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Preface

Semigroup Theory uses abstract methods of Operator Theory to treat initial bound-
ary value problems for linear and nonlinear equations that describe the evolution of a
system. Due to the generality of its methods, the class of systems that can be treated
in this way exceeds by far those described by equations containing only local oper-
ators induced by partial derivatives, i.e., PDEs. In particular, that class includes the
systems of Quantum Theory.

Another important application of semigroup methods is in field quantization.
Simple examples are given by the cases of free fields in Minkowski spacetime like
Klein-Gordon fields, the Dirac field and the Maxwell field, whose field equations
are given by systems of linear PDEs. The second quantization of such a field replaces
the field equation by a Schrodinger equation whose Hamilton operator is given by
the second quantization of a non-local function of a self-adjoint linear operator. That
operator generates the semigroup given by the time-development of the solutions
of the field equation corresponding to arbitrary initial data as a function of time.
More generally, in these cases the structures used in the formulation of a well-posed
abstract initial value problem for the field equation also provide the mathematical
framework for the quantization of the field. Quantum Theory is an abstract theory,
therefore it should be expected that only an abstract approach to classical field equa-
tions using methods from Operator Theory is capable of providing the appropriate
structures for quantization in the less simple cases of nonlinear fields, like the gravi-
tational field described by Einstein’s field equations.

A demonstration of the strength of semigroup methods can be seen in the first rig-
orous proof of well-posedness (local in time) of the initial value problem for quasi-
linear symmetric hyperbolic systems by T. Kato in 1975 in [110]. This result is a
particular application of a theorem on the well-posedness of the initial value prob-
lem for abstract quasi-linear equations’, which has been successfully applied also to
Einstein’s equation’s [102], the Navier-Stokes equations, the equations of Magne-
tohydrodynamics [109] and more. To my knowledge, there is no other approach to
quasi-linear equations leading to a theorem of such generality.

! See Theorem 11.0.7 below.
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The semigroup approach goes beyond that of a tool for deciding the well-
posedness of initial boundary value problems. For a autonomous nonlinear equa-
tion the important question of the linearized stability of a particular solution leads
on a spectral problem for the operator generating the semigroup given by the time-
development of the solutions of the linearized equation around that solution corre-
sponding to arbitrary initial data as a function of time.” These methods also provide,
for autonomous linear equations, a representation of the solution of the initial value
problem as an integral over the resolvent of the infinitesimal generator of the asso-
ciated semigroup.® The resolvent operators can often be represented in the form of
integral operators with kernels which are defined in terms of special functions. This
is not only true in simple cases where the generator is a partial differential opera-
tor with constant coefficients, but also in a number of cases involving non-constant
coefficients. In this way, an integral representation of the solution of the initial value
problem is achieved for all such cases.* Finally, semigroup methods provide a frame-
work which is general enough to include numerical forms of evolution equations,
opening the possibility of computing true error estimates to the exact solution, rather
than residual errors.

This should not give the impression that the semigroup approach could replace all
‘hard’ analysis facts. Instead, it reduces such application to a bare minimum, which
gives the approach its efficiency. For instance, results from harmonic analysis or the
theory of singular integral operators have applications in so called ‘commutator es-
timates’ where the commutator of an intertwining operator with the principal part of
a partial differential operator, usually two unbounded operators, has to be estimated.
To achieve most general results, it is often necessary to choose intertwining operators
as non-local operators.

These methods are especially attractive if not inevitable for theoretical physi-
cists in view of their comprehension of classical physics and quantum physics. In
addition, their efficiency is of advantage in view of time restrictions in the math-
ematics education of physicists. In spite of their power, efficiency and versatility,
semigroup methods are surprisingly little used in theoretical physics.®7 This appears
to be related to two misconceptions.

First, because of the requirements of Special Relativity and General Relativity,
current problems in fundamental theoretical physics necessarily lead on hyperbolic

2 For instance, see Chapter 5.4.

3 Roughly speaking, for a precise statement see, e.g., Chapter 4.3.

4 See, e.g., [25].

3 But it is the belief of the author that the necessity of the use of ‘hard’ to achieve analyt-
ical facts in the solution of a problem indicates that its structure has not yet been fully
understood.

6 Paradoxically, in some sense, one could also hold the opposite view that these methods
have been used for a long time in theoretical physics, mostly without realizing that they are
rooted in in Spectral Theory.

7 In addition, the author is not aware of a single introduction to PDE based solely on Semi-
groups/Operator Theory, although this would have been possible even before the appear-
ance of classical introductions like [20] that use less general methods.



Preface X

partial differential equation systems (‘hyperbolic problems’). Standard texts on semi-
groups of linear operators mainly focus on applications to parabolic partial differen-
tial equation systems (‘parabolic problems’). Differently to the hyperbolic case, this
leads to the consideration of strongly continuous semigroups which are in addition
analytic. Apparently, the consideration of parabolic problems originates from a fo-
cus on engineering applications. Engineering sciences predominantly apply classical
Newtonian physics where signal propagation speeds are not limited by the speed
of light in vacuum as this is the case in Special Relativity/General Relativity. For
example, the evolution of a compactly supported temperature field in space at time
t = 0 by the parabolic heat equation leads to a temperature field that has no com-
pact support for every t > 0. As consequence, in the evolution signal propagation
speeds occur that exceed the speed of light in vacuum, and hence the equation is
incompatible with Special Relativity. The same is also true for Schrodinger equa-
tions.® The evolution of hyperbolic partial differential equations systems preserves
the compactness of the support of the data under time evolution. To my experience,
the focus on engineering applications has lead to the quite common misconception
among physicists, and to some extent also among mathematicians working in the
field of partial differential equations, that semigroup methods cannot be applied to
hyperbolic problems.

Second, to my experience, another common misconception is that semigroups of
linear operators can only be applied to systems of linear partial differential equations.
This might be influenced by the fact that most standard texts on semigroups of linear
operators, indeed, focus mainly on such applications.

As a consequence, the course should lead as rapidly as possible from autonomous
linear equations to the nonlinear (quasi-linear) equations which are now seen in the
hyperbolic problems emanating from current physics. Particular stress is on wave
equations and Hermitian hyperbolic systems. The last cover the equations describing
interacting fields in physics and therefore the major part of nonlinear equations
occurring in fundamental physics. Throughout the course applications to prob-
lems from current relativistic (‘hyperbolic’) physics are provided, which display the
potential of the methods in the solution of current problems in physics. These include
problems from black hole physics, the formulation of outgoing boundary condi-
tions for wave equations and the treatment of additional constraints. The last two are
important current problems in the numerical evolution of Einstein’s field equations
for the gravitational field. Some of the examples contain new unpublished results
of the author. To my knowledge, the major part of the material in the second part of
the notes, including non-autonomous and quasi-linear Hermitian hyperbolic systems,
has appeared only inside research papers.

The orientation of this course towards abstract quasi-linear evolution equations
made it necessary to omit a number of topics that were not directly important for
achieving its goals. On the other hand, texts on semigroups of linear operators that
consider those topics are available [39,47,52,57,90,99,106,120,168,179,224]. Also,

8 This was the reason for the development of Quantum Field Theory.



X Preface

there is a theory of nonlinear semigroups that largely parallels that of semigroups of
linear operators [15, 19,88, 138, 146, 167].

This course assumes some basic knowledge of Functional Analysis which can
be found, for instance, in the first volume of [179]. Some examples assume more
specialized knowledge of properties of self-adjoint linear operators in Hilbert spaces
which can be found, for instance, in the second volume of [179]. In addition, some
applications assume basic knowledge of Sobolev spaces of the L2-type as is pro-
vided, for instance, in [217]. Otherwise this course is self-contained. The material is
presented in as compressed a form as possible and its results are formulated in view
towards applications. In general, theorems contain their full set of assumptions, so
that a study of their environment is not necessary for their understanding. For this
reason and to limit the size of this text, shorter definitions appear as part of theo-
rems. In addition, the abstract theory and its applications appear in separate chapters
to allow the reader to estimate the necessary time to acquire the theory.

Chapters 2—5 constitute the notes of a course given at the Department of Mathe-
matics of the Louisiana State University in Baton Rouge in Spring 2005. They pro-
vide a basic introduction into the properties of strongly continuous semigroups on
Banach spaces and applications to autonomous linear hyperbolic systems of PDEs
from General Relativity and Astrophysics. The theoretical part is kept to a mini-
mum with a view to applications in the field of hyperbolic PDEs. It is formulated in
a way which is expected to be natural to readers with a knowledge of the spectral
theory of self-adjoint linear operators in Hilbert spaces. An exception, to this restric-
tion to the minimum in these chapters, is the treatment of the integration of Banach
space-valued maps which is more detailed than is usual in most other comparable
texts. This is due to the fact that such integration is a basic tool which is usually not
covered in standard Functional Analysis courses, at least not to an extent needed in
the study of semigroups of operators. Otherwise, the theoretical material is standard
and for this reason only few references to literature are given. For more comprehen-
sive introductions into the theory of semigroups of linear operators that give a more
exhaustive list of references, the reader is referred, for instance, to [57,90,99, 168].

Chapters 612 are the notes of a subsequent course at the same place in Spring
2006. They introduce into the field of abstract evolution equations with applications
to non-autonomous linear and quasi-linear hyperbolic systems of PDEs. This second
part of the notes follows closely the late Tosio Kato’s 1993 paper ‘Abstract evolu-
tion equations, linear and quasilinear, revisited’ in Proceedings of the International
Conference in Memory of Professor Kosaku Yosida held at RIMS, Kyoto Univer-
sity, Japan, July 29-Aug. 2, 1991, [114]. Those results are more general than Kato’s
well-known older results? [107—-109] in that they don’t assume special properties of
the underlying Banach spaces. Proofs of Kato’s results are added along with detailed
examples displaying their application to problems in current relativistic physics. In
a few places, Lemmata were added to his outline that appeared necessary for those
proofs.

° Those results assume the reflexivity and in some places also the separability of the under-
lying Banach spaces.
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1

Conventions

For every map f, the symbol Ranf denotes the set consisting of its assumed values.
In particular, if f is a linear map between linear spaces, kerf denotes the subspace
of the domain of f containing those elements that are mapped to the zero vector. For
every non-empty set S, the symbol idg denotes the identity map on S. We always
assume the composition of maps (which includes addition, multiplication etc.) to be
maximally defined. For instance, the addition of two maps is defined on the (possibly
empty) intersection of their domains.

The symbols N, R, C denote the natural numbers (including zero), all real num-
bers and all complex numbers, respectively. The symbols N*, R*, C* denote the
corresponding sets without 0. We call x € R positive (negative) if x = 0 (x < 0).
We call x € R strictly positive (strictly negative) if x > 0 (x < 0).

For every n € N*, ey, ..., e, denotes the canonical basis of R". For every x €
R”, |x| denotes the euclidean norm of x. Further, in connection with matrices, the
elements of R” are considered as column vectors. Finally, for K € {R,C}, M(nxn,K)
denotes the vector space of n x n matrices with entries from K. Also, for every
A e M(n x n,K), det A denotes its determinant.

For each k € N, n € N* K € {R,C} and each non-empty open subset M of R”",
the symbol C¥(M,K) denotes the linear space of continuous and k-times continu-
ously differentiable K-valued functions on M. Further, C(’g(M, K) denotes the sub-
space of C¥(M,K) containing those elements that have a compact support in M. If
M is bounded, C*( M,K) is defined as the subspace of C¥(M, K) consisting of those
elements for which there is an extension to an element of C*(V,K) for some open
subset V of R" containing M. The superscript k is omitted if k = 0. We adopt the
convention from General Relativity that for a map f defined on an open subset of R”

0
f,j'——f

o 8xj
for j e {1,...,n} or more generally

B a\alf . ala\f

T dex T ox(tLLoxy
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for @ € N" if existent.! For every map f : U — R” which is defined on some subset
U < R" as well as differentiable in x € U, f'(x) € M(n x n,R) denotes the derivative
of f in x defined by

ofi

’ Yl

f ('x)lj : axj (x)

forall i, j € {1,...,n}. In addition, in the case n = 1, we define the gradient of f in
x by

N6 = L.

Further, for every differentiable map y from some non-trivial open interval I of R
into R", we define

V(1) = ((x109)' (1), (xa 07) (1))

for every T € I where xi,...,x, denote the coordinate projections of R". Further,
BC(R",C) denotes the subspace of C(R",C) consisting of those functions which
are bounded. Co, (R", C) denotes subspace of C(R", C) containing those functions f
satisfying
lim f(x)=0.
x| >0

Throughout the course, Lebesgue integration theory is used in the formulation of
[182]. Compare also Chapter III in [101] and Appendix A in [216]. If not indicated
otherwise, the terms ‘almost everywhere’ (a.e.), ‘measurable’, ‘summable’, etc. re-
fer to the Lebesgue measure v* on R", n € N*. The appropriate n will be clear
from the context. Nevertheless, we often mimic the notation of the Riemann-integral
to improve readability. We follow common usage and don’t differentiate between a
function which is almost everywhere defined (with respect to the chosen measure) on
some set and the associated equivalence class consisting of all functions which are
almost everywhere defined on that set and differ from f only on a set of measure zero.
In this sense, for p > 0 the symbol Lg (M, p), where p is some strictly positive real-
valued continuous function on M, denotes the vector space of all complex-valued
measurable functions f which are defined on M and such that | f|” is integrable with
respect to the measure pv". For every such f, we define the L-norm | f|, corre-

sponding to f by
1/p
ipi= ([ erav)
M

Equipped with | [, LY. (M, p) is a Banach space. In addition, we define in the special
case p = 2 ascalar product | ), on L2 (M, p) by

(flgy, == fMpf*ng” ,

! But, we don’t use Einstein’s summation convention.
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forall f,g e Lé (M, p). Here * denotes complex conjugation on C. As a consequence,
(] ), is antilinear in the first argument and linear in its second. This convention is used
for sesquilinear forms in general. It is a standard result of Functional Analysis that
C(M,C) is dense in L”. (M, p). If p is constant of value 1, we omit any reference
to p in the previous symbols. L2 (M) denotes the vector space of complex-valued
measurable bounded functions on M. For every f € LZ (M) we define

[flle == sup [f(x)] .
xeM

Equipped with | [, LZ (M) is a Banach space.

Finally, standard results and nomenclature of Operator Theory are used. For this,
compare textbooks on Functional Analysis, e.g., [179] Vol. I, [182,225]. In particular,
for every non-trivial normed vector space (X, | ||x) and any normed vector space
(Y| |y) over the same field, we denote by L(X,Y) the vector space of continuous
linear maps from X to Y. Equipped with the operator norm | |opx.y, defined by

|Allopx.y := sup [A&]y
£eX,|é]x=1

forall A € L(X,Y), L(X,Y), is a normed vector space which is complete if (Y, | ||y)
is complete. Frequently, the indices in || |opx,y are omitted if there is no confusion
possible. Finally, for every non-void subset U of some normed vector space (X, | |x)
and any normed vector space (Y, | |ly), the symbol C(U, Y) denotes the vector space
of continuous functions from U to ¥, and the symbol Lip(U, ¥) denotes its subspace
consisting of all Lipschitz continuous elements, i.e., of those elements f for which
there is a so called Lipschitz constant C € [0, 00) such that

1£&) = f@ly < C[§ —nllx
forallé,ne U.
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Mathematical Introduction

2.1 Quantum Theory

We give a very brief sketch of the mathematical structure of quantum theory. For
more comprehensive introductions, see [134, 157, 175]. For mathematical introduc-
tions to quantum field theory, see [13, 38, 95, 191, 202] and the second volume of
[179]. For such introductions to quantum field theory in curved space-times see [81]
for the field theoretic aspects and [214] for the geometrical aspects.

The states' of a physical system are rays> C.£, £ € X, in a complex Hilbert space
(X, {])) called a representation space. Such a space is unique up to Hilbert space iso-
morphisms, only. Hence its elements are not observable® and in this sense ‘abstract’.

Observables of the system correspond to densely-defined, linear and self-adjoint*
operators in X.

A ‘quantization’ of a classical physical system is the association of such oper-
ators to its classical observables like positions, momenta, angular momenta of its
constituents. In this canonically conjugate observables of the classical system are
required to be mapped into observables satisfying Heisenberg’s commutation rela-
tions or their Weylian form. In addition, any densely-defined, linear and self-adjoint
operator in X is considered to be an observable of the quantum system.

The interpretation of measurements is probabilistic. The elementary events
of a measurement of an observable A are the values of its spectrum o (A). The
last consists of all those complex numbers a for which the corresponding operator
A — a is not bijective. Since A is self-adjoint, those values are necessarily real. The

! For a brief review of the axioms of Quantum Theory see, for e.g., [31].

2 The use of rays in this definition becomes important in the description of particles with
spin.

31n particular, ‘wave functions’ are not observable. On the other hand, wave functions be-
come observable in the ‘quasi-classical limit’.

4 The assumption of symmetry is in general insufficient since such operators can have non-
real spectral values.
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non-normalized probability of finding the measured value to be part of a bounded
subset Q — R3 is given by

wmr{kww:@mmm.

Here C.&, € € X, is the state of the system, ¢ is the spectral measure® associated to

A and ¢, y, denotes the characteristic function of Q and y,(A) is the orthogonal pro-
jection which is associated to x,, |-(4) by the functional calculus for A.” Non spectral
values of A do not contribute to this probability since R\o"(A) is a y¢-zero set.® In
particular, note for the normalization that

e(R) = vel ) = | e = <€l
After a measurement of A finds its value to be part of Q, the system is in the state

Cx,(A)¢ .

Note that in the particular case that Q is the disjoint union of two bounded subsets
QI,QQ (e Rg that
Coxo(A)€ = €. ko, (A + o, (A)E)

i.e., that the system is in the state corresponding to the superposition of x,, (A)¢ and
Xo, (A)€. If A is not found to be part of @, it is in the state

C. (ldx _X_Q(A))é: = C'X}R\Q(A)f :

More generally, according to the usual rules of probability'?, for any bounded func-
tion f : o(A) — R!! being ‘universally measurable’!'? the non-normalized expecta-
tion value for the measurement of the observable f(A) is given by

kw%:@mma.

5 In addition, £ is assumed to be a countable union of bounded intervals of R.

8y is an additive, monotone and regular interval function defined on the set of all bounded
subintervals of R.

7 See, e.g., [179] Vol. I, Theorem VIILS5.

8 This is the case for all £ € X.

® For instance this has application in the double-slit experiment.

19 (A) is the sample space and i, is the probability distribution for the random variable
id(,(A).

" £ is a random variable.

12 [n particular pointwise limits of sequences of continuous functions on o(A) are universally
measurable.
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The so called Hamilton operator is the associate of the Hamiltonian of the classi-
cal system. It is the generator of the time evolution of the states in the following
sense!®- !4 If the system is in the state C.£, £ € X, at time 1, € R, it will be/was in the
state

C.U(t—1y)é

at time ¢ € R. Here
U(t) := exp (—i (t/h).idym)) (H)

is unitary for every ¢ € R, and 7 is the reduced Planckian constant. Note that U :
R — L(X,X) is in particular strongly continuous. The unitarity of time evolution
corresponds to conservation of probability.

If ¢ € D(H), the unique solution u : R — D(H) of the ‘Schridinger equation’

inu'(t) = Hu(t)

such that u(ty) = &, where ’ denotes the ordinary derivative of a X-valued path, is
given by
u(t) = U(t — 1p)é

forallt e R.1®

A simple example for a non-relativistic quantum system is given by a spin-
less point-particle of mass m > 0 solely interacting with an external potential
V € L*(R?). In the position representation

2
i (W) @) f = g v

where A denotes the Laplacian in 3 dimensions. The operator corresponding to the
measurement of the k-th, k € {1,2, 3}, component of position is given by the maximal
multiplication operator T, in Lé (R3) with the k-th coordinate projection x; : R? —
R defined by x;(¥) := % for all x € R3. Its spectrum consists of all real numbers
and is purely absolutely continuous. Further, for any f € Lé(R3) the corresponding
spectral measure ¢ is given by

wil) = j S

x ()

for every bounded interval I of R. The quantity ¢ (1) gives the non-normalized prob-
ability in a position measurement of finding the k-th coordinate to be in the range /
if the particle is in the state C.f.

13 This is true if the system is closed. Otherwise the Hamiltonian can depend on time.

14 Here we are using the ‘Schrédinger picture’. In the equivalent ‘Heisenberg picture’ the ob-
servables undergo time-evolution, whereas the states of the system stay the same. Heisen-
berg’s picture is generally used in Quantum Field Theory.

15 See Chapter VIIL4 in Vol. I of [179] on ‘Stone’s theorem’.



8 2 Mathematical Introduction

The operator corresponding to the measurement of the k-th, k € {1,2,3}, com-
ponent of the momentum is given by the closure of the densely-defined, linear, sym-
metric and essentially self-adjoint operator p; : C¥(R?,C) — L%(R?) given by

ho
pif = o

7 (3xk
for every f € CP(R?,C). The Hilbert space isomorphism to the momentum repre-
sentation is given by the unitary Fourier transformation F, : LZ(R?) — LZ(R%).
The operator in that representation corresponding to the measurement of the k-th,
k € {1,2,3}, component of the momentum is given by

FyTp Fy' = Thy

2.2 Wave Equations

Wave equations are an important prototype of hyperbolic equations frequently
appearing in applications. In the following, we study simple examples of such equa-
tions whose corresponding initial value problems can be solved by applications of
the spectral theorem for self-adjoint linear operators in Hilbert spaces. All examples
describe non-dissipative systems. In all cases there is a conserved total energy. The
theorems below are essentially known and proofs are left to the reader. For applica-
tions of Theorem 2.2.1 below to problems in General Relativity and Astrophysics,
see [22-24,69, 116, 187,212,213]. For the treatment of damped wave equations by
semigroup methods, see Chapter 5.4 and the references given in that section.

