators, 42
bounded, 42
bounded perturbations, 61
characterization, 51
exponential formula, 155
fractional powers, 180
homogeneous IVP, 42
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inhomogeneous IVP, 66, 67
logarithm, 180
maximality, 42
resolvent estimates, 42
resolvent representation, 42
spectrum property, 42
uniqueness, 42

Integration
Bochner, 30
Pettis, 26
weak, 26

existence, 26, 27
Fubini’s theorem, 30
properties, 27
substitution rule, 34

Intertwining relation, 112
equivalent conditions, 114
sufficient conditions, 115

Kernels, 137
Convolution, 137
Volterra, 137

approximation, 145
distance, 143

Volterra equation, 137
Kreiss condition, 78

Linear operators, 14
1st resolvent formula, 24
2nd resolvent formula, 24
accretive, 54

characterization, 55
closability, 56

adjoint, 17
closable, 14
closed, 14
core, 14
densely-defined, 14
essentially self-adjoint, 17
extension, 14

weak vs strong, 100
graph, 14
mollifiers, 98
non-closable, 16
quasi-accretive, 54

closability, 56

resolvent, 24
resolvent set, 24
self-adjoint, 17

maximality, 17
spectrum, 24
symmetric, 17
unbounded, 16

Nonexpansive homomorphisms
properties, 117

Numerics of PDEs, 78

Quantum system
conservation of probability, 7
example, 7
Hamilton operator, 6
measurement, 5

probabilities, 5
observables, 5

expectation value, 6
spectral measure, 6
spectrum, 5

quantization of a classical system, 5
representation space, 5
Schrödinger equation, 7
states, 5
superposition principle, 6
time evolution

unitary, 6

Regularity, 105

Scalar field
in black hole background, 178
in Minkowski space, 11
on the real line, 10, 78, 123, 127

Semigroup
strongly continuous, 42

approximation, 54
associated differential equation, 42
contraction, 56
infinitesimal generator, 42
integral representation, 59
quasi-contraction, 56

uniformly continuous, 42
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Spaces
admissible, 109

sufficient condition , 112
Banach

direct sum, 13
Hilbert

direct sum, 13
Sobolev, 98

Stable families of generators,
155

bounded perturbations, 162
criterion, 160
equivalent conditions, 158

Systems
Hermitian hyperbolic

linear autonomous, 103

linear non-autonomous, 199
quasi-linear, 246

Tangent functionals
normalized, 54

Theorem
Banach fixed point, 215

variation, 216
Closed graph, 14

application, 17
E. Noether, 113
Hellinger-Toeplitz, 17
Hille-Yosida-Phillips, 51
Inverse mapping, 14
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