Theorem 2.2.1. Let (X,{|)) be some non-trivial complex Hilbert space. Further,
let A : D(A) — X be some densely-defined, linear, strictly positive'® self-adjoint
operator in X. Finally, let £, 7 € D(A).

(i) There is a uniquely determined twice continuously differentiable map
u : R — X assuming values in D(A) and satisfying

u”(t) = —Au(r) (2.2.1)

forall t € R and
u(0) =¢, u'(0) =1n.

For this u, the corresponding function (describing the total energy of the field)
E, :R — [0, 00), defined by

Eu(1) = 5 (' (0)]u’ (1)) + ()| Aur)) )

| =

for all # € R, is constant.

16 That is, the spectrum of A is a subset of the open interval (0, o).



2.2 Wave Equations 9

(ii) Let B : D(B) — X be some square root of A, i.e., some densely-defined, linear,
self-adjoint operator commuting with A which satisfies'’

B =A,
(for example, B = A'/?) . Then u is given by

sin(B)
— 1

u(r) = cos(tB)& + B

2.2.2)
for all t € R where cos(zB), sin(¢B)/B denote the bounded linear operators that
are associated by the functional calculus for B to the restrictions of cos, sin /idg
to the spectrum of B.

Proof. The proof is left to the reader. For this, note that (2.2.2) is suggested by con-
sidering the one-parameter unitary groups generated by B and — B, respectively, and
the observation that, for any &, 77 € D(A) the maps

R—>X,t—e¢) and (R— X, t—e ")

satisfy (2.2.1). The remaining part of the proof mainly consists in a simple applica-
tion of the functional calculus for B and A. For the case B = A'/2, it can be found,
e.g., in [105]. See also [142] Chapter 24, §8. O

Theorem 2.2.1 has important applications in Quantum Field Theory.'® There the
(distributional) ‘kernel’ of the operator

sin((t' — 1)A'/?)
Al2 ’

t,t’ € R, is referred to as ‘commutator function’ for the Klein-Gordon field. For such
an application see, for example, [21]. For mathematical introductions to quantum
field theory, see [13, 38,95, 191, 202] and the second volume of [179]. For such
introductions to quantum field theory in curved space-times see [81] for the field
theoretic aspects and [214] for the geometrical aspects.

Theorem 2.2.1 has the corollary

Corollary 2.2.2. More generally, let A : D(A) — X be semibounded. Then for any
&, n from D(A) there is a uniquely determined twice continuously differentiable map
u: R — X assuming values in D(A) and satisfying

u”(t) = —Au(r)
for all € R as well as

u(0) =&, u'(0) =n.

17 For the interpretation of the following equation compare the conventions.
18 For instance, see [32].
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For this u, the corresponding function E,, : R — R, defined by

1
B, (1) = 5 (G (0)]w’ (1)) + ult)]Au(1)) )
for all ¢ € R, is constant. Moreover, this u is given by

u(t) = [eos(r+/)]e(A)é + [sin(t/ )/ v/ 1e(A)n

for all + € R where [cos(ty/ )], [sin(t/ )/+/ ]o denote the restrictions to
the spectrum of A of the analytic extensions of cos(r,/ ) and sin(zr,/)/\/,
respectively.

Proof. Again, the proof is left to the reader. The proof of part (i) is straightforward.
The proof of part (ii) proceeds by decomposition of X into closed invariant subspaces
of A in which the densely-defined, linear and self-adjoint operators induced by A are
positive and bounded, respectively. m

Simple examples of such A are, for instance,
A= (WA(R") = LL(R"), f — —Af + V)

where n € N* A denotes the Laplacian in n dimensions and V is a real-valued
element of L (R").
For instance, for the Klein-Gordon field of mass m > 0 on the real line, X =
L2(R).
A=F; ' (k72 F, [= (WeR) > X, f—f"+m’f)]

where (k°)? denotes the maximal multiplication operator in X by the function
(R — [0,00), k — k* + m?) and F, : X — X the unitary Fourier transforma-
tion. In particular, the uniquely determined positive self-adjoint square root A'/? of
A is given by

A =F'KOF,

and for any bounded continuous complex-valued function on the spectrum [m, )
of AV
FAY) = F7' f(KO) Fs (2.2.3)

Finally, it follows from (2.2.3) and some calculation that

sin(tAl/z)gl 9

[u(5)] (x)

12
lcos(tA )+ i

f(x")dx'

s [22— (x— x')2]1/2

1 x+tJ(m[t2_(x_x/)2]l/2>
zlf(x—&-t)—i—f(x—t)—mtj- !

X+t
o Jo<m[r2—<x—x'>2]l/2>g<x’>dx’]

x—t
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for all t € R, f,g € X and almost all x € I. Here Jy,J; denote Bessel functions of
the first kind defined according to [1]. The verification of these results is left to the
reader.

For the case of the Klein-Gordon field of mass m > 0 in 4-dimensional
Minkowski space X = LZ(R?),

A=F' (k) F, [= (WaR}) > X, f —af +m’f)]

where (k°)? denotes the maximal multiplication operator in X by the function
(R? — [0,00), k > |k|*> + m?) and F, : X — X the unitary Fourier transforma-
tion. In particular, the uniquely determined positive self-adjoint square root A'/? of
A is given by

A =F'KOF,

and for any bounded continuous complex-valued function on the spectrum [m, )
of AV
FAY?) = F7' F(KO) Fs 2.2.4)

Finally, it follows from (2.2.4) by some calculation that

an eizA‘/Z
e
*ﬂf Kim [ |x—x'P—(t+ig?]"?)
2% Jgs [x—x']2—(t+ie)?]"?

[efsA]/z eizA‘/Zf] (x)

S dx!

Clrie) [ Kolm [lm PG ie?])
— 272 JR3 |x_x/|2—(t+ie)2 f(x)dx
and that
[cos(tAl/z)f] (x)
o [P i)
_*ﬁgl—l}&_ Ralm ((Z‘+18) x—x'2—(t+ie)? f(x")dx
sin(rA'/?)
iz 4|0

Ki(m x—x’z—t+i821/2
- " im J m K10 F-txiof]™) g(x')dx’
27T2 e—0+ R3

[x—x/|2 = (t+ig)?]"?

forallt € R, f,g € X and almost all x € R3. Here the limits are to be taken in X,
[ ]'/ 2 denotes the principal branch of the complex square root function and Ky, K;
denote modified Bessel functions defined according to [1]. Again, the verification
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of these results is left to the reader. Note that the representations (2.2.2) involve
only continuous linear operators which are functions of A'/2 depending on time.
Hence by the spectral theorem for self-adjoint operators in Hilbert space'?, this gives
the continuous dependence of the solutions on the data also in time and hence the
well-posedness of the initial value problem for (2.2.1) in the sense of Hadamard. In
addition, it provides a much wider class of what may be considered as ‘generalized’
or ‘weak’ solutions’ of (2.2.1).

Corollary 2.2.3. (Reformulation of (2.2.1) as a first order system in time) If A is
in addition strictly positive (i.e, the spectrum of A is contained in (0, o0)) and B is as
in (ii), then

() Y:=(D(B) x X,(])), where (|) : Y> — C is defined by

(€[n) := (B& By + (&2lm)

for all ¢ = (£1,&),1n = (m1,12) € Y, is a complex Hilbert space.
(i) Ap:D(A) x D(B) — Y, defined by

AB(f’ 7]) = (_U’Af)

forall ¢ € D(A) and np € D(B), is the generator of a one-parameter unitary group
U:R— L(Y,Y). U is given by

sin(¢B)

U(t)(&m) = <cos(tB)§ + n, — sin(¢tB) B + cos(tB)17>

for all (£,n) € Y and 1 € R. Hence for any £ € D(A),n € D(B) there is a unique
continuously differentiable map (u,v) : R — Y assuming values in D(A) x D(B)
and satisfying

u'(t) =v(t), v'(t) = —Aulr)

for all t € R as well as

u(0) =¢, v(0) =n.
This map is given by

(w,v) () = U(1)(£,m)
forallz e R.

Proof. The proof is left to the reader. For the proof of the case B = A2 see, e.g.,
[179]. O

19 See the functional calculus form, Theorem VIIL.5, in [179] Vol. L.



3

Prerequisites

3.1 Linear Operators in Banach Spaces

In the following, we introduce basics of the language of Operator Theory that can
also be found in most textbooks on Functional Analysis [179,182,186,216,225]. For
the convenience of the reader, we also include associated proofs.

Lemma 3.1.1. (Direct sums of Banach and Hilbert spaces)

(i) Let (X, | |x) and (Y, |y) be Banach spaces over K € {R,C} and || |xxy : X x
Y — R be defined by

[Emxxy = /I€l% + I3

forall (¢,7) € X x Y. Then (X x Y, | |xxy) is a Banach space.
(ii) Let (X,{|)x) and (Y, {|)y) be Hilbert spaces over K € {R,C} and (| )y, y :
(X x Y)?> — K be defined by

EMIE 0 )Dxy 7= ElEDx + Ty
forall (¢,7;), (¢',n") € X x Y. Then (X x Y,{| )x,y) is a Hilbert space.

Proof. “(i)’: Obviously, | |xxy is positive definite and homogeneous. Further, it fol-
lows for (£,7), (£',n") € X x Y by the Cauchy-Schwarz inequality for the Euclidean
scalar product for R? that

1€ m) + (€' n") |y
= e+ &%+ In+n'l5
< (J€lx + 1€"1x)* + (lnlly + In"Iv)* = (a+a")* + (b + ')
=d>+b +a'*+b'?+2(aa’ +bb)
<@+ +a?+b+2 @+ \a'? + b2

2
= (Va2 + 07+ Va1 72) = (1Em ey + 1En)xar)’s
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where a := |£|

x.a' = |&'|x,b:=|n|y,b’ := ||n’|ly, and hence that

[&m) + ("0 ) xy < NEmlxy + 17" [xxy-

The completeness of (X x Y, | [xxy) is an obvious consequence of the completeness
of Xand Y.

‘(ii)’: Obviously, (| )xy is a positive definite symmetric bilinear, positive definite
hermitian sesquilinear form, respectively. Further, the induced norm on X x Y coin-
cides with the norm defined in (i). ]

Definition 3.1.2. (Linear Operators) Let (X,
over K € {R, C}. Then we define

|x) and (Y, || ||y) be Banach spaces

(i) A map A is called a Y-valued linear operator in X if its domain D(A) is a sub-
space of X, RanA c Y and A is linear. If (Y, || |y) = (X, | |x) such a map is also
called a linear operator in X.

(i) If in addition A is a Y-valued linear operator in X:

a) The graph G(A) of A by

G(A) = {(£,A6) € X x Y : £ € D(A))}.

Note that G(A) is a subspace of X x Y.

b) A is densely-defined if D(A) is in particular dense in X.

c) Ais closed if G(A) is a closed subspace of (X x Y, | |xxy)-

d) A Y-valued linear operator B in X is said to be an extension of A, symboli-
cally denoted by

AcB or BDA,

if G(A) < G(B).
e) A is closable if there is a closed extension. In this case,

G(B)

B>A,Bclosed

is a closed subspace of X x Y which, obviously, is the graph of a unique Y-
valued closed linear extension A of A, called the closure of A. By definition,
every closed extension B of A satisfies B > A.

f) If Ais closed, a core of A is a subspace D of its domain such that the closure
of A|p coincides with A, i.e., if

Ap=A.

Theorem 3.1.3. (Elementary properties of linear operators) Let (X, | |x),
(Y, | lly) be Banach spaces over K € {R,C}, A a Y-valued linear operator in X
and Be L(X,Y).
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(i) (D(A),|l||a), where | ||a : D(A) — R is defined by

[€]a = (€. A8) xxy = 4/ €]k + I1A€]5

for every £ € D(A), is a normed vector space. Further, the inclusion ¢ :
(D(A), | |la) < X is continuous and A € L((D(A), | ||a), Y).

(ii) A is closed if and only if (D(A), || ||a) is complete.

(iii) If A is closable, then G(A) = G(A) .

(iv) (Inverse mapping theorem) If A is closed and bijective, then A~! € L(Y, X).

(v) (Closed graph theorem) In addition, let D(A) = X. Then A is bounded if and
only if A is closed.

(vi) If A is closable, then A + B is also closable and

A+B=A+B.

Proof. “(i)’: Obviously, (D(A), || |a) is a normed vector space. Further, because of

laéllx = €lx < A/ l€]% + [A€]5 = [€]a

and
lA¢ly < A/I€% + [A€]5 = €]

for every £ € D(A), it follows that ta € L((D(A), ] |a),X) and A € L((D(A),
), ).

‘(ii)’: Let A be closed and &, &;,... a Cauchy sequence in (D(A),||||a). Then
(&0,A), (£1,A&1), ... is a Cauchy sequence in G(A) and hence by Lemma 3.1.1
along with the closedness of G(A) convergent to some (£, A¢) € G(A). This implies
that

lim (&, —¢&[a =0
v—00

and the convergence of &y, &1, ... in (D(A), | ||a)- Let (D(A), || ||a) be complete and
(é,m) € G(A). Then there is a sequence (&, A&), (£1,AE)), ... in G(A) which is
convergent to (£, 7). Hence (&,A&), (¢1,A&)),... is a Cauchy sequence in X x Y.
As a consequence, &, &1,... is a Cauchy sequence in (D(A), | |a) and therefore
convergent to some £’ € D(A). In particular,

Jim |(&,A&,) = (€', 4€") [xxy = 0

and hence (£,7) = (£/,A¢') € G(A).

‘(iii)’: Let A be closable. Then the closed graph of every closed extension of A
contains G(A) and hence also G(A). Therefore G(A) > G(A). This implies in
particular that G(A) is the graph of a map A. Further, D(A) = pr,G(A), where
pr; := (X x Y — X, (£,1) — &), is a subspace of X and A is in particular a linear
closed extension of A. Hence A o A and G(A) = G(A) o G(A).

‘(iv)’: Let A be closed and bijective. Then it follows by (ii) that (D(A), || |a) is a
Banach space and that A € L((D(A),| |a),Y). Hence it follows by the ‘inverse
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mapping theorem’, for e.g. see Theorem IIL.11 in Vol. I of [179], that A~ €
L(Y,(D(A), | ||a)) and by the continuity of ¢4 that A~! € L(Y, X).

‘(v)’: Let D(A) = X. If A is bounded and &),&,... is some Cauchy sequence in
(X, |/ |a), it follows by the continuity of ¢4 that &y, &, ... is a Cauchy sequence in
X and hence convergent to some & € X. Since A is continuous, it follows the con-
vergence of A&y, Aé,... to A¢ and therefore also the convergence of &),&1,... in
(X, | ]|a) to & Hence (X, | |a) is complete and A is closed by (ii). If A is closed, it
follows by (ii) that (X, | |o) is a Banach space and that the bijective X-valued lin-
ear operator ¢4 is continuous. Hence ¢4 is closed by the previous part of the proof.
Therefore, the inverse of ¢4 is continuous by (iv) and hence A is bounded.

‘(vi)’: Let A be closable. In a first step, we prove that A + B is closed. For this, let
(£,m) € G(A + B) . Then there is a sequence &, &1, ... in D(A) which is convergent
to & and such that (A + B)&, (A + B)é, ... is convergent to 7. Since B is continuous,
it follows that A&y, Ay, ... is convergent to n — B&. Since A is closed, it follows
that £ € D(A) as well as Aé = n — B¢ and hence that &€ € D(A + B) as well as
(A + B)¢ = n. Hence A + B is closed, and therefore A + B is closable such that
A + B o A + B. Further, it follows by the previous part of the proof that A + B — B
is a closed extension of A. Hence A + B — B > A and therefore also A + B > A + B.
Finally, it follows that A + B = A + B. )

Theorem 3.1.4. (Existence of a discontinuous linear functional on every infi-
nite dimensional normed vector space) Let (X, || |) be some infinite dimensional
normed vector space over K € {R, C}. Then there is a discontinuous linear functional
w:X—-K

Proof. For this, let B be a Hamel basis of X, i.e., a maximal linearly independent set,
whose existence follows by an application of Zorn’s lemma or the equivalent axiom
of choice. Without restriction, it can be assumed that B contains only elements of
norm 1. Since (X, | |) is infinite dimensional, B contains infinitely many elements
€0, €1,€,.... We define w : B— N by w(e,) := nforall n € N and w(e) := 0 for
all other e € B. Then there is a unique extension of w to a linear functional on X.
This functional is unbounded and hence discontinuous. m;

Example 3.1.5. (Example for a non-closable linear operator) Let a,b € R be
such that @ < b and I the open interval between a and b. Define w : C(I,C) — C by

w(f) = lim f(x)

for all f € C(I,C). Obviously, w is a densely-defined C-valued linear operator in
Lé([); Further, let g € C(1,C) be such that g(a) # 0. Then the sequence go, g1, . . .
in C(I,C), defined by g, := g for all v € N, is converging in L%(I) to g and

lim w(s,) = () £ 0.
Since Cy(1,C) is dense in Lé(l), there is a sequence hg, hy, ... in Co(1, C) such that

lim |[h, —g[2=0.
V—00
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For such a sequence
lim w(h,) =0.

v—00

Hence G(w) contains the differing elements (g, 0), (g, g(a)) and therefore w is not
closable. Note that the non-closability of w is caused by its discontinuity in g.

Theorem 3.1.6. (An application of the closed graph theorem) Let (X, | ||x),
(Y| lly)s (Z,||lz) be Banach spaces over K € {R,C}, A a closed bijective Y-
valued linear operator in X and B a closable Z-valued linear operator in X such that
D(B) o D(A). Then there is C € [0, c0) such that

I1B¢|z < C|A&]y

for all ¢ € D(A) and hence in particular B|p(4) € L((D(A),

Ia), 2).

Proof. First, it follows by Theorem 3.1.3 (iv) that A=' € L(Y, X). Further, Bo A™!
is a Z-valued linear operator on Y since A~! maps into the domain of B. Let (1,{) €

G(BoA~"). Then there is a sequence (19, B(A~'10)), (1, B(A~'171)),... in G(B o
A~1) converging to (1, ¢). In particular,
lim n, =17
v—00
and therefore also
lim A~ 'p, = A7y .
v—00
Since B is closable, it follows that (A~'n, ) € G(B) and hence because of A~!n €
D(A) < D(B) that (A~'5,{) € G(B). Therefore also BA™!'n = ¢ and (1,¢) €
G(BoA~!). Hence Bo A~! is in addition closed and therefore by Theorem 3.1.3 (v)
bounded. As a consequence, it follows

|Bélz = | Bo AT Az < C|AE]y

for every & € D(A) where C € [0, o0) is some bound for Bo A~!. O

Theorem 3.1.7. (Definition and elementary properties of the adjoint) Let (X,
(] )x) and (Y, {| )y) be Hilbert spaces over K € {R, C}, A a densely-defined Y-valued
linear operator in X and U : X x Y — Y x X the Hilbert space isomorphism defined
by U(&,n) := (—n,&) forall (£,7) € X x Y.

(i) Then the closed subspace
[U(GA))]+

of ¥ x X is the graph of an uniquely determined X-valued linear operator A*

in Y which is in particular closed and called the adjoint of A. If in addition

(X, {)x) =Y {])y), we call A symmetric if A* DA and self-adjoint if A* = A.
(i1) If Bis a Y-valued linear operator B in X such that B © A, then

B¥ c A* .
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(iii) If A* is densely-defined, then A < A** := (A*)* and hence A is in particular
closable.

(iv) If A is closed, then A* is densely-defined and A** = A.

(v) If Aisclosable, then A = A**.

If in addition (X, {|)y) = (%, <] )y):

(vi) (Maximality of self-adjoint operators) If A is self-adjoint and B © A is sym-
metric, then B = A.

(vii) If A is symmetric, then A is symmetric, too. Therefore, we call a symmetric A
essentially self-adjoint if A is self-adjoint.

(viil) (Hellinger-Toeplitz) If D(A) = X and A is self-adjoint, then A € L(X, X).

Proof. ‘(i)’: First, it follows that

[UGA)]* = {(n.6) € Y x X : {(n.6)|U(¢" AE"))yx = 0 forall ¢ € D(A)}
and hence that
[UGAN]F = {(mé) e Y x X : (nA¢")y = (£l¢")« forall &' € D(A)} .
In particular, it follows for (17,¢1), (,&,) € [U(G(A))]* that

&= &lENx=0

for all £’ € D(A) and hence that & = &, since D(A) is dense in X. As a conse-
quence, by
A*  pri[U(G(A))]H — X,

where pry := (Y x X — Y, (,£) — 1), defined by
A'ni=¢,
for all n € pr;[U(G(A))]+, where ¢ € X is the unique element such that (1,&) €
[U(G(A))]*, there is defined a map such that
G(A*) = [U(G(A)]* .

Note that the domain of A* is a subspace of Y. In particular, it follows for all n, 7’ €
D(A*)and 1€ K

M +0'|AE )y = MAE )y + '[AET) y = (A&« + (A n'[¢7)«
= A"+ A™n'[E")«
An|Ag"yy = A - (lAg")y =A%) - (A*nlg") = (LA™l )y
for all £’ € D(A) and hence also the linearity of A*.

‘(ii)’: Obvious.
‘(iii)’: For this, let A* be densely-defined. Then, it follows
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(Y XX =X xY,(n,8) > (&) =-U"

and hence
G(A™) = [ - UT(G@A)] T = [UT'(G(a*)] T = [U7'U(G@))] ]
~ [[U'UGAN]* ] = G(A) ™ = G(A) > G(A) . (.1.1)
‘(iv)’: For this, let A be closed. Then, it follows for € [D(A*)] +
1 1 1

(0.m) € [UTH(G(A*))] ™ = [UT'[U(GA)]*]™ = [[U'U(G(A)] ]

— G(A)™ = G{A) = G(A)

and hence n = 0. Hence D(A*) is dense in X, and it follows by (3.1.1) that G(A**) =
G(A) = G(A).

‘(v)’: For this, let A be closable. Since A is densely defined and closed, it follows by
(iv) that A* is densely-defined. Because of A — A, this implies that A* > A* and
hence that A* is densely-defined, too. Therefore, it follows by (iii) that A = A** and
by (3.1.1) that G(A**) = G(A) = G(A) and hence, finally, that A** = A. In the
following, it is assumed that (X, (| )x) = (¥, {| )y)-

‘(vi)’: For this, let A be self-adjoint and B a symmetric extension of A. Then, it
follows by using G(B) > G(A) that

G(B) c G(B*) = [U(G(B))]* < [U(G(A)]* = G(A*) = G(4)
and hence B — A B and therefore, finally, that B = A.
‘(vii)’: For this, let A be symmetric. Then A* > A and hence also A* > A.

G(A*) = [UG(A))]* = [UG(A)]* = [U(G(A))]* = [[UGA)] ]+

= G(A*) = G(A*) > G(A) .

~—

‘(viii)’: For this, let A be self-adjoint and D(A) = X. Then, A = A* is in particular
closed and hence by Theorem 3.1.3 (v) bounded. O

Theorem 3.1.8. Let (X, (| )y) be a Hilbert space over K € {R,C} and Y a dense
subspace of X. Further, let {|)y : ¥?> — K be a scalar product for Y such that
(Y,{|])y) is a Hilbert space over K and such that there is x > 0 such that

€15 = €l

for all £ € Y where || |y : Y — R is the norm induced on Y by {| ). Then, there is a
uniquely determined densely-defined, linear and self-adjoint operator in X such that
D(A) is a dense subspace of (¥,{|)y) and

(€lAg) = &1y
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for all £ € D(A). This A is given by

D(A) = {&e Y : &)y e LK), K)}
and for every £ € D(A)

A

AE =&

where 3 € X is the, by the denseness of Y in X, the linear extension theorem and
Riesz’ lemma, uniquely determined element such that

Elyy =&y - (3.1.2)

In particular, A is semibounded from below with bound «, i.e.,

(€lAE) = « (&lé)
forall £ € D(A).

Proof. For ¢ € X, it follows

€y | < €] Il <« 2)é] - Inly

for every n € Y and hence by Riesz’ lemma the existence of a uniquely determined
& € Y such that

&y = &y

for all 7 € Y. Hence by B¢ := & for every & € X there is given map B : X — X such
RanB c Y. Further, B is obviously linear and because of

(Bén) = (n|BE®) = (Bn|Be)SY = (Bé|Bn)y = (&|Bn)

for all £, € X also symmetric. Further, for & € ker B, it follows that vanishing of
the restriction of {£|-) to ¥ and hence by the denseness of ¥ in X and Riesz’ lemma
that £ = 0. Hence B is injective. In addition, RanB is dense in (Y, | |y) since for
& e RanB1Y

0 = (&[Bny = Brle)S = o)™ = el

for every n € X and hence £ = 0. As a consequence,
Ran B = Ran B4y = {0}y = ¥

where the closure is performed in (Y, || |y). Therefore, since the inclusion ty.,x of
(7, ||y) into X is continuous and Y is dense in X, it follows also that RanB is dense
in X. In the following, we define A to be the inverse of the restriction of B in image
to its range. Then A is a densely-defined, linear and symmetric operator in X with
range X. In particular, it follows for (£1,£;) € G(A*) and £ € D(A)

(E11AE) = (&]€) = (B&|E)y = (B&|BAE)y = (BAE|BEYY = (A€|BEY™
— (B&)|AE)
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and hence that & — B¢, is orthogonal to RanA = X. As a consequence, it follows
that &, = B¢, and therefore that &, € D(A) and A¢; = &,. Hence A* — A. Finally,
since the symmetry of A implies that A* > A, it follows that A is self-adjoint. In
particular, it follows for £ € D(A)

(€1Ag) = (Agle)™) = (BAEE = €)Y = (€le)y = k¢

and hence that A is in particular semibounded from below with bound «. Further, if
£ e D(A), then
&)y = (BAE|n)y = (A¢lm)

for all € Y and hence (¢|-)y € L((Y, ] ),K). On the other hand, if £ € Y is such
that (¢]-)y € L((Y, | |),K) and € € X such that (3.1.2) is true, it follows that BE = ¢
and hence £ € D(A) and A¢é = &. Finally, if A’ is a densely-defined, linear and
self-adjoint operator in X such that D(A’) is a dense subspace of (¥, (| )y) and

(€lA'8) = &ld)y

for all £ € D(A’), then it follows by polarization that

Elmyy = €A = (A'éln)

for all £,n € D(A’). Hence it follows for ¢ € D(A) by the denseness of D(A) in
(Y, ] |v) and the continuity of ¢y, x that

Elmy = A'Em

for all n € Y. Hence <{¢|-)y € L((%,] ), K) and by the foregoing £ € D(A) and
A& = A’€. As a consequence, it follows A D A’ and since A, A’ are both self-adjoint
that A’ = A. o

Theorem 3.1.9. Let (X,{|)yx) and (¥,{|)y) be Hilbert spaces over K € {R,C}, A
a densely-defined Y-valued, linear and closed operator in X. Then A*A (as usual
maximally defined) is a densely-defined linear, self-adjoint and positive operator in
X. In particular, D(A*A) is a core for A and ker A = ker(A*A).

Proof. Since A is closed, it follows that (D(A),{ ),), where { ), : (D(A))? — K is
defined by

Ema = (Emx + (AE[Am)y
for all £, € D(A), is a Hilbert space. In particular, it follows

[€la = A/l1€1% + IAZ]5 = Jlx

for all £ € D(A) where | ||a denotes the norm induced on D(A) by (| ),. Hence by
the previous theorem, B : D(B) — X, defined by

D(B) = {§ € D(A) : (Ag|A-)y € L((D(A), [ [x). K)}
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and for every £ € D(B) by

~

B¢ =&,

where £ € X is the uniquely determined element such that
(AE|A)y = & — &)k |D(A) ’

is densely-defined, linear, self-adjoint and semibounded from below with bound 1
and D(B) is a dense subspace of (D(A), | |a)- Hence it follows by the definition of
A*A that

A*A = B —idx .

As a consequence, A*A is a densely-defined, linear, self-adjoint and positive operator
in X. Further, since D(B) is dense in (D(A), | |a), for &£ € D(A) there is a sequence
&0,&1, ... in D(B) such that

lim £, —&|a=0.
y—00
Hence it follows also that
lim |&, —€|x =0, lim |A&, — Aé|y =0
v—00 v—00
and therefore that D(A*A) is a core for A. Further, for £ € ker(A*A) it follows

(A&|AE)y = (A™Ag|E)x = 0

and hence £ € kerA. Since kerA < ker(A*A), it follows finally that kerA =
ker(A*A). O

Theorem 3.1.10. Let (X,{|)y) and (Y,{]|)y) be complex Hilbert spaces, A a
densely-defined Y-valued, linear and closed operator in X. Then ker A is a closed
subspace of X and the orthogonal projection Py € L(X, X) onto ker A is given by

Py =s— lim (1 +vA*A)~!

v—00

where ‘s—lim’ denotes the strong limit. Note in particular that, because of
(1+vA*A)E = ¢

for all £ € ker A, the elements of ker A are fixed points of (1 + vA*A)~! for every
veN.

Proof. From the linearity of A, it follows that ker A is a subspace of X. Further, for
¢ € ker A there is a sequence &, £, ... in ker A converging to £. The corresponding
sequence A&y, A¢,... is converging to 0. Hence it follows by the closedness of A
that £ € ker A and therefore that ker A = ker A is a closed subspace of X. According
to the previous theorem, ker A equals the kernel of the densely-defined, linear, self-
adjoint and positive operator B := A*A in X. In the next step, we prove for v € N by
using the functional calculus for B that
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1

1+vB) ' = —————
(1+vE) T+ vidy (s

where o-(B) denotes the spectrum of B. For this, we first note that 1 +vB is a densely-
defined, linear and self-adjoint operator in X which is semibounded from below with
bound 1. Hence the spectrum of 1 + vB is contained in [1, 00) and therefore 1 + vB
is in particular bijective. Further, 1/(1 + vid,(s)) is a bounded real-valued function
on o (B) which is measurable with respect to every additive, monotone and regular
interval function on R. By the functional calculus for B, the Cayley transform Up =
(B—i)(B+i)~! =1-2i(B+i)~! of Bis given by

id,yp) — 1 1
Up=————B)=1—-2i——
B idyp) +i (B) lldU(B) +1i
Hence it follows that 1
B+i)'= — (B).
( l) ldo-(B) +1 ( )
Further,
1+vB=1—vi+v(B+i)=[(1—vi)(B+i)~" +v](B+1i)
1 —vi 1 + vidy(p)
= BYB+i)=—"2(B)(B+i
T e - s
and hence
1 id gy + i 1
(1+vB)~" = - : @ -
ldo-(B) +1 1+ VldO-(B) 1+ VldO-(B)

In a further step, we prove that the orthogonal projection Py € L(X, X) onto ker B is
given by

(X{o} |U'(B)) (B)
where y,, denotes the characteristic function of {0}. First, it follows by the func-

tional calculus for B that (x,, o »)) (B) is an idempotent, self-adjoint, bounded and
linear on X and hence an orthogonal projection. For & € X, it follows that

B+ (tlotsy) (BE = ———— (B) (¥, lotay) (B)E
1

B id(,.(B) +1i
= (X(U} ‘D‘(B)) (B)§

l
and hence that
(X{o} |(r(B)) (B)f € kerB .

In particular, it follows in the case that 0 is no eigenvalue of B that (y ol p) (B)is
the zero operator which projects onto ker B = {0}. Further, if O is an eigenvalue of
B, it follows for & € ker B by the functional calculus for B that

(/\/{o) |0'(B)) (B)“: = (/\/{o} |o-(B)) (0)§ =¢
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and hence also in this case that Ran (X{O} lo(3)) (B) = ker B. Finally,

1
(1 + Vido.(B) ) eN

is a sequence which is uniformly bounded by 1 and everywhere on o (B) pointwise
convergent to x |-(8)- Hence it follows by the functional calculus for B that

S— lim ————— (B) = (¥ lo(n)) (B) -

v—0 1+ vidgy (g O

Theorem 3.1.11. (Elementary properties of the resolvent) Let (X, | |x) be a non-
trivial Banach space over K € {R, C} and A a densely-defined closed linear operator
in X.

(i) We define the resolvent set p(A) < K of A by
p(A) ;== {1eK: A — Aisbijective} .

Then p(A) is an open subset of K. Therefore, its complement o-(A) := K\p(A),
which is called the spectrum of A, is a closed subset of K.
(ii) We define the resolvent R4 : p(A) — L(X, X) of A by

Ry(A):=(A— )"
for every A € p(A). Then Ry satisfies the first resolvent formula
Ra(u) = Ra(d) = (u— A) Ra(u)R4 (1) (3.1.3)
for every A, i € p(A) and the second resolvent formula
Ra(1) — Rp(A) = Ra(A)(B — A)Rp(1) (3.1.4)

for every A € p(A) n p(B) where B is some closed linear operator in X having
the same domain as A, i.e., D(B) = D(A).
(iii) For every ¢ € X, w € L(X,K) is the corresponding function

a)oRAf

real-analytic/holomorphic. Here Ro€ : p(A) — X is defined by (Ra€)(2) :=
Ry()é.

Proof. “(1), (iii)’: For this, let g € p(A). Then A — Ay is a closed densely-defined
bijective linear operator in X and hence R4 (4g) € L(X, X)\{0}. Then it follows for
every A € Ui/jr, ()] (Ao)

A — A = [idx — (4= Ao) . Ra(20)](A — 20)
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and therefore, since
idx — (4 — 29).Ra(A0)

is bijective as a consequence of
[(1=20)-Ra(0)| < 1,
see e.g. [128] Chapter IV, §2, Theorem 2, that A — A is bijective as a composition of

bijective maps and
[ee]

Ra(A) = > (A= A0)* [Ra(0)]*+" . (3.1.5)

Hence A € p(A) and in particular for every £ € X, w € L(X,K)
(o Ra&)(A) = D" w ([Ra(0)]*'€) (1= o)t . (3.1.6)
k=0

‘(i1)’: For A, u € p(A) and every & € D(A), it follows
(A—pé=(A-D&+ (A —p)§
and hence for every n € X
(A= )R () =1+ (A= w)Rs ()7 .

The last implies
Ra(4) = Ra(u) + (4 = p)Ra ()R (1)

and hence (3.1.3). Finally, let B : D(A) — X be some closed linear operator in X.
Then it follows for every u € p(A), A € p(B) and every & € D(A)

(A—wé=(A=B)s+ (B— )¢+ (A—p)é
and hence for every n € X
(A — 1)Rg(A)n = (A = B)Rs()n + 1 + (1 — p)Re(A)n .
The last implies
Rp(4) = Ra(u)(A — B)Rp(A) + Ra(u) + (1 — p)Ra()Rp(2)

and hence (3.1.4). m]

3.2 Weak Integration of Banach Space-Valued Maps

The integration of Banach space-valued maps [49, 52,225] is an essential tool in the
study of semigroups of operators. Most authors use for this the Bochner integral.
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Instead, the so called weak (or Pettis) integral is developed in the following up to
the level needed for the remainder of the course. The use of the more general weak
integral is mainly due to the validity of Theorem 3.2.2 below which seems to favour
the approach via weak integration in the important special case of Hilbert space-
valued maps. On the other hand, in the following only integrals of maps are needed
which are a.e. defined and a.e. continuous on open subsets of R” for some n € N*.
For this class of functions, it can easily be seen that the weak integral and the Bochner
integral coincide if existent.

Definition 3.2.1. (Weak Integral/Pettis’ integral) Let n € N* and (X, ||||) be a
Banach space over K € {R,C}. We define for every X-valued map f which is a.e.
defined on R™:

() f is weakly measurable if w o f is measurable for all w € L(X,K),
(ii) f is weakly summable if w o f is summable for every w € L(X,K) and if there is
& € X such that

w(§) =fnw0de”

for every w € L(X,K). Such ¢&, if existent, is unique since L(X,K) separates
points on X.! For this reason, we define in that case the weak (or Pettis) integral

of f by
f fdv":=&.

Theorem 3.2.2. (Existence of the weak integral for reflexive Banach spaces) Let
n € N* (X, ] |) be a reflexive Banach space over K € {R,C} and f a X-valued
map which is a.e. defined on R”. Then f is weakly summable if and only if w o f is
summable for every w € L(X, K).

Proof. If f is weakly summable, by definition, w o f is summable for every w €
L(X,K). If, on the other hand, w o f is summable for every w € L(X, K), we define
A: L(X,K) — LL(R") by

Aw:=wo f

for every w € L(X,K). Obviously, A is linear. A is in addition closed. For this,
let w € L(X,K), w,wy,... be a sequence in L(X,K) such that w; o f,wy 0 f, ...
is convergent to some g € L(X,K). Then a subsequence of w; o f,ws o f,... is
converging a.e. pointwise on R” to g. Hence w o f is a.e. equal to g on R" and
therefore Aw = g. Hence A € L(L(X,K), Ly (R")) by the closed graph theorem,
Theorem 3.1.3 (v). As a consequence, I, : L(X,K) — K, defined by

Ih(w) = J"wofdv”,

is an element of L(L(X,K), K). Since X is reflexive, it follows the existence of £ € X
such that I (w) = w(&) for all w € L(X, K) and therefore, finally, the weak summa-
bility of f. m]

! See, e.g., [186] Theorem 3.4.
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Remark 3.2.3. For an example of an actual calculation of a weak integral, compare
the proof of Lemma 10.2.1 (v).

Theorem 3.2.4. (Elementary properties of the weak integral) Let n € N* K €
{R,C}, (X,]||x), (¥, || |y) be Banach spaces over K, f, g be X-valued maps which
are a.e. defined on R” and weakly summable, A € Kand T € L(X, Y).

(i) If fis weakly integrable and g is a.e. equal to f, then g is weakly integrable and

J gdvi =\ fdv".
RVI Rll

(i) Then f + g, Af and T o f are weakly integrable and

f—i—gdv”:f fdv”—i—f gav' J Afdv' =21 fa* ,
Rr Rr Rr R

Rn

f Tofd"=T| fd/".

R®

(iii) For every f € L} (R") and every & € X:

R”f.fdv = <Lnfdv > ¥3

where f.¢£ is defined by (f.£)(x) := f(x). £ for all x in the domain of f.

Proof. ‘(i)’: Obvious.
‘(ii)’: For every w € L(X,K), wo (f +g) =wof+wog wo (Af) = Awo fis

summable and
f wo (f+g)av —w(J fdv"—i—J gdv") ,
n n Rn

Jﬂwo(/lf)dv" :w(/ljnfdv"> .

Further, it follows for every w € L(Y,K) that w o T € L(X, K) and hence the summa-
bility of wo (T o f) = (wo T) o f and

JR”wo(Tof)dv”: (woT) (Jnfdv") —w<TfRnfdv") .

“(iii)’: For this, let f € L} (R") and & € X. Then it follows for every w € L(X,K) that
wo (f.€) = w(é). fis summable and that

[Loetaar-o(( [ sav).e).
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Theorem 3.2.5. (Existence of the weak integral) Let K € {R,C}, (X, | |) be a K-
Banach space, n € N*, Q a non-empty open subset of R” and f : Q — X almost
everywhere continuous.

(i) There is a sequence (s, ),en of step functions such that supp(s,) < Q, Ran(s,) <
Ran(f) u {Ox} for all v € N and for almost all x € R"

lim s,(x) = f(x)

v—00

where f : R" — X is defined by f(x) := f(x) for all x € Q and f(x) := Oy for
all x e R"\Q. (As a consequence, f is “strongly measurable’.)

(i) f is essentially separably-valued, i.c., there is a zero set M — R” along with an
at most countable subset D of X such that f(R"\M) c D.

(iii) If | f(x)] < h(x) for almost all x € R" and some a.e. on R" defined summable

function A, then f is weakly-summable, | f| is summable and

J. o

Proof. ‘(i)’: For this, we define for every v € N*, k € Z" the interval Iy of side length
1/v by
IZ:=|:]2’kl+l>>< .><|:k_n’kn——’—1)'
v 4

v v
The family (I}),_,, gives a decomposition of R" into pairwise disjoint bounded
intervals of length 1/v. We define for every v € N* a corresponding step function
sy R" — X by

< f I F] dv* . (3.2.1)
Rn

sy(x) = f(x)), xe I}

forall I} = U,(0) n Q where x; is some chosen element of I;’. For all other x € R”,
we define s,(x) := Ox. Note that Ran(s,) < Ran(f)u{0x}. Then it follows for every
point x € Q of continuity of f that lim,_, s,(x) = f(x): Since f is continuous in x
and Q is open, for given & > 0, there is § > 0 such that Us(x) < Q and at the same
time such that f(y) € U.(f(x)) forall y € Us(x). Hence for v > max {|x| +6, v/n/6}
it follows that x € U, (0) n Q,

x€ll, 0 o © B /iy(x) € Us(x) = U,(0) n Q
where [ ] : R — Z is the floor function defined by [y] := max{k € Z : k < y}, and
hence ||s,(x) — f(x)| = [ f(x]) — f(x)| < & where k := ([vx1],...,[vx,]). Finally,
for x ¢ Q, it follows that lim,_, o, s,(x) = Ox because s,(x) = Ox for all v € N*.
“(ii)’: Let M consist of those x € R” for which (s, (x)),ey+ fails to converge to f(x).
By (i) M is a zero set. In addition, let D be the union of the ranges of all s,, v € N*,
Then D is at most countable, and f(R"\M) is contained in the closure of D.
‘(iil)’: For this, let & be as described in (iii) and (s, ),en+ be as defined defined in the
proof of (i). Then it follows that || f|| is measurable since a.e. on R” pointwise limit
of a sequence of measurable functions and hence also summable since a.e. on R”
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majorized by the summable function 4. In the following, let € > 0. Then we define
for every v € N* the step function

for every x € R". Then also

~

lim #,(x) = f(x) ,

v—00

for almost all x € R”. Further, |1, — f| is Lebesgue summable for every v € N*. To
prove this, we notice that for any u € N* the corresponding function |7, — 1,] is a
step function, and that (|, — ] ) .en+ converges almost everywhere on R" pointwise
to |, — f|. Hence |f, — f| is measurable. In addition, (2 + &)h is a summable
majorant for |7, — f| and hence ||t, — f] is also summable. Further, (|, — £]) e is
almost everywhere on R” convergent to 0 and is majorized by the summable function
(2 + &)h. Hence it follows by Lebesgue’s dominated convergence theorem that

v—00

lim J Ity — fldv* = 0. (3.2.2)
Rn

In addition, it follows for u, v € N* that

J t,dv' — f t, dv" f (t,—t,)av"
<[ A - flav
R R"

and hence by (3.2.2) and the completeness of X that

<Jumfwww
Rﬂ

lim | t,dv =¢

v—00 R”

for some £ € X. Note in particular that

f Ly <f Htv\|dv"<(1+s)f 17 v
R7 R7 R7

and hence that
el < (1+2) | 11 (323)

Further, it follows by Lebesgue’s dominated convergence theorem for every w €
L(X,C)

J wo fdv" = lim wOIVdv"=w<limf tvdv"> =w(f) .

v—00 R v—00

Hence f is weakly-summable and

fav'=¢.

]Rn
Finally, (3.2.1) follows by (3.2.3). O
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Remark 3.2.6. It is not difficult to see that a function f satisfying the assumptions
of Theorem 3.2.5 and the additional assumption of Theorem 3.2.5 (iii) is Bochner
integrable and that its Bochner integral and its weak integral coincide.

Corollary 3.2.7. (Fubini’s theorem for a class of weakly integrable functions)
LetK € {R,C}, (X, | ||) a K-Banach space, m,n € N*, Q be a non-empty open subset
of R™" f : Q — X be almost everywhere continuous and such that | f] is a.e.
on R™*" majorized by a summable function i where f : R”*" — X is defined by
f(x) := f(x) forall x € Q and f(x) := O for all x € R”*"\Q. Then there is a zero
set N; < R™ such that

(i) f(x,-)is weakly summable for all x € R"\N;.
(i1)
<R’"\N1 - X, x— f(x, ) dv")
RYI
is weakly summable and

favmtn = J (R’”\Nl - X, x— f(x, -)dv”> av™ .
RII

Rm+n

m

Proof. “(i)’: First, we note that by integration theory for any zero set N < R™+",
there is a zero set N; < R such that

N, :={yeR": (x,y) € N}

is a zero set for all x € R™\N;. Further, by Theorem 3.2.5 it follows the weak summa-
bility of f and the summability of | f]. Also, according to the proof of Theorem 3.2.5
(iii), there is a sequence (s, ),en of step functions on R"*" such that supp(s,) < @,
Ran(s,) < Ran(f) u {Ox} forall v e N,

lim s,(x) = f(x)

v—00

for almost all x € R"t",
sy ()] < 2 £ (x)]]

forallve N, x e R"" and

lim s, dV"t" = favm.
V=0 Jpm+n Rm+n

Hence there is a zero set Ny < R™ such that for all x € R™\N, the corresponding
sequence of step functions (s, (x, -)),en satisfies

lim s,(x,-) = f(x,)

v—00

almost everywhere on R” and at the same time such that ||f(x,-)| is summable. In
particular, it follows for such x that |s,(x, ) — f(x,-)| is Lebesgue summable for
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every v € N*. To prove this, we notice that for any 4 € N* the corresponding function
sy (x,-) — su(x,-)| is a step function and that (||s,(x,-) — s,(x,-)||) e+ converges
almost everywhere on R” pointwise to | s, (x,-) — f(x,-)|. Hence |s,(x,-) — f(x,-)|
is measurable. In addition, 2|| f(x, -)| is a summable majorant for ||s,(x,-) — f(x,-)]
and hence |s,(x,-) — f(x,-)| is also summable. Further, (|s,(x, ) — f(x,)|)yen is
almost everywhere on R” convergent to 0 and is majorized by the summable function

2| £(x, ). Hence it follows by Lebesgue’s dominated convergence theorem that

lim Isy(x,-) — f(x,-)]|dv" = 0.

V=0 Jgrn

Further,

f s/,(x,-)dv"—f sy(x, ) dv" <J Isu(x, ) — s(x, )| av"
n RII n

< [ Istd = fola [ fsx) = folar
for all 4, v € N, and hence it follows by the completeness of (X, | |) the existence of

&« € X such that
lim J sy(x, ) dv' =& .

v—00

In particular
M4<LuﬂWWW"

since

J sy(x, ) dv"

for every v € N. Since

<fH&@JMW<JHﬂLWm"
R7 R2

w(&) = lim | wos,(x)dV" = f wo f(x,-)dv"

v—00 R n

for all w € L(X, K), it follows the weak integrability of f (x,-) and

lim J sy )dvt = | flx,)dv' .

v—00 R

‘(ii)’: Further, we define for every v € N the corresponding step function ¢, on R” by

b= | sl

forall x € R" and F : R"™\N; — X by
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for all x € R™\N;. Then
lim 7,(x) = F(x)

v—00

and

Il < [ 1 1Fel < [ 17

for all x € R™\N;. Note that

(R'"\Nl SR | 1G] dv")

R

is summable by Fubini’s theorem. Also, it follows by Fubini’s theorem that

J t,dV" = J s, dy™th
m Rm+n

for every v € N and hence that

lim | t,dv" = fdvmt .
v—0 Jpm Rm+n

In particular, it follows that ||z, — F|| is Lebesgue summable for every v € N*. To
prove this, we notice that for any u € N* the corresponding function |, — 1,] is a
step function and that (|, — 1,]|) en+ converges almost everywhere on R" pointwise
to |t, — F|. Hence |t, — F|| is measurable. In addition,

(Rm\N1 - R,x— J 2 £ (x| dv”) (3.2.4)
RH

is a summable majorant for ||#, — F| and hence |z, — F| is also summable. Further,
(|2, = F|)ver is almost everywhere on R™ convergent to 0 and is majorized by the
summable function (3.2.4). Hence it follows by Lebesgue’s dominated convergence
theorem that

lim J |2, — F||dv™" =0.
RV‘VI

v—00

Asa consequence,

w( fdv'"+"> = limf wotvdv’"zj woFadv"
Rm+n V—00 m m

for all w € L(X, K). Finally, this implies the weak integrability of F and that

Fdv" = favm.
m Rm+n
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Theorem 3.2.8. Let K € {R,C}, (X, | |) a K-Banach space and f : [a,b] — X be
bounded and almost everywhere continuous. Then F : [a,b] — X defined by

F(x) := rf(t) dt

for every x € [a, b] is continuous. Furthermore, if f is continuous in x € (a, b), then
F is differentiable in x and

Proof. Obviously, by Theorem 3.2.5, it follows the weak integrability of x4,y f for
all x € [a, b]. Further, it follows for x,y € [a, b] that

|ﬂw—Fu>='ffmm <fWﬂww<ﬂrw—w
if y > x as well as
FO) = @l = | [ o] < [ 1r@lar<m-y-

if y < x, where M > 0 is such that ||f(¢)|| < M for all ¢ € [a,b], and hence the
continuity of F. Further, let f be continuous in x € (a,b). Hence for given & > 0,
there is 6 > O such that

If(6) = f(0)] <&

for all ¢ € [a, b] satisfying |t — x| < 6. Now let & € R* be such that |i| < ¢ and small
enough such that x + & € (a, b). We consider the cases & > 0 and & < 0. In the first

case, it follows that
1 x+h X
L rwa- [ rwal -

1 x+h
<3| Io-swia<e.

X

|H4mx+m—Fw»—f@>

-l [0 - s

X

Analogously, in the second case,

‘%wafmdriffwdﬂ—f@)

<%ﬂ;hﬂ0—ﬂﬂcﬁ<a

‘H(mx+m—Fu»—fu>

_W_%fjum—f@ﬂm

x+h

Hence it follows |
]1_1})?#0 E(F(x +h) — F(x)) = f(x) .
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Theorem 3.2.9. Let K € {R,C}, (X, | |) be a K-Banach space and f : [a,b] — X
continuous where a and b are some elements of R such that a < b. Further, let
F : [a,b] — X be continuous and differentiable on (a, b) such that F’(x) = f(x) for
all x € (a,b). Then

b
J f(x)dx = F(b) — F(a) . (3.2.5)

Proof. For this, let w € L(X,K). Then w o f, w o F are continuous, and w o F is
differentiable on (a, b) with derivative wo f|,). Hence it follows by the fundamental
theorem of calculus that

of [ " 1 @) - Jb«u o £)(x) dx = (@ F)(b) — (wo F)(a) = w(F(b) — F(@))

a

and hence (3.2.5) since L(X, K) separates points on X. O

Theorem 3.2.10. (Substitution rule for weak integrals) Let K € {R,C}, (X, || ||) a
K-Banach space, n € N*, Qy, Q, non-empty open subsets of R", f : 2, — X almost
everywhere continuous and such that || f|| is summable. Finally, let 7 : Q; — ©, be
continuously differentiable such that 2’(x) # 0 for all x € Q; and bijective. Then
|det(h”)|.(f o h) is weakly summable and

fdv' = J \det(h")|.(f o h) dV" . (3.2.6)
Q) Q

Proof. First, it follows by the inverse mapping theorem that 47~' : Q, — Q is
continuously differentiable. Hence it follows by the substitution rule for Lebesgue
integrals that h~' (Ny) < ©Q is a zero set where Ny < Q, denotes the set of discon-
tinuities of f. In particular, |det(h’)|.(f o k) is a.e. continuous and

[ldet(R)].(f o m)| < |det(R")] - (|.f]} o 1) -

Since |det(h’)| - (||f]| o &) is summable, it follows that |det(h’)|.(f o h) is weakly
summable. Further, it follows by the substitution rule for Lebesgue integrals that

w (szdv”) = Lz wo fdv' = Ll \det(h")|.[(w o f) o h] dv"

=w (J |det(h")].(f o h) dv")
Q
for every w € L(X,K) and hence (3.2.6). |

Theorem 3.2.11. (Integration of strongly continuous maps) Let K € {R,C},
(X, |l Ix), (Y| |ly) be K-Banach spaces, n € N* and Q a non-empty open subset
of R”. Further, let f : Q — L(X,Y) be such that for every £ € X the corresponding
map f¢€ = (Q — Y,x — f(x)&) is almost everywhere continuous and for which
there is some a.e. on R” defined summable function /4 such that
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[FGl < h(x)

for almost all x € R". Then by

J fav' = <X—> Y& — fgdv”) , (3.2.7)

Rn

there is defined a bounded linear operator on X satisfying

[ 5w

Proof. For this, let £ € X. Then f¢ is almost everywhere continuous and

I7&ly < [€x . -

Hence it follows by Theorem 3.2.5 that f¢ is weakly integrable, that | f€|y is inte-
grable as well as

< Al . (3.2.8)

f§ "

Rn

<f I felly v < ] - l¢lx . (3.2.9)
Y R®

Hence it follows that by (3.2.7) it is defined a map from X to Y which is linear by the
linearity of the weak integral. Finally, the boundedness of that operator and (3.2.8)
follows from (3.2.9). m]

3.3 Exponentials of Bounded Linear Operators

This section defines the exponential function exp on L(X, X) where X is a Banach
space. The Theorems 3.3.1 and 4.1.1 at the beginning of the next section give a
complete characterization of all semigroups which are continuous in the topology
induced on L(X, X) by the operator norm. For every such semigroup 7 : [0,00) —
L(X, X), there is a uniquely determined A € L(X, X) such that T(¢) = exp(tA) for
every ¢ € [0,00). Hence there is a unique extension of T to a homomorphism of
(R,+) into (L(X, X), o) given by (R — L(X, X),t — exp(tA)). As a consequence of
Theorem 3.3.1 (i), for every £ € X the corresponding u := (R — X, 7 — exp(tA)¢)
satisfies u(0) = £ and

u'(t) = —Au(t) (3.3.1)

for every ¢ € R. Here ’ denotes the ordinary derivative of functions with values in X.
Applications of (3.3.1) with A € L(X, X) are usually restricted to finite dimensional
X, i.e., to systems of ordinary differential equations of the first order. An excep-
tion to this is given in Chapter 5.2. Equations of the type (3.3.1) in infinite dimen-
sions usually involve partial differential operators. In general, such operators induce
unbounded linear operators in Banach spaces.
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Theorem 3.3.1. (Definition and properties of the exponential function) Let K €
{R,C} and (X, | |) a K-Banach space. Then we define the exponential function exp :

L(X,X) — L(X,X) by
1
exp(4) = 3 1 4

where A? := idx and A**! := A o A* for all k € N. Note that this series is absolutely
convergent since ||A¥|| < |A[* for all k € N.

(i) The map uy : K — L(X, X), defined by
us(t) = exp(r.A)
for every ¢ € K, is differentiable with derivative
uy (1) = Aouy(t)

forall t € K.
(ii) Forall A,B e L(X, X) satisfyingAoB=BoA

exp(A + B) = exp(A) o exp(B) . (3.3.2)
(iii) For all A € L(X, X) satisfying |A|| < l,neNand ¢ € X,
|exp (n.(A —idx))é — A"E| < /n- (A —idx)€] . (3.3.3)

Proof. “(i)’: For this, let A € L(X, X). Then it follows for t € K, h € K*, by using the
bilinearity and continuity of the composition map on ((L(X, X))?, that

‘% [exp((t + h).A) — exp(t.A)] —Ao exp(tA)H

il [ t+h ktkl] Ak
— k! .

R E T B O ) L N
= lim Z o [— — kA (3.3.4)
Further, for any n € N,n > 2:
"1 [+ Rk = e Ty L
2 - |:( ) _ktk—1:| .Ak - ( ) _ klk_l HAHk ,
Sk h k! h
3.3.5)

and for any k e N, k > 2

t+ h)k — ¢ -t |'S
%_k,kfl _ ’*T [Z(Hh)l' t+1) | _ gt

=0

k—1 k—1

> my e — ]

=1
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—11-1

Al < |l - ZZ 1|+ [])*

=1 m=0

k—11-1

= > Y+ nym )

=1 m=0

|| -
= > k(k=1)-(Jrl + | )2
Inserting the last into (3.3.5) gives

é% [(r+h})lk—t"k ]

|| - A2
< — o ((\t| + |A]) - HA”) :

(Il + [ ]

Finally, inserting the last into (3.3.4) gives

%. [exp((t + h).A) —exp(t.A)] — Ao exp(t.A)H

_ -l

< ——— oxp (] + [A]) - [A])

and hence

. 1
hlﬁl;eo W [exp((t + h).A) —exp(t.A)] — Ao exp(t.A)‘ =0.

‘(i)’: For this, let A, B € L(X, X) be such that Ao B = BoA and t € K, h € K*. Then

'%.(MA(t+h)OMB(t+h)
—un(t) o ug(t)) — (up(r) o up() + ua(t) o ug(r))|

‘ [ 1) —ua() = M/Q(t)] o up(t)
+ ua(t) o [% (up(t + h) — up(t)) — ug(t)]

1 (uA(t + h) = ua(1)) o (up(t + h) — up(t))

|

H a4 1) — un()) — ¢ H Jus )]

+ HMA

340 - i) - 50|

+

‘% .(MA([+ h) — MA(I))

. (MB(I + /’l) — MB(I))
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Hence it follows by (i) the differentiability of gap : K — L(X,X) defined by
hap(t) := uayp(t) — ua(t) o up(z) for every t € K and

hap(t) = (A + B) ouasp(t) — Aouy(t) oup(t) — ua(t) o Boug(t)
= (A + B) o MA+B(I) —Ao MA(Z) o MB(I) —Bo MA<t) o MB([)
= (A + B) o hA,B(l)

for all + € K where the bilinearity and continuity of the composition map on
(L(X,X))? has been used as well as that A o B = B o A by assumption. Hence it
follows by h45(0) = ua4+p(0) — ua(0) o up(0) = 0 along with Theorem 3.2.9,
Theorem 3.2.5 that

t
Ihas(t)] <A + B - j | has(s)] ds

for all 7 € [0, 00). As a consequence, it follows for & > 0 that

[has(t)] < ge4+5l (3.3.6)
for all 7 € [0, 0). Because otherwise there is 7y € (0, 00) such that

[ha (o) = &e®lA !

and such that (3.3.6) is valid for all 7 € [0, #p). Then

o to
Ihas(i)] <A+ B| - f | has(s)] ds < |A + B| - f e8I g
0 0
— e (etoHA+3H _ 1) <g-ehlAtBl 4

From (3.3.6) it follows that &4 () = O for all 7 > 0 and hence (3.3.2).
‘(iii)’: For this, let A € L(X, X) be such that |A| < 1,n € Nand ¢ € X. Then

|exp (n.(A —idx))é — A"E|| = e™" - | exp(n.A)é — €. A"&|
i

> At —ane

k=0

=¢ " lim
m—00

(3.3.7)

Further, it follows for m € N by using the Cauchy-Schwarz inequality for the Euclid-
ean scalar product on R"*!:

m ok m

< 31t - el < 33 5 [l — e

=0

m k
=Y Y Ale(a—idog < (A—ide] - Y lk—nl
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" 1/2 N
< (A —idx)é] - (Z ) -<Z %) (3.3.8)
- 1/2
(5
( [k(k—1) —

o\ 12
s n n
= (A —idy )& - €"/* - - (2n—1)k+n]k'>
0

< (A —idx)é] - €

M8

o~
[=}

8

Rl

— (A —idx)&] - 2 ([n* — (2n — V)n +n*] ") = Ve (A —idx)é] .

Finally, (3.3.3) follows from (3.3.7) and (3.3.8). O
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Strongly Continuous Semigroups

In this chapter, we study strongly continuous semigroups of linear operators on
Banach spaces. Important motivation for this comes from applications. A major goal
of physics is the prediction of the future development of a system from given data in
the past, for instance, at time ¢ = 0. Denoting the data by the symbol &, for all t > 0
there is to be found the state 7' (¢)¢ of the system where 7'(¢) is a map on the space of
the data X. If the system is autonomous, 7'(¢) should map X into X and, clearly,

T(0)=1idx, T(t+s) =T(t)oT(s)

for all #,s € [0,00), i.e., the map T of ([0, 0),+) into the set of mappings of X
into X equipped with the operation of composition is a homomorphism. Such 7 is
called a semigroup of operators. In many important cases, physical systems can be
described to a good approximation by assuming the superposition principle. In such
cases X carries the structure of a vector space and T'(¢) is a linear operator for all €
[0, 00). For instance, all systems described by Quantum Theory necessarily have to
satisfy the superposition principle according to the rules of Quantum Theory.! Such
T is called a semigroup of linear operators if in addition 7'(¢) is bounded for every
t € [0,00). Semigroups of this type will be studied in the following. Remarkably,
there is a theory of nonlinear semigroups which largely parallels that of semigroups
of linear operators. For this, compare the literature [15, 19, 88, 138, 146, 167].
Usually, in physical applications the determination of the state u(¢) := T'(¢)¢ at
time ¢ € [0, ) corresponding to initial data u(0) = ¢ is achieved by finding the
solution of an initial boundary value problem for a differential equation of the form

W' (1) = —Au(r) (4.0.1)

for every ¢ € R describing the evolution of the system. Here ' denotes the ordi-
nary derivative of functions with values in X. In this, A is often a partial differential

! See Chapter 2.1. Currently, one could even go so far to say that nature is linear on a fun-
damental level because all physical systems necessarily have to be described by Quantum
Theory. The only nonlinear classical field still resisting a quantization is the gravitational
field.
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operator. In general, such operators induce unbounded linear operators in Banach
spaces. Hence our experience from Chapter 3.3 suggests that in these cases it cannot
be expected that T is continuous in the topology induced on L(X, X) by the operator
norm. In this, we assume that [0, o0) is equipped with the usual topology. Indeed, it
turns out that in the majority of such cases T is continuous if L(X, X) is equipped
with the strong topology.?

4.1 Elementary Properties

Theorem 4.1.1. (Strongly continuous semigroups) Let K € {R,C}, (X,||) a
K-Banach space and T : [0,00) — L(X, X) a strongly continuous semigroup, i.e.,
such that
T0)=idx, T(t+s)=T()T(s)
for all 7, s € [0, 00) and
Té:= ([0,00) = X, — T(1)¢) € C([0,0),X)
for all £ € X. We define the (infinitesimal) generator A : D(A) — X of T by
D(A) := {f eEX: l_}%{go %[T(t) —idx|é exists}
and for every £ € D(A):
Ag == lim %.[T(t) —idx ¢ .
(i) There are 4 € R and ¢ € [1, o) such that for every 7 € [0, 00):
[T(1)] < ce .
(i) A is a densely-defined, linear and closed operator in X. Furthermore,
AT(t) o T(HA

forall ¢ € [0, 0).

(iii) A is bounded if and only if T is continuous.

(iv) If u € R and ¢ € [1,0) are such that |7 (z)|| < cet for all z € [0, 00), then any
A € K such that Re(1) < —u is contained in p(A) and in particular

[RA(/I)]n = ﬁ J;)OO lnileluT(t) dt

as well as
c

[Re(2) + /"
for every n € N*. Here we define Re := idg in the case K = R.

[ Ra(O]" || <

2 But, see [7,60,121,155] for initial value problems for autonomous linear partial differential
equations of second order not belonging to this category and approaches [6,8,48,129,170,
205] to treat such cases.
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(v) Letfy=>0,t > fgand &€ € D(A). Then u : (t,t;) — X, defined by
u(t) :=T(t—1)¢
for all ¢+ € (f,1), is the uniquely determined differentiable map such that
Ranu < D(A), lim,_,, u(r) = £ and
u'(t) = —Au(r)

forallt € (t,11).

(vi) (Different semigroups have different generators) If S : [0,0) — X is a strongly
continuous semigroup different from 7 and B its generator, then B # A.

(vii) (Infinitesimal generators are maximal) If B is a closable linear extension of A
such that B is the infinitesimal generator of a strongly continuous semigroup on
X, then B = A.

Proof. “(i)’: Since T'[o,] is strongly continuous and [0, 1] is compact, it follows the
boundedness of

{T(t)¢é:te[0,1]}

for every £ € X and hence by the principle of uniform boundedness the existence of
ac € [1,00) such that
T < ¢

for all 7 € [0, 1]. Further, it follows forn e Nand ¢ € [n,n + 1)

IT@) =T ((n+ 1) t/(n+ )| <[ T (t/(n+ )" <!
_ cenln(c) < Celn(c)-t
and hence
| T(@)] < ce™)

forall 7 € [0, o0).
‘(ii)’: Obviously, D(A) is a subspace of X, and A is a linear operator in X as a conse-
quence of the definitions. In a first step, we conclude that for every £ € X

ff@gweum) 4.1.1)

0

for all T € [0,00). For this, let £ € X and 7 € [0,00). Then it follows for every

t€ (0,00)
> (T(r) jo r(s)eds— | T T(s)fds)

. ( | " r(s)eds - fo T(S)de)
. ( | " r(s)eds - f T(S)de)

T 0

~N | = N =
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%_ (T(T) L T(s)eds L rT(s)fds)

t

(T(7) — idy) %J T(s)éds . (4.12)

0

Further,

1.fT<s)§ds—§ _!

t Jo

(T(s)§—¢&)d

f IT(s)é — €] ds

1
- f IT(ts)é — €] ds .

Obviously, it follows by Lebesgue’s dominated convergence theorem that the last
integral approaches zero for + — 0. Hence it follows

1
t1_1>r0r5r ?L T(s)éds = ¢ (4.1.3)
and therefore by (4.1.2) that

lim 1. (T(t) JTT(S)fds—JTT(s)fds> _(T(1) — idy)

t—0+ 0 0

which implies (4.1.1). Finally, by (4.1.3) it also follows that D(A) is dense in X.
Further, we conclude for &£ € D(A), s € (0,00),h > 0

TG4 E= T+ Toe| = | 706) (5. (e - &)+ ag )|
and for & < 0 such that |h| < s/2

' 1

W (T(s+h)é—T(s)é) + T(s)AfH

-
) (- (70— ) + g+ T(1hac — )|

T()€ — T(s — [h)&) + T(s Ang

HW (e~ &)+ ag] + 1T(H)ag -~ acl|

where C; € [0, 00) is such that
IT(@)] < Cs
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for all 7 € [s/2, s]. Hence it follows the differentiability of 7¢ on (0, o0) and
(T6)'(s) = =(TAE)(s) (4.14)

for all s € (0, c0). In addition, since for every s € (0,00), h > 0

A(T(h) —idx) T(s)¢ — T(s)A¢

b}

1 1
HE (T(s+ h)é—T(s)&) + T(s)Af' = H_Z
it also follows that

T(s)¢ € D(A) and AT(s)¢é = T(s)A¢ 4.1.5)

for every s € [0, 00). Since T¢ and TA¢ are in particular continuous, we conclude by
integrating (4.1.4) that

T()é =& — JOI T(s)Aéds (4.1.6)

for all ¢t € [0, 0). In the final step, we conclude that A is also closed. For this, let
(&,m) € G(A) and &), ¢, ... asequence in D(A) such that

lim &, = ¢ and 1iH010A§v =7n.

v—00

Then by (4.1.6) for 7 € (0, 1]

t

%. (T — &) = —%. J T(s)Aé, ds . @.17)

0

In addition,

| reds - | Teomas| < [ 1518~ )l ds < crag )

0

where C € [0, ) is such that |T(s)| < C for all s € [0, 1]. Hence it follows from
(4.1.7) that

1 1

10 -9 = ~1. [ TGmas.

t t"Jo
Because of (4.1.3), this implies £ € D(A) and A¢ = 7.
‘(iii)’: First, we consider the case that A bounded. Then it follows by the denseness of
D(A) in X as well as the closedness of A that D(A) = X and hence that A € L(X, X).
Further, let € [0,00), h € Rsuchthat |4| < 1and C’ € [0, 00) such that |T'(s)| < C’
forall s € [t — 1, + 1] n [0, ). Then it follows by (4.1.6) that

[(T(+ k) =T ()& < C"[|A] |1} €]
for every € € X and hence that

|T(t+h) =T ()] < C"|A][A] .
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The last inequality implies the continuity of 7" in z. Finally, if 7 is continuous, we
conclude as follows. Since (L(X,X) — X, B+— B¢) € L(L(X, X), X) forevery ¢ € X,
it follows from (4.1.6) that

7% (T(t) —idx) & = (% JOI T(s) ds> Aé (4.1.8)

forall 7 > 0 and £ € D(A). Further,

l 1
—.J T(s)ds —idx

t Jo

1

t

1
J 1T (25) — idy| ds .
0

J(T(s) —idx) ds| < %L IT(s) — idx|| ds

0

for every + > 0. Hence it follows by Lebesgue’s dominated convergence theorem
that

and therefore that

is invertible for small enough 7 > 0. For such ¢, it follows from (4.1.8) that

ae=— ([ 109 d) (10— idy) €

0

for all £ € D(A) and hence that A is bounded.
‘(iv)’: For this, let 4 € R and ¢ € [1,00) such that |T(#)|| < ce” for all 7 € [0, 0).
Further, let A € K such that Re(d) < —pu. Then ([0,0) — L(X, X),t — e™.T(¢)) is
strongly continuous and

He/ltT(t)H < Ce[Re(/l)+u]~t

for every ¢ € (0, 00). Hence we can define B, € L(X, X) by
o0
B, := J e T(t)dt
0
according to Theorem 3.2.11 and in particular
@ c
[ Bl < cf eRetultgy — — —
0 [Re(4) + 4|

Further, it follows by (4.1.4) for £ € D(A)

o0

By(A — )¢ = LOO N T(1)(A - Dédt = — J eV [(T€) (1) + AT (1)€]dt

0
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and hence for every w € L(X, K)

0

Mmm—@a:f M o(T(1) (A — 1)) dr

0

— foo e [(woTE) (1) + A(wo TE)(t)€]dt

0
_ LOO [e/l.idR (wo Tf)] ! (1) dt = w(é)

where in the last step Lebesgue’s dominated convergence theorem (along with the
fundamental theorem of calculus) has been used. Hence it follows

w (By(A = 2)§) = w(é)

and since L(X, K) separates points on X that

Bald— )¢ —¢.
In the next step, we prove that

B,D(A) < D(A) . (4.1.9)
For this, we notice that for every ¢ € [0, 00), because of

IT(EIR = IT@OEP + JAT (€ = [T ()€ + IT(AE)* < [T ()] - [€]R

for every £ € D(A), by the restriction T's(¢) of T'(¢) in domain and in range to D(A)

there is given a bounded linear operator on (D(A), | |a) with bound |T(¢)|. Further,
as a consequence of

ITA(0)€ — Ta(s)é|7 = IT(1)é — T(s)é|3 + [AT ()€ — AT (5)é]3
= [T(0¢ = T(s)¢|3 + IT(1)AE - T(5)A€[3

forevery 1, s € [0,00) and & € D(A), it follows the strong continuity of the associated
semigroup 74. Hence by Theorem 3.2.11

©
f eV TA(r)dt ,

0,A

where the index A in the integration symbol denotes weak integration in the Banach
space (D(A),|||a), defines a bounded linear operator on (D(A),| |a). Finally,
since the inclusion ts : (D(A),||a) — X is continuous, (4.1.9) (ii) follows by
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Theorem 3.2.4. Further, since A defines a bounded linear operator on (D(A),
follows for £ € D(A) that

), it

o0

(A= )By¢=(A-2) J e Ta(t)E dt

0,A

= JOO eV (A— N)TA(t)édt = JOO eV TA()(A—A)édt =& . (4.1.10)

0 0

Finally, let £ € X. Since D(A) is dense in X, it follows the existence of a sequence
&0,&1,... in D(A) which is convergent to £ Hence by the boundedness of B,, it
follows the convergence of B, &y, Baé1, ... to B¢ and by (4.1.10) the convergence of
(A—)Ba&o, (A — ) B¢y, ... to &. Since A is closed, it follows that B¢ € D(A) and
(A — 2)Ba¢& = ¢&. Hence it follows that

RA(A) = ro e T(1)dt .

0

The next step uses the following auxiliary result: Let f : (0,00) — K be almost
everywhere continuous and such that there are a € [0, o0), b € R satisfying

lF@O] < ae”

for almost all ¢+ > 0. Then

fo Z u f e £ (1) (4.1.11)
0

n=0

for all 2, A’ € K satisfying Re(1) < —b and |’ — 1| < |[Re(A) + b|. For the proof let
A, A" € K such that Re(1) < —b and |2’ — 2| < |Re(A) + b|. Note that this implies

Re(l') + b =Re(l — 1) +Re(d) + b < | — A +Re(d) + b
< |Re(A) +b| +Re(d) +b=0.

Then

/

e/l'tf(t) _ e(/l’f/l)t . /lt Z £ /ltf( )

n=0

and

i A= At ‘/l/ /l| At | =t R(/lz ht
L e Z—I" ) <ae °

n=0 n=0 .

= q e [Re()+b]=|V =[] 1

for every t > 0 and N € N. Hence (4.1.11) follows by Lebesgue’s dominated

convergence theorem. Note that in the particular case that f(r) = 1 forall + > 0
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(a =1,b=0,22 € Ksuch that Re(1) < 0 and [ — 2| < |[Re(2)|), it follows
from (4.1.11) that

1 & L 1 1 1 ©
__.Z(_l)n.(—) __.—:___J N di
A

and hence that

l o0 1 n+1
— | reMdr=(-= 4.1.12)
n' 0 /1

for every A € K such satisfying Re(1) < 0 and every n € N. Now, we continue the
proof of (iv). By the foregoing along with the previous auxiliary result, it follows for
every A’ € K such that [’ — 2| < |[Re(2) + y|, note that this implies

Re(A') + u=Re(X' — ) +Re(A) + u < [’ — A] + Re(A) +u
< |Re(d) + u| +Re(d) +u =0,

w e L(X,K) and ¢ € X that

w(Ra(X)€) = J e w(T(0E)dt = Y| ——
W 7
n;) p ( , " T(t)gdt) .

and hence by the identity (3.1.6) in the proof of Theorem 3.1.11 that

o (R = 1o [ ret Tz

n. 0

for every n € N. Since w € L(X,K) and £ € X were otherwise arbitrary and L(X, K)
separates points on X, this implies that

[Ra(D)]"H! = % . LOO eV T(r)dr .

Finally, it follows by (4.1.12) that

c

o0
R < .£.J Pe®e@+wit gp . =
RO el < el - [ e R

-1l
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for every £ € X and hence that
n ¢
IRV <

[Re(a) + )"+

‘(v):Letty = 0,1, > topand £ € D(A). Then u : [ty, 0) — X, defined by
u(t) :=T(t—19)¢

for all ¢ € [#g, ), is continuous and as a consequence of (4.1.4),(4.1.5) differentiable
on (fy, o0) such that

u'(t) = —Au()
for all 7 € (#, ). On the other hand, if u : (#,#;) — X is differentiable such that
Ranu < D(A), lim,_,,, u(t) = ¢ and

u'(t) = —Au(r)

for all t € (1, 1), then we define G : (to,t) — X by G(s) := T (¢t — s)u(s) for all
s € (to,t). Then it follows for every s € (fo,7) and0 < h <t — s

1 [G(s+h)—G(s)] = 1 [T(t— (s+h)u(s+h) —T(t— s)u(s)]

h h
=T(t—(s+h)) {% [u(s + h) —u(s)] — % [T (h) — idx] u(s)}
and hence
lim % [G(s+h) — G(s)] = T(t — )[u'(s) + Au(s)] = 0.

Also, it follows for every tp — s < h < 0

% [G(s+h) —G(s)] = % [T(t— (s+h)u(s+h)—T(— s)u(s)]
. 1 1 .
= 70 ) { 7R = 6] uts + 1) = u(s) = G (7))
+% [u(s + h) — u(s)]}
and hence

The differentiability of G and G’(s) = 0 follows for all s € (fy,). Note that there
is a continuous extension G : [ty,7] — X of G such that G(ty) = T(t — 1) & and
G(t) = u(t). Hence it follows by weak integration over the interval [z, ] and by
application of Theorem 3.2.9 that u(t) = T(t — 19) &.

‘(vi)’: The statement is a simple consequence of (v) along with the denseness of
D(A) in X.

‘(vii)’: Obviously, by (iv), (v) along with the denseness of D(A) in X, it follows that
A = B. Further, it follows B D A = B and hence B = B = A. O
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4.2 Characterizations

Remarkably, infinitesimal generators of strongly continuous semigroups can be char-
acterized by the conditions on the spectrum and the estimate on the powers of op-
erators in its resolvent given in the previous Theorem 4.1.1 (iv). In the case of a
quasi-contractive semigroups, that estimate is equivalent to the quasi-accretivity of
the infinitesimal generator. Usually, the last is easier to prove for a given operator.
The definition of quasi-accretivity is a generalization of the definition of semibound-
edness (from below) for self-adjoint linear operators in Hilbert spaces. Theorem 4.2.7
states that every strongly continuous semigroup ‘is’ quasi-contractive if the under-
lying Banach space is chosen in a particular specified way. Unfortunately, the con-
struction of that space uses the semigroup and not just the infinitesimal generator.
Usually, in applications only a formal linear operator * is given for which a represen-
tation space along with boundary conditions have to be chosen such that the resulting
operator is the infinitesimal generator of a strongly continuous semigroup. Of course,
usually the generated semigroup is unknown also on a formal level.

Theorem 4.2.1. (The Hille-Yosida-Phillips theorem) Let K € {R,C}, (X,||]) a
K-Banach space and A a densely-defined closed linear operator in X. Then A is the
generator of a strongly continuous semigroup 7 : [0,00) — L(X, X) if and only if
there are ¢ € [1,00), u € R such that (—o0, —u) < p(A) and

c

IRA(D)]" || < T

4.2.1)

for all A € (—oo, —u) and n € N*. In this case,
IT@)] < ce
for all 7 € [0, o0).

Proof. First, if A is the generator of a strongly continuous semigroup, then it follows
by Theorem 4.1.1 the existence of ¢ € [1,00) and u € R such that (—o0, —u) < p(A)
and such that (4.2.1) is valid for every A € (—o0, —u), n € N*. On the other hand, if
c € [1,00), pu € R are such that (—o0, —) < p(A) and such that (4.2.1) is valid for
every A € (—oo, —u) and n € N*, then we conclude as follows. For this, we define
the bounded linear operator

A, = (n—p).idx — n* Ry(—(n + u))
for all n € N*. In a first step, it follows that

lim A& = A& (4.22)
n—aoo

3 This is an operator which is linear on some linear space that is not yet embedded into a
Banach space.
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for every ¢ € D(A). For the proof, let n € D(A) and n € N*. Then

I[(n — ). Ra(—=(n + p)) — idx]n]|
= [Ra(=(n+p)[(n —p).n — (A +n+ )]

Cc
= [Ra(—(n + u))(An + 2un)| < - |An + 2un||

and hence
lim (n — p).Ra(—(n+p))n =1 .

n—0o0

Therefore it follows because of

c\n—
| | u\g

[(n =) Ra(=(n + )| < — ¢ (1+ |uf)

for every n € N* and the denseness of D(A) in X that

s— lim (n — p).Ra(—(n+ p)) = idx . (4.2.3)

n—aoo

Further, for every n € N* and ¢ € D(A)

Anf = (n— p)Ra(—(n+ ) (A + n + p)é — 0> Ra(—(n + p))¢
= (1 — p)Ra(—(n + p))Aé — (PRa(—(n + p))¢
is satisfied and hence finally because of (4.2.3) and
c

[Ra(=(n + )| <

also the relation (4.2.2). In the next step, we define for every n € N* a corresponding
Sy :[0,00) > L(X,X) by

Sn(t) :=exp(—tA,)
for every ¢ € [0, 0). Then it follows by Theorem 3.3.1 and Theorem 4.1.1 that S, is
a strongly continuous semigroup on X with generator A,. In addition,

IS a(6)] = =1 exp(n2fRA(—(n +p)))|

(=(n+ )T

- (nt)"
< ce Z = ce (Tt — o it (4.2.4)
k=0 :

for every ¢ € [0, 00). Further, it follows for m,n € N*, ¢t € [0, 00) by Theorem 3.3.1
and by using that A, 0 A, = A, 0 A, forn € D(A)

|Sm(@)n = Sa(6)n = | exp(—sAn) exp(=(1 = s)An)n[5|

Jotexp(—sAm) exp(—(t — s)A,) (A, — An)nds
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t
< [Awm — Aun L | exp(—sAn)| - | exp(—(t — 5)A,)| ds

t
< 1A~ Aui] | cexplus) cexplite — 5)) ds
0
=t 1A — Aun
and hence for § € X

IS m(0)€ = S ()€l = |Sm (1) (& — 1) = Su(1)(E — 1) + Sw(t)n — S,u(0)n]
<ce' 2] —n| +ct|Am— A ]
<ce[2)é—n| +ct|An—An| +ctl|Aun — An|] . (4.2.5)

Hence it follows by (4.2.2) along with the denseness of D(A) in X that S (7)¢,
Sa(1)é,... is a Cauchy sequence and hence convergent to an element S (£)¢ € X.
Performing the limit m — oo in (4.2.5) leads to the relation

ISa(1) = S ()¢ < ce 2] —nll + ct]|Am — An]] . (4.2.6)

Obviously, S(7) := (X — X,& — S(2)é) is in particular linear and by (4.2.4)
bounded such that
[S@] < ce

for all ¢ € [0, o). Further, S := ([0,0) — L(X, X),t — S(¢)) satisfies S (0) = idx
and because of

ISn(z+ $)€ = S(1)S (5)5] = ISa()[Sn(s)§ =S ()] + [Su(r) = S(1)]S (s)é]
< ce[Su(s)s =S ()& + [[Sa(r) = S (IS ()8 »

forall £ € X, S(t+ s) = S(¢)S(s) for all ¢, s € [0,0). Again by (4.2.2) along
with the denseness of D(A) in X, it follows from (4.2.6) for every compact subset
I of [0,00) the uniform convergence of ((I — X,t — S,(#)€))nen* in C(1,X) to
(I - X,t — S(t)¢) and therefore that (I — X,7 — S(¢)¢) € C(I,X) and finally
that ([0,00) — X,z — S(t)€) € C([0,0),X). Hence S is a strongly continuous
semigroup. In the final step, we show that its infinitesimal generator A coincides with
A. For this, let £ € D(A). Then it follows by (4.1.6) from the proof of Theorem 4.1.1
that

5,06 = €~ [ Su(o)gas
0
for n e N* and € (0, o). Further,
[Sn(5)Ang = S (5)AE] = [Sn(5)(Ang — AE) + (Su(s) — S (s))Aé|
< e Aug — AL+ [[(Su(s) — S (5))Ag]

for every s € [0,]. Hence the sequence of integrable functions ([0,7] — R,s —
IS 1(8)Ané — S (8)AE|)ner is everywhere pointwise convergent to 0 on [0, ¢] and is
majorized by the summable function ([0,¢] — R, s — c e*| A& —AE|| +2c e | AE]).
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Hence it follows by Lebesgue dominated convergence theorem along with (4.1.6)

that
1

;.

(SWE—8) =~ J S (s)AE ds

and therefore, since by the proof of Theorem 4.1.1

lim ! fS(s)Afds = A¢,

t—0+ 0

that £ € D(A) and A¢ = A£. Hence it follows A S A. Further, it follows from (4.2.4)
by Theorem 4.1.1 that (—o0, —u) < p(A). In particular, it follows for A € (—c0, —u),
neX
(A= DRs()n = (A= DRs () =1
and therefore
Ri(A)n = Ra(2)n .

Hence D(A) = D(A) and A = A. O
Corollary 4.2.2. Let K € {R,C}, (X,]|) a K-Banach space, A the generator of

a strongly continuous semigroup on X. Further, let ¢ € [1,o0), u € R such that
[T(2)| < cet forallz € [0,00). Then
T(r) = s— lim e~ """ exp (n*t.Rs (—(n+p)))

n—0o0

forall ¢ € [0, 0).

Definition 4.2.3. Let K € {R,C}, (X,

|) a K-Banach space.

(1) Per definition, a normalized tangent functional to & € X is an element w €
L(X,K) satisfying
w(@) = [¢? and Jo| =[] .
Note that there is a normalized tangent functional to every & € X by the Hahn-
Banach theorem.*
(ii) In addition, let A a linear operator in X. Then we call A accretive if for every
& € D(A) there is a normalized tangent functional w € L(X, K) to £ such that

Re (w(A8)) =0

where we define as usual Re := idr in the case K = R. In addition, we call A
quasi-accretive with bound u € R if A — p.idx is accretive. Obviously, this is
the case if and only if for every £ € X there is a normalized tangent functional
w € L(X,K) to £ such that

Re (w(A8)) = p €] .
4 See, e.g., [179] Vol.I, Theorem IIL.5.
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Theorem 4.2.4. Let K € {R,C}, (X, | |) a K-Banach space and A a linear operator
in X. Then A is accretive if and only if

I(A+ )] = A& 4.2.7)
forall 2 € (0,00) and £ € D(A).

Proof. Let A be accretive, 1 € (0,0), £ € D(A) and w € L(X,K) a normalized
tangent functional such that Re (w(A¢)) = 0. Then

A[€]? <Re(w (A +)¢) < |w((A+ D)) | < €] [(A+ )¢

and hence (4.2.7). On the other hand, if (4.2.7) is true for all 1 € (0,00) and £ €
D(A), we conclude as follows. For this, let 1 € (0,00), £ € D(A), w, € L(X,K) a
normalized tangent functional to (A+A)¢ and w) := w,/[(A+2)€] if [|[(A+2)&| # 0,
w} = wy if (A 4+ )€ = 0. Then

A&l < (A + )& = w; (A + 2)§) = Re (w) (A¢)) + ARe (w; (£))
<Re(w] (A8)) + 2| w; (£) | < Re(w] (A8)) + [] -

Hence
Re (wj (A8) =0 4.2.8)

and

1 1 1
Re (0] (6)) €] - 7 Re (] (49) > €] — 5 |} (48) | > gl -~ |4€] . 4.29)

We define

F = {Fc B1(0p(xx)) : \/(F S{w;:A >R})} .
R>0
Obviously,  is a filter on By (0z(x)). Since B1(0r(xx)) is weak™ —compact, there
is w’ € B1(0r(x)) which is adherent to every F € ¥ . Further, since (B (0, (xx)) —
K, w — w(n)) is weak* —continuous, it follows for every i € X that w'(n) is adher-
ent in particular to every {w/(n7) : 4 > v } for every v € N*. Hence for every v € N*
there is A, > v such that
1
wy, () —'(m)] < -
and therefore
. / o
lim wj () = () -
Hence it follows from (4.2.8), (4.2.9) that
Re(w'(A¢)) >0 and |w'(¢)] > Re(w’(§)) = |l€] -

Further, since | w’(£)| < |€]., it follows that | w’(¢)| = ||¢] and | w'| = 1. Hence
w = |&| w’ is a normalized tangent functional to £ such that Re (w (A¢)) > 0. o
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Theorem 4.2.5. LetK € {R,C}, (X, | ||) a K-Banach space and A a densely-defined,
linear operator in X which is quasi-accretive with bound u € R. Then A is closable
and A is quasi-accretive with bound u € R.

Proof. In the first step, we consider the special case ¢ = 0 and lead the assumption
that A is not closable to a contradiction. If A is not closable, G(A) is not the graph

of a map. Then there exists (0,7) € G(A) such that || = 1. In particular, let
&o,&1, ... be asequence in D(A) which is convergent to 0 and such that A&, A, ...
is convergent to 7. Further, since D(A) is dense in X, there is & € D(A) such that
|€] = 1and ||¢ — | < 1/2.5 Then it follows by Theorem 4.2.4 that

|AE +c(E—A8) =& = [(A+c) (€ —c&)| = clé—c&)

for every v € N, ¢ > 0 and hence that

lé —n+c'Ag] = Jé] -

Since ¢ can be chosen arbitrarily large, this leads to the contradiction

> le—nl=lel =14

Hence A is closable. Further, let A € (0,00) and & € D(A). Then there is a sequence
&0,&1,... in D(A) which is convergent to ¢ and such that A&, A, ... is convergent
to A¢. In particular, by Theorem 4.2.4

[(A+ &0 = A&

and hence also )
1A+ &) = aléll

Hence it follows by Theorem 4.2.4 that A is accretive. Finally, if 4 # 0, then A — u
is a densely-defined, linear and accretive operator in X and hence closable with an
accretive closure by the foregoing. Hence it follows by Theorem 3.1.3 (vi) that A =
(A — ) + uis closable and that A = A — u + u is quasi-accretive with bound u. o

Theorem 4.2.6. (Lumer-Phillips) Let K € {R,C}, (X,]|||) a K-Banach space, A
a densely-defined, linear operator in X and u € R. Then A is closable and A the
generator of a strongly continuous semigroup 7 on X satisfying

IT (1) < e (4.2.10)

for all f € [0, 00) if and only if A is quasi-accretive with bound —u and Ran(A — 1) is
dense in X for some A € (—o0, —u). A strongly continuous semigroup T satisfying
(4.2.10) for all 7 € [0, o0) is called a quasi-contraction and a contraction in the special
case that u = 0.

3 For instance choose £’ € X such that |£’ — 57| < 1/5 and define & := ||¢']|~1.£’.
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Proof. If A is closable and A the generator of a strongly continuous semigroup T
on X satisfying (4.2.10) for all 7 € [0, c0), then it follows by Theorem 4.1.1 that
(—o0, —u) < p(A) as well as

1

Ri()| < 77—
RO < Ty

for every A € (—oo, —u). Hence

[+ pl - €] = A+l - R (A = D] < [ (A +p) + |u+a]) €]

for every 1 € (—o0,—pu), & € D(A) and therefore A + u is accretive by The-
orem 4.2.4. As a consequence, A is quasi-accretive with bound —u. In addition,
for 1 € (—oo, —pu), the statement Ran(A — 1) = X holds. Finally, since accord-
ing to Theorem 3.1.3 (vi) A — A coincides with the closure of A — A, it follows that
Ran(A — A) is dense in X. On the other hand, if A is quasi-accretive with bound
—u and Ay € (—o0, —pu) is such that Ran(A — Ap) is dense in X, we conclude as
follows. First, it follows by Theorem 4.2.5 that A is closable as well as that Ais
quasi-accretive with bound —u. Hence according to Theorem 4.2.4

[(A= D& = [(A+p+[A+u)é] =12+ pul-[] 4.2.11)

for all 1 € (—o0, —u) and & € D(A) which implies in particular the injectivity of
A — Aforevery A € (—o0, —u). Also is

Ran(A — ) =X .

For the proof, let n € X. Since Ran(A— 1) is dense in X, there is a sequence &y, &1, . . .
in D(A) such that
lim (A — )&, =1 .

y—00
Then it follows by (4.2.11) that &,&;,... is a Cauchy sequence in X and hence
convergent to some & € X. Since A is closed, it follows by Theorem 3.1.3 (vi) that
& € D(A) and (A — 19) = 5. Hence A — A is bijective and 1y € p(A). Now,
let 1 € (—oo, —u) be such that A — A is surjective and hence bijective. Then as a
consequence of (4.2.11)

H(A . A)*lu < 1 42.12)

S atul
Further, for every A’ € (1 — |1+ pl, —u)

A-YA-D) " =idx— (X = )A-2)"!
and hence because of
A=A -17" <1
also A — A’ bijective for all A’ € (1 — |4+ |, —u). Hence it follows that (—o0, —u) €
p(A) and from (4.2.12) that

1

NRS T < T
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for all 1 € (—oo, —p) and n € N*. Finally, it follows from Theorem 4.2.1 that A is
the infinitesimal generator of a strongly continuous semigroup 7 on X which satisfies
(4.2.10) for every ¢ € [0, 0). o

Theorem 4.2.7. Let K € {R,C}, (X, || ||) a K-Banach space and T a strongly contin-
uous semigroup on X. Then there is a norm || || on X which is equivalent to || | and
such that 7' defines a strongly continuous quasi-contraction semigroup on (X, || ||).

Proof. Since T is a strongly continuous semigroup on X, there are ¢ € [1,00) and
4 € R such that
IT(H)] < ce

for all 7 € [0, 00). We define || || : X — R by

€Il == fle™ 4. T¢]|co
for all £ € X. Obviously, || || defines a norm on X. Because of
gl = 1T©0)&] = [i&

and
le™ T ()€ < c €]

for all £ € X, it follows that
ll€ll < <l

for all ¢ € X and hence that | | and || || are equivalent. Therefore, (X, || ||) is a K-
Banach space and T defines a strongly continuous semigroup on (X, || ||). Further, it
follows

IT @€l = e TT(1)é], = sup {ee ) - | T(s + )]+ s € [0,0) }
< e |l
forall 7 € [0,00), £ € X and hence
IT@ll < e

for all ¢ € [0, o). Therefore, T defines in particular a quasi-contraction on (X, || ||)-
o

4.3 An Integral Representation in the Complex Case

The following theorem gives a ‘weak’ integral representation of any strongly con-
tinuous semigroup on a complex Banach space as integral over its resolvent along
a parallel to the imaginary axis in the resolvent set. If the resolvent is known ana-
lytically, this leads to ananalytic integral representation of the solutions of the initial
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value problem of the associated differential equation. For an application of this the-
orem see [25].

Theorem 4.3.1. (An integral representation of semigroups on complex Banach
spaces) Let (X, | ||) be a complex Banach space and T a strongly continuous semi-
group on X with infinitesimal generator A. Further, let ¢ € [1,0), u € R be such
that ||7(¢)| < cet for every ¢t € [0,00). Finally, let ¢/ € (—o0,—pu), & € X and
w € L(X,C). Then (R — C,@ — w (Rs(t' + iw)&) ) € L2(R) and, moreover,

(T (1)é) = L im f, e w(RA(W + iw)é) dw (4.3.1)

2 v—®
t € [0, 00) where ‘lim’ denotes the limit in the mean.

Proof. First, it follows by Theorem 4.1.1 that any A € C such that Re(1) < —pu is
contained in p(A) and in particular

Ro(A) = LOO eV T(1)dr .

Hence it follows for every @ € R that

w(Ra(W + iw)é (1) dt

ke

where

h(t) == V2me" (T (1)€)
forall 7 € [0,00) and k(¢) := 0 for all 7 € (—c0,0). In particular,
(1) < Vame || ] - et

for every 1 > 0 and hence h € L2(R). Hence (R — C, @ — w (Ra(t/ + iw)é) ) €
Lé (R) as well as (4.3.1) follows by the Fourier inversion theorem. m

4.4 Perturbation Theorems

The following perturbation theorems are of major importance for applications. Fre-
quently, in applications there is given a formal linear operator® which is read off from
a formal differential equation describing the evolution of a physical system. Often,
a representation space can be found such that the closure of one of its parts can be
seen to generate a strongly continuous semigroup. The theorems below give sufficient
conditions on the remaining part such that the whole induced operator generates a
strongly continuous semigroup.

® This is an operator which is linear on some linear space that is not yet embedded into a
Banach space.
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Theorem 4.4.1. (Relatively bounded perturbations of generators of quasi-
contraction semigroups) Let K € {R,C}, (X, || ||) a K-Banach space, A : D(A) — X
a densely-defined, linear and closable operator whose closure is the infinitesimal
generator of a strongly continuous quasi-contraction semigroup, B : D(A) — X a
K-linear operator in X such that

|BE[| < alAg] + bl] 4.4.1)

for all £ € D(A) and some a € [0,1), b € [0,00). In addition, let A + @B be quasi-
accretive for every @ € [0, 1]. Then A + B is closable and its closure is the infinitesi-
mal generator of a strongly continuous quasi-contraction semigroup.

Proof. The first part of the proof considers the case a < 1/2. By (4.4.1) it follows

|BE| < (a+b)- €l

for every £ € D(A) and hence by Theorem 3.1.3 (ii), (iii) that B is a densely defined
bounded X-valued linear operator in (D(A), | ||z). Hence this operator has a unique
extension to a X-valued bounded linear operator B on (D(A), | |z).” In particular, it
follows from (4.4.1) that

| B¢l < alAg] + blé] (4.4.2)

for all & € D(A). This can be seen as follows. If £ € D(A) and &, &,... is a se-
quence in D(A) converging to & and such that A&, A, ... is converging to A&, then
&,&1, ... is converging to & in (D(A), | |a) and therefore B&y, B&,. .. is converg-
ing to B¢. Note that as a consequence (A + B)&, (A + B)é&y, ... is converging to
(A + B)¢ and therefore (¢, (A + B)¢) € G(A+ B) and A + B < A + B. Also note
that since A + B is by assumption quasi-accretive, it follows by Theorem 4.2.5 that
A + B is closable and that its closure is quasi-accretive. Therefore, A + B is quasi-
accretive, too. Further, since A is the infinitesimal generator of a strongly continuous
quasi-contraction semigroup, there is u € R such that A is quasi-accretive with bound
—u € Rand (—o0, —u) < p(A). In particular, it follows for every A € (—c0, —u) and

£e D(A):

|Be| < alAg] + blé] < al (A — D] + (ala] + b) €]

and hence for every i € X:

N ald+b
BRI <l + (ala] + ) IRs 1 < |a+ T2
ey
< [2a+
2+ 2

Therefore,

— N

(A+ B — A)Rz(1) = idx — BRx ()

7 See, e.g., Theorem 4 in Chapter IV, §3 of [128].
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is bijective for A € (—o0, —u) such that

+b
%<1
|4+ u

Hence it follows by Theorem 4.2.6 that A + B is closable and that its closure is
the infinitesimal generator of a strongly continuous quasi-contraction semigroup. In
particular, it follows from the bijectivity of A + B — A for 1 € (—o0, —u) that A + B
coincides with its closure and hence is closed. Therefore, it follows A + B — A + B
and finally that A + B = A + B. In the following, we drop the condition that in
a < 1/2. For this, let @ € [0, 1], B € [0, 0) and n € N*. Then it follows for £ € D(A)

(A +aB)é| = |A¢| — a|BS| = [Ag] — [[B&] = (1 — a)|Ag] - blg]

hence

1BBE| < BalAg] +pble] < T— (A +aB)é]| + 7—[¢]
and by replacing @ by a/n € [0, 1] and choosmg,B =1/n

a

[(a+5B)e] + 7 7l

1
nl—a

1
n

Hence for n large enough such that n~'a/(1 —a) < 1/2 and by applying the previous
result consecutively to the cases @ = 0, 1,...,n — 1, it follows that A + B is closable
and that its closure is the infinitesimal generator of a strongly continuous quasi-
contraction semigroup. m]

Remark 4.4.2. Note for the Hilbert space case that (4.4.1) is a consequence of the
inequality
|BE? < a’[|AE)* + b)é)?

which should be easier to prove.

Theorem 4.4.3. (Bounded perturbations) Let X be a Banach space, A : D(A) — X
the infinitesimal generator of a strongly continuous semigroup 7 : [0,0) —
L(X,X), np € Rand ¢ € [1,00) such that |T(¢)|] < ce* for all # € [0,00) and
B € L(X,X). Then A + B is the infinitesimal generator of a strongly continuous
semigroup T’ : [0,0) — L(X, X) such that

IT'(1)] < celtelBll (4.4.3)
forall ¢ € [0, 0).

Proof. First, obviously, it follows from the closedness of A and the continuity of B
the closedness of the densely-defined linear operator A + B in X. Further, (—o0, —u)
is contained in the resolvent set of A and

I[(a =2~ <

C
|4+ pl"
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forall A € (—o0, —u) and n € N*. In the following, let u’ := u + c|B| and A €
(00, —u’). Then

A+B—-1=(A+B-D)A—-0)"'A-2) =(idx+BA-)")(A-2).
Hence because of

BA- ) <q: IBL
[BA-D7<q=rm )

it follows the bijectivity of idx + B (A — 1)~! and hence also of A + B — 1 and

A+B-)" ' =@A-)" Y [(-B)(A-)7']"

keN

Na-y " [-Ba-n".

keN

<1,

Note that the involved families of elements of L(X, X) are absolutely summable.
Hence it follows also for any n € N* the absolute summability of

(A= =B @a-07 " A=) [(-B) (A-7']")

keNr
and

[(A+B—2)7'
=S A=V [B A=) A=) (=B (A- )]

keN?

kﬂ

Hence it follows the absolute summability of

(ja-v(=pu-07" a-v7 B Uu-07]

Ky )

) keN?

and
H(A +B_/l)71]n H (4.4.4)
< Z H(A —)7'[(-B)(A— /l)_l]kl (A=) [(-B) (A /l)_l]k“ ‘ ‘

Further, for every k € N",

4= B =01 a0 (B -

I — € K 445
IB| TETE q (4.4.5)

clkl+1
g _—
A+ el
where |k| := k; + - - - + k,,. Because of ¢ < 1, it follows the absolute summability of
(¢*)rex with sum 1/(1 — g) and hence also for any n € N* the absolute summability
of (") er with sum 1/(1 — ¢)". Hence it follows from (4.4.4), (4.4.5) that
1 c _ c
(L=q |A+pur  Ja+p
Hence, finally, it follows by Theorem 4.2.1 that A + B is the generator of a strongly
continuous semigroup 7 : [0, 0) — L(X, X) and (4.4.3). o

[[(a+B-~"] <
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4.5 Strongly Continuous Groups

The theorem below gives necessary and sufficient conditions which have to be satis-
fied in order that two strongly continuous semigroups can be joined to one strongly
continuous group. This is important for hyperbolic problems which for physical rea-
sons should generally lead on strongly continuous groups.

Theorem 4.5.1. (Strongly continuous groups) Let K € {R,C}, (X, || ||) a K-Banach
space and T : R — L(X, X) a strongly continuous group, i.e., such that
T(0)=idx, T(t+s)=T()T(s)
forall ¢, s € R and
Té:= (R—> X, €~ T(1)¢) € C(R,X)

for all £ € X. We define the (infinitesimal) generator A : D(A) — X of T by

o1 . .
D(A) := {f eX: H1%)1}17&0 ?[T(t) —idx ¢ ex1sts}
and for every £ € D(A):

1
Aé = — lim —.|T(¢) —1i .
£ i ¢ 110 e
Finally, let S ,S_ : [0,00) — L(X,X) be strongly continuous semigroups with
corresponding infinitesimal generators By and B_ satisfying B_ = —B.

(i) A and —A are the infinitesimal generators of the strongly continuous semigroups
T|[0,00) and T o (—idg)|[0,c0) respectively.

(ii) If in addition a,b € R are such that a < b, ty € (a,b) and ¢ € D(A), then
u: (a,b) — X, defined by

u(t) :=T(t—1t9)é

forallz € (a,b), is the uniquely determined differentiable map such that Ran u
D(A), u(ty) = & and
u'(t) = —Au(r)

forallt € (a,b).

(i) S : R — L(X,X) defined by S(¢) := S, (¢) for all t € [0,00) and S(¢) :=
S_(—1) for all r € (—0,0) is a strongly continuous group with infinitesimal
generator B .

Proof. ‘(i)’: First, since —idg is additive, it follows that T'|[9 o) and T o (—idg)|o,00)
are strongly continuous semigroups with corresponding infinitesimal generators A 4
and A_, respectively. In particular, it follows that A, > A. Further, it follows for
e>0,te(0,e)andé € D(AL)
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_ ‘T(r) Ll —idkle+ace

H—Lt'[T(t) —idx]E+ AL E p

- HT(_;) {%,[T(r) —idx]é + A+§} —[T(—1) —idx] A4

<cC ' LT ik + Ak + IT(0) —idx] Al

where C > 0 is such |T(—r1)|| < C for all ¢ € [0, £]. Hence it follows

. 1 .
_,J%{?Lo ?.[T(t) —idx|é = A€

and therefore £ € D(A) and A¢ = A, £. As a consequence, A D A, and hence finally
A, = A. Application of the foregoing to the strongly continuous group T o (—idg)
leadsto A_ = —A.

‘(i1)’: For this, let a,b € R such thata < b, 1y € (a,b), £ € D(A) and u : (a,b) — X
be defined by u(z) := T (t—1)&. Then it follows for sg € (a,ty), t € (5o, b) that u(z) =
T (t—s0)T (so—to)é and hence by (i), Theorem 3.1.3 (ii),(v) that Ranu|(,, ») = D(A),
u(ty) = & and that u|y, 5 is differentiable with derivative

u'(t) = —AT(t — 50)T (50 — 10)€ = —Au(t)

for all ¢ € (sg,b). On the other hand, if v : (a,b) — X is differentiable such that
Ranv < D(A), v(ty) = £ and
V(1) = —Av(r)

for all t € (a, b), then it follows by (i) and Theorem 3.1.3 (ii),(v) that v(r) = T (¢ —
10)¢é = u(t) for t € (1o, b). Further, consider ¥ := ((—t9, —a) — X,t — v(—1)). Then
Ran? < D(A), lim,_,_,, ¥(¢) = ¢ and ¥ is differentiable such that

7 = —(=A)9(¢)

for all 7 € (—ty, —a). Hence it follows by (i) and Theorem 3.1.3 (ii),(v) that v(—1) =
V() = T(—(t + 19))¢ for t € (—t9, —a) and hence v(r) = T(t — 19)¢ = u(t) for all
t € (a, to). Finally, it follows v = u.
‘(iii)’: First, it follows by Theorem 3.1.3 (ii), (v) for ¢ € D(B), t = 0 that u; :=
((0,0) = X, s — S_(1)S 4 (s5)¢) maps into D(B. ), is differentiable with derivative
ug(s) = =S _(t)B+S 4 (s)é = —Bug(s) forall s € (0,00) and satisfies

lim S _()S 1 (s)¢ = S_() € D(B..)

Hence it follows by Theorem 3.1.3 (v) that ug(s) = S(s)S_(7)¢ and hence
S_(1)S+(5)é = S+ (5)S_(2)¢ for all s € [0,0). Since D(B..) is dense in X this
implies that

for all ¢, s € [0, 00). Further, by
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S (t+hS_(t+h)é— S (1)S_(0¢
S (4 h) = S (OIS (¢ + [S+(t 4 h) — S (O[S _ (¢ + B)E = S_(1)¢]
FSL(OIS_(+ B)E —S_ (1))

forall £ € X, t € [0,00), h € [—t,0) it follows that ([0,00) — L(X,X),t —
S (1)S _(r)) is a strongly continuous semigroup on X. By
1
.

1

(S (1S (0€ = &) = (5 (1) —id)E + (S 4(1) —idx) 7.(5 (1) — id)é

~ | —

+ ;.(S_(t) _idy)é

for t € (0,0), £ € X, it follows that D(B. ) is contained in the domain of this con-
tinuous semigroup and that its infinitesimal generators vanishes on D(B. ). Hence,
since this generator is in particular closed and D(B,.) is dense in X, that generator
coincides with 0 operator on X. Since that operator generates ([0,0) — X, f — idx),
it follows

S+(H)S_(1) =8_(0)S 4+ (r) = idx
and therefore the bijectivity of S . (¢) and
S_(1) = (S+()"
for all 7 € [0, 00). In particular, it follows for ¢, s € R, if r > 0 and s > 0
St+s)=S4(t+s5)=54+(1)S+(5) =SS (s),
ift>0and —r<s<0

S(+5) =S4 (+5) = (4954 (~)(S+(~)" =54 ()S_(~)
=S(0)S(s) .,

ift<0,s>—t

~—
9%

S(t+8) =S (t+5) = (S+(=0) 'S+ (=S (1 +5) = S_(~1)S 4 (s)
—5(1)S(s) .

if s < —t
S(t+s)=S(s+1)=S(s5)S(t) =S(1)S(s)

and hence that S is a strongly continuous group. Finally, it follows by (i) that the
infinitesimal generator of S is given by B . m]

Corollary 4.5.2. LetK € {R,C}, (X, || |) a K-Banach space and A a linear operator in
X. Then A is the infinitesimal generator of a strongly continuous group 7 if and only
if A and —A are infinitesimal generators of strongly continuous semigroups 7’4 and
T_, respectively. In this case, T(¢) = T (¢) forall 7 € [0,0) and T (¢) := T_(—t)
forallt € (—0,0).
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4.6 Associated Inhomogeneous Initial Value Problems

This section treats the inhomogeneous differential equation that is associated with a
strongly continuous semigroup. In particular, there is given a sufficient condition on
the inhomogeneity such that the corresponding initial value problem is well-posed
for data from the domain of the generator.

Lemma 4.6.1. Let K € {R,C}, (X,|/||) a K-Banach space, A : D(A) — X the
infinitesimal generator of a strongly continuous semigroup 7 : [0,0) — L(X, X).
Further, let 70 > 0, 11 > to, £ € X and f : [tp,1;) — X be continuous. Finally, let
u: (fy,t;) — X be differentiable with Ranu < D(A), lim,_,,, u(t) = £ and

u'(t) + Au(r) = (1)
forall ¢ € (¢, t;). Then
u(t) =T(t—1)é + J T(t—s)f(s)ds 4.6.1)
forall 7 € (to, ).
Proof. For this, let t € (fy,t;). We define G : (to,t) — X by G(s) := T (¢t — s)u(s)

for all s € (#, ). Then it follows for every s € (fp,¢) and0 < h <t —s

[G(s+h)—G(s)] == [Tt —(s+h)u(s+h)—T(— s)u(s)]

1
h
s + 1) = u(s)] = 1 [706) ~ iex]uts) |

S| =

S| =

=T@t—(s+h)) {
and hence
lim 111 [G(s+h)—G(s)|=T(t—s)[u'(s) + Au(s)] = T(t — 5)f(s).

Also it follows for every fp — s < h < 0

% (G(s+h) — G(s)] = % [Tt — (s + h))uls + h) — T( — s)u(s)]

1 ,
T [T (|A]) — idx] u(s)

= 1= 9 {[7H) ~ ] (ats + 1) — ()
+% [u(s+ h) — u(s)]}
and hence

lim llz [G(s+h)—G(s)|=T(t—s)[u'(s) + Au(s)] = T(t — 5)f(s).

Altogether, it follows the differentiability of G and G'(s) = T(t — s)f(s) for all
s € (to,1). Note that there is a continuous extension G : [fy,7] — X of G such that
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G(to) = T(t — o) € and G(f) = u(z). Finally, note that F : [ty,f] — X defined by
F(s) := T(r — s)f(s) for every s € [fy,1] is continuous, too. Hence it follows by
Theorem 3.2.9

t

u(t) — T(t — 10)é = G(1) — Glto) = f F(s)ds = f T(t — s)f(s)ds

fo fo

and hence (4.6.1). m]

Theorem 4.6.2. Let K € {R,C}, (X,||||) a K-Banach space, A : D(A) — X the
infinitesimal generator of a strongly continuous semigroup 7 : [0,00) — L(X, X).
Further, let 7o > 0, #; > o, £ € D(A) and f € C([#, 1), X) such that Ran f < D(A)
and Af := ([to,t1) = X, t — Af(2)) € C([to,#1),X). Then u : [to,t;) — X, defined
by

t
u(t) :=T(t—10)é + f T(t—s)f(s)ds (4.6.2)
0]

for all 7 € [to, t;) where integration denotes weak Lebesgue integration with respect
to L(X, K), is continuous and such that u(ty) = &, Ranu < D(A), Au := ([to, 1) —
X,t — X) € C([tg,11),X). Finally, u is continuously differentiable on (fy, ;) such
that

u'(t) + Au(t) = f(1) (4.6.3)

forall 7 € (fg, ).

Proof. First, we introduce some notation. We define Y := D(A) and | ||y := | |-
Since A is closed, (Y, | |v) is a Banach space Further, the inclusion ty.,x of ¥ into
X is continuous, A € L(Y, X), for every t € [0,00) the part Ty () of T(¢) in Y is a
bounded linear operator on Y and Ty := ([0,00) — L(Y,Y),t — Ty(t)) is strongly
continuous. Further, it follows from the continuity of f and A f because of

IF@) = fOly < IfE) = fO] + [Af (") = Af ()]

forall t,’ € [t9, 1) that f € C([t9, 1), ¥). In addition, we define I := [a, b], where
a,be Raresuchthatty <aandb < 11,

Al :={(t,s)eR*:a < s<t<b}

and U € Cy(a(I),L(X, X)) by U := (a(l) — L(X,X),(t,r) — T(t —r)) where
here and in the following the lower index * denotes strong continuity. Then Uy :=
(a(l) — LY, Y),(t,r) — Ty(t —r)) € Cx(a(I),L(Y,Y)). Then the Theorem is
concluded as follows. First, it follows trivially that u(fy) = &. Further, it follows for
every t € (fo, 1), S € [fo,t] and h € [ty — s,t — s]:

U@ s+ h)f(s+h) = Ut 5)f(s)]ly

=|U(t,s+h)f(s+h)—U(t,s+h)f(s) + U(t,s + h)f(s) — U(t,s)f(s)|y
< |NUlowyy - [ f(s+h) = f(s)x + U, s +h)f(s) = U(t, ) f(s)

ly
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and hence because of Uy € Cy(A(I),L(Y,Y)), f € C([to,11),Y) the continuity of
([to,t] = Y, s — U(t,s)f(s)) and therefore also the continuity of ([fo,7] — X, s —
U(t,s)f(s)). As a consequence, it follows that u(f) € Y and

t t

J U(t,s)f(s)ds:f Ul(t,s)f(s)ds,
fo t0,Y

for all r € [#y, ;) where the index Y denotes weak integration with respect to L(Y, K).

In particular, it follows for every ¢ € [#y,#;) and & > O such that t + h € [to, 11)

t+h !
J U(t—i—h,s)f(s)ds—f Ul(t,s)f(s)ds

0,Y to,Y Y

< +

Y

Jt+h U(t+h,s)f(s)ds

Y

ﬁy(vo+mmfu»—vmwfu»ds

Y

t+h
+wummyf 1£()]yds .
.Y

< ‘(U(r+h,t) - U(t,t))f Ul(t,s)f(s)ds

10,Y Y

for h < Osuchthatt+ h € [to, 1)

t+h t
J U(t+h,s)f(s)ds —f Ul(t,s)f(s)ds

0,Y to,Y

Y

< +

Y

f, f U(t,5)f(s) ds

+hY

t+h
Jt (U, 8)f(s) = U(t+ h,s)f(s)) ds

0,Y

Y
t

t+h
<f MWMNQ—WHWMﬂM&w+M%va 1£()ly ds

to t+h

and hence by Uy € Cy(A(I),L(Y,Y)) and Lebesgue’s dominated convergence the-
orem that u € C([#,1),Y) and hence also that u € C([fp,#1),X) and Au €
C([to,t1), X). Finally, for every (z,r) € D := {(t,r) : r € [to,1) At € [r,b]}
and all h, h’ € R such that (z,r) + (h,h') € D,

AUt + h',r + h) f(r +h) — AU(t,r) f(r)]
<|U(t+h'.r+ W) f(r+h) = Ur)f(r)y
=[U@+h"r+h) (f(r+h) = f(r)) + (U@ +h"r+h) = Un)f(r)]y
< WUloyy - If(r+h) = f()ly + [(UE+ A" r + h) = Ut.r)) f(r)]v-

Hence (D — X, (t,r) — AU(t,r)f(r)) is continuous. As consequence, it follows by
the Theorem of Fubini that

f+j%ﬂm—Au®>m

o

—g+£[ﬂw—A(U@mx+L;umwwmwwj]w
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t s
=&+ J [f(s) —AU(s,t0)€ — J A U(s,s')f(s’)ds’] ds
to fo

=&+ Lt)f(s)ds— LjA U(s,t0)éds — L: (J‘YA U(s,s’)f(s’)ds’> ds

fo

~e+ [ swas—te-vewe - [ ([ averisas) as

S

0

— U(n)é + j f(s)ds— | () — U ) (") ds'

=Ul(t,1p)¢ + J U(t,s)f(s)ds = u(t)

fo

for all 7 € [#,11). Hence, finally, it follows by Lemma 3.2.8 the relation (4.6.3) for
all 7 € (1, 11). O
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Examples of Generators of Strongly Continuous
Semigroups

5.1 The Ordinary Derivative on a Bounded Interval

In the following, let @ be some positive real number different from zero. In addition,
we denote by I the open interval (0, a) with end points 0 and a, respectively, and by
I its corresponding closure in R. For applications see Chapters 7.1, 7.2.

Definition 5.1.1. We define the densely-defined linear operator A, in X := Lé(l ) by

A f = f/
for any f € C!(I, C) satisfying in addition

lim f(x)=0. 5.1.1)

We give now some facts on A, and its adjoint operator A¥.

Theorem 5.1.2. The closure A, of A, is accretive with an empty spectrum and a
compact resolvent and generates a contractive strongly continuous semigroup 7, :
[0,00) — L(X,X). For any ¢ € [0,00) and f € X the corresponding 7,(¢)f is given
by the restriction of

flidg —1)
to 1. Here f denotes the extension of f to an almost everywhere defined function on
R assuming zero values on the complement of /.

Proof. A, is accretive since for any f € C'(I,C) with the additional property (5.1.1)
it follows by partial integration that

(flAf) = |f(@)P = (A1)

and hence that

Re(f|A.f) = |f(a))>=0.

WV
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Hence A, is in particular closable with an accretive closure A,. For every complex
number o and every f € X we define the R, f : [ — C by

(Rof) (x) 1= & J )y = f Ko (xy) fO)dy  xe .

0
for all x € I where K, : I> — C is defined by

) ") for x >y
K (xy) '_{ 0 forx<y .

R, f is in particular continuous and has a unique extension to a continuous function
on I. That extension vanishes at 0. Hence by R, (f) := R, f for all f € X there is
defined a mapping R, : X — X which, obviously, is in particular linear. Moreover,
R, is Hilbert-Schmidt and hence also compact since the kernel K, is an element
of LZ(1*). Moreover, by partial integration it follows for all f € C'(I,C) with the
additional property (5.1.1) that

Ry (A=) f=Ff
and for all g € Cy(Z, C) that

(A, —0)Ryg =g .
Hence it follows also

R (Ar - O') f=r
for all f € D(Ap) and since Cy(1, C) is dense in X and R,, is in particular continuous
that

(Ar - 0') Rrg=¢g
for all g € X. Hence A, — o is bijective with a compact inverse and the spectrum
of A, is empty. Further, since A, is accretive and, as a consequence of the foregoing
for e.g., the range of A, + 1 is dense in X, it follows that A, generates a contractive
strongly continuous semigroup 7, : [0,0) — L(X, X).
In the following, let o~ be some element of (—o0,0) x R and f € X. Then by

Tf = flidg — )],

for all + € [0,0) there is given a bounded uniformly continuous function 7f :
[0,00) — X (see e.g. [185]). Note that for any 7 € [0,00) the corresponding 7, f
has its support in [#,a] and hence that the support of 7f is contained in [0, a]. Hence
forany ge X

LOO e gl fHdt = Lu g (x) [Lx e f(x— t)dt] dx

= [ ]e [ o] ar - oiran

0

- " T 0t
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Since this is true for any o € (—o0,0) x R, we get from the injectivity of the Fourier
transform on L%j (R) and the continuity of the involved functions:

QT () f) = <glrf)

for all 7 € [0, o0) and hence
T,()f =7f

for all € [0, c0). Since this true for any f € X, finally, the theorem follows. m]

As a corollary, it follows for the densely-defined linear operator A; in X
defined by

Definition 5.1.3.
Afi=—f'

for any f € C!(I,C) satisfying in addition
lim f(x)=0.

X—a—

Corollary 5.1.4. The closure A; of A; is accretive with an empty spectrum and a
compact resolvent and generates a contractive strongly continuous semigroup 77 :
[0,00) — L(X, X). For any ¢ € [0,0) and f € X the corresponding T;(¢)f is given
by the restriction of

f(idg +1)

to 1.
Proof. The proof is a straightforward consequence of the identity
A =UAU
where U : X — X is the unitary linear map defined by
Uf:= fo(a—1id))
for all f € X. m]
Corollary 5.1.5. The operator A; is the adjoint operator of A,

A=A

r

Proof. By using

A;k = (A_r)* >
it follows that the spectrum of A¥* is equal to the complex-conjugate of the spectrum
of A, and hence by Theorem 5.1.2 empty and that

(an~ = (4" .

r



74 5 Examples of Generators of Strongly Continuous Semigroups

Now by the proof of Theorem 5.1.2 we have:

(A1) () = j F)dy

for all x € I and f € X and hence

(™' r) 0 = | roray
for all x € I and f € X. Further, by the proof of Corollary 5.1.4
AT =UA'U

and hence
(A7) (x) = (&7'Uf) (a = x) = L " fla-nay

= [ ronay = (0™ 5) @
for all x € I and f € X. From this follows
—1 —1
Ay) = A

and finally the corollary. m

5.2 Linear Stability of Ideal Rotating Couette Flows

In the following we consider Couette flow [43, 51], i.e., an incompressible ideal
fluid contained between two infinitely long concentric cylinders of radii Ry, R,
(R, > R; > 0) rotating about there common axis, which is assumed to be the z-axis
of a Cartesian coordinate system, with angular velocities £; and ©,, respectively.
Stationary divergence free axial solutions of Euler’s equation with vanishing normal
components at the cylinders are given by

vo(x,y,2) 1= (73’9(\/@) Jﬂ(«/ﬂ) ,0)
Po(x.y.2) 5—PJ\/merz(r) dr

Ry

for all (x,y,z) € U x R where

U:={(xy)eR*: R < x*+y* <R3},
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0 is the (constant) density of the fluid and Q is some element of C*(I,R) N

>
I,R). Here I := (R, R). Note that

P
C(
Vo = V x (0,0,Iﬂo)

where
Yo(x,y,2) := —‘[ rQ(r)dr

Ry
for all (x,y,z) € U x R and that the vorticity wg := V x vy is given by

wo(x.y.2) = (0.0, = (a0 (x.3.2) = (0,00, (V¥ +)7))
for all (x,y,z) € U x R. Here wy, : I — R is defined by
woy(r) = rQ'(r) +29(r)

for all r € I. In the vorticity formulation the governing equation for reduced small
axial variations of such a wq of the form

(0,0,w(r,z) exp(img)) ,
(r,z) e I xR, € (—m,m), where m € Z and polar coordinates have been introduced

in the (x,y)-plane, is given by

ow
Z oA,
ot m @

Here

(Apw)(r,z) :=im lQ(r) w(r,z) + (uO;z(r) Lz Gu(r,r)w(r',2) dr'] (5.2.1)

where the kernel G,, is defined by

N =S () fm (r') forr’ <r
Gnlror') = {fmf(r)fm;(r’) forr’ > r

for all (r,r') € I and

r r
= (L)
Joi 7 n<R1)

foo :=rln (RL2>

m

form =0,

o n
Jon 1= 2m(1 — n?m) (

oz = Ry~ — Ry

erﬂr—(m—l) _R;mrm+1) ,
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form # O for all r € I and

R,
=%
Note that we use the same symbol for functions in Cartesian coordinates and their
corresponding transformations in cylindrical coordinates. Obviously, for every m € Z
the corresponding G,, : I> — R can be extended to a continuous and symmetric
function on I2. Hence it follows

n:

Gn € LA(IP)
and that by
[Int(G,,) f](r) := J:Z Gu(r,r') f(r')dr’
|
forall r € I andevery f € Lé(l ), there is defined a linear self-adjoint Hilbert-Schmidt
and hence also compact operator on LZ([).
Theorem 5.2.1. Let
wg, € L*(I) .
Then it follows for every m € Z:
®
A 1= im. (TQ + oy /,-dRInt(Gm)) :

where for every a.e. on [ defined complex-valued and measurable function f the
symbol T, denotes the maximal multiplication operator in Lé (I), is a bounded
linear operator on Lé(l ) and hence the generator of a strongly continuous semi-
group on L ().

(ii) The essential spectrum o ess(A,;) of A, defined by its spectrum minus its iso-
lated eigenvalues of finite multiplicity, is given by

Oess(Am) = Ran(imQ) . (5.2.2)
(iii) If wg,_ is not a.e. zero as well as either a.e. positive or a.e. negative on I:
o(Ay) ciR.

Proof. For this, let m € Z. ‘(i)’: Since Q and wy /idg are bounded, it follows
that Tg,Tw& Jid, are bounded linear operators on Lé (I) and hence also that A,, is
a bounded linear operator on L2 (1).

‘(ii)’: Since Int(G,,) is in particular compact, it follows also the compactness of
Toy ia© Int(G,,) and therefore by ‘Weyl’s essential spectrum theorem’, for e.g., see
Corollary 2 of Theorem XIII.14 in Vol. IV of [179], that T;,o and A,, have the same
essential spectrum. Since £ is continuous, the spectrum o (T;;,0) of Tiye is given by

o (Ting) = Ran(imQ) .
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Now, let 1 € o (T;u0) be in particular an eigenvalue of finite multiplicity of Tje.
Then (imQ)~'(A) is not a set of measure zero. Since imQ is continuous, it follows
that (im€)~'(1) is bounded as well as measurable and hence also summable and of
measure > 0. Hence there exists for any n € N* a decomposition of (imQ2)~! (1) into
disjoint subsets of positive measure. This leads to the contradiction that Ker(T;0)
is not finite dimensional. As a consequence, T;,,o has no eigenvalues of finite multi-
plicity and it follows (5.2.2).

‘(iii)’: For this, let wéz be not a.e. zero as well as either a.e. positive or a.e. negative
on I. Further, let A € C be an eigenvalue of finite multiplicity of A,, and f € LZ(I)
be a corresponding eigenvector. Then

mInt(G,)f = — id—];& (mQ+id) f
sz
and hence .
m(f [ It(G) f) = — | = (m@ + i) | |7 dv" .

1 Wy,

Since Int(G,,) is in particular self-adjoint, this implies that

idg
7

Re(/l)-f If?av' =0
1 Wy,

and hence that Re(1) = 0.

The evolution of ‘small’ perturbations of ideal rotating Couette flows is one of the
rare cases in applications where the governing operator is a bounded linear operator.'
From a physical point of view, the example is interesting because of the occurrence
of a continuous part in the oscillation spectrum of a finitely extended system. On the
other hand, in Quantum Theory such occurrence would be very surprising because
continuous parts in the spectrum of a Schrodinger operator are usually associated to
scattering states reaching infinity. See [26] for a similar example of an occurrence
of a continuous part in the oscillation spectrum of rigidly rotating general relativistic
stars. See [18] for the proof of the existence of unstable inviscid plane Couette flows
under the assumption of periodic boundary conditions. For further results on the
stability of Couette flows, see [34, 184].

5.3 Outgoing Boundary Conditions

In the following, we give a well-posed formulation of the initial-boundary value
problem for
Pu  Pu
— =5 +tVu=0 5.3.1
oz ox? ( )
! Note that instead of LZ(I) a large number of other choices of the representation space of
the formal operator A,, in (5.2.1) is possible.
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on the interval I = (0, a), where a > 0, for standard Sommerfeld outgoing boundary

conditions
ou Ju ou du
(5‘5)'0—0’ (5*5)‘ =0

and Engquist-Majda [58] outgoing boundary conditions

Pu Pu V Au Pu V

(e r3e) 0 =0. (55 + 5 —54) @ =0,
The choice of the used function spaces is suggested by formulations of (5.3.1) as
a first order system given in Chapters 7.1, 7.2. The motivation of considering such
initial boundary value problems comes from numerical evolutions. Frequently, in
such evolutions it is performed an artificial space cut off because of the necessarily
finite extension of computational domains. Therefore, boundary conditions have to
be posed in such a way that the numerical solution of the cut off system approximates
as best as possible the solution of the original problem on infinite space. Ideally, the
boundaries of the cutoff problem should be ‘transparent’, i.e., let energy dissipate
through the boundaries. In particular, reflections from the boundaries have to be min-
imized. If the data have compact support inside the computational domain, then there
should be no incoming waves entering that domain.? For this reason, such conditions
are named ‘outgoing’ boundary conditions. The formulation of such boundary con-
ditions for Einstein’s evolution equations for the gravitational field is an important
current problem in numerical relativity. See, for instance, [181, 192,211] and for a
review on the Cauchy problem for Einstein’s equations [78]. For a review of the
formulation of outgoing boundary conditions for wave equations, see [85]. In this
connection, see also [3, 16,92]. For an approach to the difference method in the nu-
merics of PDEs which is related to the semigroup method, see [123—125]. In this
connection, see [55] for a major generalization of Kreiss’ condition. Theorem 5.3.4
below is a new result.

Definition 5.3.1.

(i) We define for every k € N the densely-defined linear operator
Dk C(1, C) — LA(I)
in LZ(I) by
Dif =,

for every f € C;°(1, C).
(ii) For any n € N*,

wa(l) = () D (D}¥) .

k=0

2 In this strictness, this is reasonable only for linear constant coefficient systems.
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Equipped with the scalar product
(D = (We(D) = C
defined by
(fo8)y = D, (DI fIDf*g),
k=0

for all f, g € WE(I), WE(I) is a complex Hilbert space.
(iii) Let V € C(I,R) be such that V > & for some £ > 0. Then, obviously, W('j(l)
equipped with the scalar product

(flgy, == (D*fID*g) + (V' f[V!/2g)

forall f,g e Wé(l ) is a Hilbert space with induced topology being equivalent
to the standard topology on WA([).
(iv) Finally, we define the linear operator

Ay 1 D(Ay) — WL(I) x LA()
in X := WL(I) x L&(I) by

D(Ay) :={(f.g) € C*(I.C) x C'(I,C) : fy — g0 = f; + 84 = O}

and
Av(f.8) == (—g.—f"+Vf)
forall (f,g) € D(Ay).
Theorem 5.3.2.

(i) Ay is a densely-defined, linear and accretive operator in X.
(i) Ay generates a contractive strongly continuous semigroup Ty : [0,00) —
L(X, X).

Proof. Obviously, by Ay there is defined a linear operator in X. That D(Ay) is dense
in X can be proved as follows. For this, let (f, g) be some element of X and & some
nonvanishing positive real number. Since C*(I,C) is dense in WX(1), there is some

u € C*(I,C) such that
lu—fllh < y/&%/2.

Further, since Cy° (1, C) is dense in LZ(I), there is some vy € Cg° (1, C) such that

v =gl < 4/&*/8.

Obviously, in addition, there is some v, € C'(I, C) such that

! /
Voo = Uy » V2a = —U,
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and at the same time such that

Iva]l < 4/67/8 .
Then by construction (u, v, + v2) € D(Ay) and

[(£.8) = (v +v2)[P = If = ulf + g = (v1 +w2)[?
<|f —ullf +20g = vil? +2vf* < &2

Since ¢ and (f, g) were otherwise arbitrary, from this it follows that D(Ay) is dense
in X.

For the proof that Ay is accretive, let (1, v) be some otherwise arbitrary element
from D(Ay). Moreover, denote by (| ) the scalar product of X. Then we conclude by
partial integration and by using the definition of D(Ay) that

Re ((u,v) |Ay(u,v)) = Re La [u™(—v") + Vu*(—v) + v*(—u" + Vu)] dx

1 a
- _EJ (V*M/ + Vu’*)/dx = |Va‘2 + ‘V0|2 =0
0

and hence that Ay is accretive. Finally, the statement (i) follows.

The statement of (ii) follows from that of (i) if it can be shown that Ran(Ay + 1)
is dense in X for some real 4 > 0. For this, let A be such a real number and let f, g
be some elements of C! (7, C) and Cy(I, C), respectively. In addition, we define

,:fa*fo B,:lfwrf(ﬁﬂafo
T Aa+27" 7 A Aa+2

and u; € C*(I,C) by
us(x) :=ax+p, xel.

Finally, consider the operator B : D(B) — L2 (1) defined by
D(B) := {ue C}(I,C) : uj — duy = u, + Au, = 0}

and
Bu:=—u"+(V+2)u, ueD(B).

By the theory of regular Sturm-Liouville operators, B is a densely-defined, linear,
symmetric and essentially self-adjoint operator in Lé (I). By partial integration, it
follows for every u € D(B) that

CalBuy = Aol + o)+ [ TP+ (V4 D x> 2Jul?
0

and hence that B is bijective. Again, by the theory of regular Sturm-Liouville opera-
tors, from this follows the existence of u € D(B) such that

—u"+ (V+ P u=Af +g— (V+ Pu, .
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Hence u + uy is an element of C2(7, C) such that
—(utu)"+(V+)(utu)=Af +g
(I/t + uv)(; - /l(u + ux)() + fo= (” + us); + /l(u + ux)a —f.=0

and, finally,
(u + ug, A(u + uy) — f) € D(A))

and
(AV +/l)(u+uss/l(u+us) _f) = (f’g) .

Since f, g were otherwise arbitrary and C!(I,C) x Cy(I,C) is dense in X, from this
follows that Ran(Ay + A) is dense in X and hence finally (ii) and the theorem. o

Definition 5.3.3.

(i) Let V be some element of C!(I,R) such that V > & for some & > 0. Then we
define the positive definite Hermitian sesquilinear forms | ), ,{| ), by

(fle) =4 (Dy*fID;*g) + 2(V'2f|V'g)
for all f, g € W)(I) and
(f18), = {(2Df* = V)fI2DF* = V)g)
+2 (V2D VD) 4+ (VIVe)
for all f, g € WZ(I). By the inequalities
|@D7* = V)fI? < 6|DFfI? +3IVFI* . | 2D = V)fI? = 2| DF* fIP = [V fI?

forall f e Wé (I), it follows that the induced topologies are equivalent to the
standard topologies on W[ (I) and WZ (1), respectively.
(ii) Finally, we define the linear operator

Avy s D(Ayy) — WZ(I) x WL(I)
in X, := WZ(I) x WL(I) by
D(Ayy) : = {(f.g) € C*(I,C) x C*(I,C) : 2y — Vo fo — 28,
=2f = Vafa+ 28, = 0}
and
Avi(f.8) == (=& —f" +Vf)
forall (f,g) € D(Ay;).
Theorem 5.3.4.

(i) Ay is a densely-defined, linear and quasi-accretive operator in X; with left
bound

—I(n(V)) oo -
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(ii) Ay, generates a strongly continuous semigroup Ty : [0,00) — L(X;, X)) satis-
fying
[Tva ()] < exp(|(In(V)) [0 - 1)

for all 7 € [0, o).

Proof. Obviously, by Ay, there is defined a linear operator in X;. That D(Ay,) is
dense in X; can be proved as follows. For this, let (f, g) be some element of X; and
& some nonvanishing positive real number. Since C*(I,C) is dense in WZ([), there is

some u € C3(I,C) such that
lu—fllo < y/&%/2.

Further, since C*(I, C) is dense in W) (I), there is some v; € C*(I, C) such that

[vi— gl < 4/&%/8.

Finally, define

1 1
S0 = uy — 7 Vouo — Vip s Sai=—u, + 7 Vatta = Vi,
and for every 6 € (0,a/2)

(50/(36%)) - (x —6)® for0<x <6
va(x) := 0 for6<x<a-—6
(54/(36%) - (x +d—a) fora—d<x<a .
Then v, is an element of C?(7, C) such that

o !
Voo = 80 » Vo = Sa -

Moreover, some calculation gives

a 1 62
[ 3R+ ey = (s + fsoP) (5 + @) 5.

Hence there is some 6 € (0, a/2) such that
[vally < 4/&%/8 .

By construction, for such a 6 (u, v, + v2) € D(Ay;) and

1(£:8) = (wovr +v2)[* = |f = ul3 + g — (vi +v2)[}
<|f —ull3 +20g —wilt + 2wl < &2

Since € and (f, g) were otherwise arbitrary, from this follows that D(Ay,) is dense
in X 1-
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For the proof that Ay, is accretive, let (u,v) be some otherwise arbitrary element
from D(Ay;). Moreover, denote by (| ) the scalar product of X;. Then we conclude
by partial integration, the Holder inequality for Lé(l ) and by using the definition of
D(Ay;) that

Re ((u,v) | Avi(u,v))
= Ref [—Qu” — Vu)*(2u" — Vu) — 2Vu"*v' — V?u*v + 4V'(—u" + Vu)’
0
+2Vv*(—u" + Vu)| dx

= 4(val* + vgl) + 2Ref Vv udx = = (In(V)) o [l (u. v)[?
0

and hence that Ay, is accretive. Finally, the statement (i) follows.

The statement of (ii) follows from that of (i) if it can be shown that Ran(Ay;; + )
is dense in X; for some real 4 > 0. For this let A be such a real number and let
f. g be some elements of C2(I,C) and C'(I, C), respectively. In addition, let o, 8 be
complex numbers such that u, € C (I, C) defined by

us(x) ==ax+p, xel.

satisfies

Vo 1
r Yo I -
Ugo </1 + 2/1> Uso = 5 (fo —Afo — o)

Va

1
. A sa — ! /la a) -

Obviously, such @, do exist. Finally, consider the operator B : D(B) — LZ(I)
defined by

D(B) := {ue C*(I,C) : uj — [+ (Vo/(2)Juo = u, + [A + (Va/(22))]us = O}

and
Bu:=—u"+(V+2)u, ueD(B) .

By the theory of regular Sturm-Liouville operators, B is a densely-defined, linear,
symmetric and essentially self-adjoint operator in Lé(l ). By partial integration, it
follows for every u € D(B) that

V, Vi
(u|Buy = (/l+ Zl) |Ma|2 + (/lJr 2—3) |uo|2

+ f [u']* + (V + ) |u]* ] dx = 22||ul?
0
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and hence that B is bijective. Again by the theory of regular Sturm-Liouville opera-
tors, from this follows the existence of u € D(B) n C*(I,C) such that

—u" + (V+ P u=Af +g— (V+ P)u, .
Hence u + u, is an element of C3(I, C) such that

—(utu)" +(V+ ) (u+u)=Af +¢

Vi 1
(u+ u‘y)é — </l+ 2—3) (u+ us)o = y (fo/ — Afo — 8o)
)+ (A2 (o = = (] + Ao+ 80)
u-rUs), oy u usa_/l a a T 8a
and finally
(u+ ug, A(u+ uy) — f) € D(Ayy)
and

(AV,I +/l)<u+um/l(u+us> _f) = (f5g> .

Since f, g were otherwise arbitrary and C?(I,C) x C!(I,C) is dense in X;, from this
follows that Ran(Ay,; + ) is dense in X; and hence finally (ii) and the theorem. ©

5.4 Damped Wave Equations

In the following, we consider wave equations of the form
(u")'(r) +iBu'(t) + (A+ C)u(r) = 0

for all r € R where A, B and C are suitable linear operators. Such equations occur
in particular in the description of rotating systems in General Relativity and Astro-
physics. The main stress of this section is on the development of sufficient condi-
tions for the stability of the solutions of such equations, i.e., the absence of solutions
that grow exponentially with time. For applications of the results in this section,
see [27,28, 54]. For work on the stability of the solutions of the wave equation and
Dirac equations on the background of a rotating Kerr black hole using related meth-
ods, see [62-65].

In addition, there is a large literature on damped wave equations. See, for in-
stance, [56,89,91,122,126,133,154,156,162,189,190,218,223,226]. For additional
references, see [57], Section VI.3.

Assumption 5.4.1. In the following, let (X, {]|)) be a non trivial complex Hilbert
space. Denote by | || the norm induced on X by (| ). Further, let A : D(A) — X be
a densely-defined, linear self-adjoint operator in X for which there is an & € (0, o0)
such that

(€lAg) = e(&le) (54.1)
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for all £ € D(A). Denote by A'/? the square root of A with domain D(A!/?). Further,
let B : D(A'/?) — X be a linear operator in X such that for some a € [0, 1) and b € R

| BE|* < a?|AV2¢|? + b)) (5.4.2)

for all £ € D(A'/?). Finally, let C : D(A'/?) — X be linear and such that for some
real numbers ¢ and d

|Ce? < A2 + ) (5:4.3)
for all ¢ € D(A'/?).

Note that as a consequence of (5.4.1) the spectrum of A is contained in the inter-
val [g,00). Hence A is in particular positive and bijective, and there is a uniquely
defined linear and positive self-adjoint operator A'/? : D(A'/?) — X such that
(A'/2)2 = A. That operator is the so called square root of A. Further, note that from
its definition and the bijectivity of A it follows that A'/? is in particular bijective. This
can be concluded for instance as follows. By using the fact that A'/2 commutes with
A, it easy to see that for every A € [0,£!/?) by (A'/2 + 1)(A — A%)~! there is given the
inverse to A'/? — 1. Hence the spectrum of A'/2 is contained in the interval [¢'/2, ).
All these facts will be used later on.

Definition 5.4.2. We define
Y:=D(A'?) x X (5.4.4)
and (|): Y?> - Cby
(éln) == CA&|AY2n)) + (&alm)

forall ¢ = (é1,&),n = (m,m) €Y.

Then we have the following
Theorem 5.4.3.
(i) (Y (])) is acomplex Hilbert space.
(ii) The operator H : D(A) x D(A'/?) — Y in Y defined by

HE = (—i&,1A&))

forall ¢ = (£,&,) € D(A) x D(A'/?) is densely-defined, linear and self-adjoint.

(iii) The operator B : D(H) — Y defined by

B¢ := (0, -B&y)

forall & = (£),&,) € D(H) is linear. If B is symmetric, then B is symmetric, too.
If B is bounded, then B is bounded, too, and the corresponding operator norms
| B| and |B| satisfy

|B| < | B . (5.4.5)

(iv) The sum H + B is closed. If B is symmetric, then H + B is self-adjoint.
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(v) The operator V : Y — Y defined by
Veé = (0,iCé&)

for all ¢ = (£1,&) € Y is linear and bounded. The operator norm |V| of V
satisfies
V| < (¢ +d*/e)'? .

Proof. ‘(i)’: Obviously, (|) defines a Hermitian sesquilinear form on ¥2. That (| )
is in addition positive definite follows from the positive definiteness of (| ) and the
injectivity of A'/2. Finally, the completeness of (Y, | |), where | | denotes the norm on
Y induced by (| ), follows from the completeness of (X, | |) together with the fact
that A'/? has a bounded inverse. Here it is essentially used that 0 is not contained in
the spectrum of A.

‘(ii)’: That D(A) x D(A'?) is dense in Y is an obvious consequence of the facts
that D(A) is a core for A'/? (see e.g. Theorem 3.24 in Chapter V.3 of [106]) and that
D(A'/?) is dense in X. The linearity of H is obvious. Also the symmetry of H follows
straightforwardly from the symmetry of A'/2. By that symmetry, one gets for every

&= (£1,62) € D(H*) and any i = (11,7m2) € D(H):
(H*¢|n) = ((H*&), |Am) + (H*), [m2)

= (¢|Hn) = (—i&|Am) + GA'P&|A )
and from this by using that A is bijective and A'/? is self-adjoint that &, € D(A) and

(H*¢), = —i& , (H*E), = iA& .
Hence H is an extension of H* and thus H = H*.
‘(iii)’: The linearity of B is obvious. Also it is straightforward to see that B is sym-
metric if B is symmetric. If B is bounded, then

B¢ = |B&|? < |BI*|&|* < |BIP|E)

for all &€ = (£),&,) € D(H). Hence B is also bounded and |B
inequality.
‘(iv)’: Obviously, (5.4.2) implies

|BeP? < a*|HEP + b€ (5.4.6)

B satisfy the claimed

[l

for all ¢ € D(H). From this, it is easily seen that H + B is closed (see, e.g., [86],
Lemma V.3.5). Moreover, in the case that B (and hence by (iii) also B)is symmetric,
(5.4.6) implies according to the Kato-Rellich Theorem (see, e.g., Theorem X.12 in
[179] Vol. II) that H + B is self-adjoint. For the application of these theorems, the
assumption a < 1 made above is essential.

‘(v)’: The linearity of V is obvious. For every & = (£,&) € Y one has

Vel = ica|? < EJAVa P + &lél?

= CJAE P + (A TIAA P < (P + & e) ¢ (5.4.7)
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In the last step, it has been used that

(A~ < 1/ e .

This follows by an application of the spectral theorem (see, e.g. Theorem VIIL.5
in [179] Vol. I) to A'/2. Since & is otherwise arbitrary, from (5.4.7) it follows the
boundedness of V and the claimed inequality. m]

Assumption 5.4.4. In the following, we assume in addition that B is symmetric or
bounded.

Note that condition (5.4.2) is trivially satisfied if B is bounded. We define:
Definition 5.4.5.

Then

Lemma 5.4.6. The operators G, and G_ are closed and quasi-accretive. In
particular,

Re(£|GE) = —(us + [V]) (£16)
forG € {G.,G_} and all ¢ € D(H). Here Re denotes the real part and

.} 0 if Bis symmetric
HB =1 ||B| if B is bounded

Proof. That G, and G_ are closed is an obvious consequence of (iv) and (v) of the
previous theorem. Further, if B is symmetric, one has because of (iv) and (v) of the
preceding theorem

Re(£]G+¢) = FRe(&]iVE) = —|(£liVE)| = —[V[(£1¢)
for all £ € D(H). Similarly, if B is bounded, one has because of (ii), (iii), (iv), (5.4.5)
Re(£[G+€) = FRe(éi(B + V)¢) = —|(€li(B + V)&)| = —(|B] +[V]) (£l¢)
for all ¢ € D(H). Hence in both cases G and G_ are quasi-accretive. i

Theorem 5.4.7. The operators G4 and G_ are infinitesimal generators of strongly
continuous semigroups 7 : [0,00) — L(Y,Y) and 7_ : [0,00) — L(Y,Y), respec-
tively. If u4 € R are such that

Re(£|G+€) = —uq (£]€)

for all ¢ € D(H), then the spectra of G and G_ are contained in the half-plane
[—p4,0) x Rand [—u_,0) x R, respectively, and

T4 ()] < exp(uy1) , |T- ()] < exp(u-1)

for all 7 € [0, o0).
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Proof. Obviously, by Theorem 4.2.6 and the preceding lemma, the theorem follows
if we can show that there is a real number 2 < min{—p, —u_} such that G4 — 4
has a dense range in Y. For the proof, let £ be some element of D(H) and A be some
real number such that [1| > |V|*. Then we get from the symmetry of H

|(H —id)é)® = |HEP + 2I€P

and

>

|(H — i2)é| > max{|Hél, ||| Vé]} .

Using these identities together with (5.4.2)

(B + V)él® < |BE* +2|B¢| Ve + |VE]

< &[HE + 2|BE| |VE| + (b7 + VP[P

< &|HEP + 2a|HE| |VE| + (b + V)¢

< @|(H — id)éP + 2a(H — id)| |VE| + [(b+ |V|)* — @] )
<ala+ 27" P)|(H = id)el + [(b+ |V|)> — @ 2)|& .

Hence for any real A with
4] > max{|V[%,4(1 = a)72, (b + |VI)/a. [us |, [u-1} .
where we assume without restriction that a > 0, we get
(B + V)E| < d'|[(H = id)é]

where a’ is some real number from [0, 1). Since £ € D(H) is otherwise arbitrary, we
conclude that
(B+V)(H —ia)~!

defines a bounded linear operator on Y with operator norm smaller than 1. Since
H+B+V—il=(1+(B+V)H-i))")(H-i1),

we conclude that H + B + V — i is bijective and hence also that G, —1and G_ — A
are both bijective. Hence the theorem follows. m]

We note that Assumption 5.4.4 has been used only to conclude that G, and G_
are both quasi-accretive. Now it is easy to see that if B is in addition such that iB is
quasi-accretive (but not necessarily bounded or antisymmetric), then —iB and hence
also G are quasi-accretive, too. As a consequence, we have the following

Corollary 5.4.8. Instead of Assumption 5.4.4 let B be such that iB is quasi-accretive.
Then G is the infinitesimal generator of a strongly continuous semigroup 7 :
[0,00) — L(Y,Y). If uy € Ris such that
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Re(é|G1 &) = —uy (£l¢)

for all £ € D(H), then the spectrum of G is contained in the half-plane [—u, 00) x
R and

T4 (1)] < explyus)
forall ¢ € [0, 0).
In addition, it follows

Corollary 5.4.9.

@ By
T(f) = T.(t) fort =0
(6) = T_(—t) fort <0

for all € R there is defined a strongly continuous group 7 : R — L(Y, Y).
(ii) For every fy € R and every £ € D(G ), there is a uniquely determined differen-
tiable map u : R — Y such that

u(ty) = ¢

and
u'(t) = —Gu(r) (5.4.8)

for all r € R. Here ’ denotes differentiation of functions assuming values in Y.
(iii) The function (u|u) : R — R defined by

(ulu)(2) := (u(@)|u(r)) ,teR
is differentiable and
(ulu) (1) = —2Re (u(1)|G+u(t))
for all r € R.

Proof. Parts (i) and (ii) follow from the previous theorem by Theorem 4.5.1. Part
(iii) is an obvious consequence of (ii). ]

Note in particular the the special case® that there is a non trivial element 7 in the
kernel of A + C for which there is £ € D(A) such that

(A+C)¢é =—iBy .

Then by
u(t) ;= (E+mm), teR

there is given a growing solution of (5.4.8).

3 Such cases are easy to construct.
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The following lemma is needed in the formulation of the subsequent theorem.

Lemma 5.4.10. By
[€lae = |A2E] . & € D(A'?)

there is defined a norm | ||;;2 on D(A'/?). Moreover,
Wi = (D(AY2), || a)
is complete.

Proof. The lemma is a trivial consequence of the completeness of X and the bijec-
tivity of A'/2. m;

Theorem 5.4.11. Let 7y € R, &£ € D(A) and n € D(A'/?). Then there is a uniquely
determined differentiable map u : R — W, satisfying

u(to) = &€ and u'(ty) = n (5.4.9)
and such that u’ : R — X is differentiable with
(u")'(t) +iBu'(t) + (A+ Cu(t) =0 (5.4.10)
forall t € R.

Proof. For this, let v = (v1,v;) : R — Y be such that

v(to) = (&1) (5.4.11)

and
v/(t) = —G4v(t) ,teR. 5.4.12)

Such v exists according to Corollary 5.4.9 (ii). Using the continuity of the canonical
projections of ¥ onto W, and X, it is easy to see that u := v is a differentiable map
into W; such that ¥’ : R — X is differentiable and such that (5.4.9), (5.4.10) are
both satisfied. On the other hand, if u : R — W, has the properties stated in the
corollary, it follows by the continuity of the canonical imbeddings of W;, X into Y
that w := (u, u’) satisfies both equations (5.4.11) and (5.4.12). Then u = v; follows
by Corollary 5.4.9 (ii). m]

Corollary 5.4.12. In addition to the assumptions, let C be in particular bounded.*
Further, let u : R — W, be differentiable with a differentiable derivative u’ : R — X
and such that (5.4.10) holds. Finally, define E, : R — R by

E, (1) := % (Cu'()|u' (1)) + (u(t)|(A + Re(C))u(r))) . (5.4.13)

4 Note that in this case (5.4.3) is trivially satisfied.
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Then E, is differentiable and

—Im<u(?)| Im(C)u'(2)) for symmetric B

0 = {<u’(t) Im(B)u’ (1)) — Im (u(r)| Im(C)u' (1)) for bounded B~ ©-*19)

for all # € R where for any bounded linear operator F on X:

1 1
Re(F) := > (F+F*) , Im(F) := % (F—F*) .
i
Proof. For this, define v := (u,u’). Then according to the preceding proof v satisfies
(5.4.12). For a symmetric B it follows by Corollary 5.4.9 and Theorem 5.4.3 (iv)
that

(vv)'(0)

2Re (v(1)|iVv(1))
= —u'(1)|Cu(t)) — {Cu(r)|u’(1)) (5.4.15)
— (u|Re(C)uy’ (1) — 2Im Cu(r)| Im(C)u’ (1))

for all # € R. In the last step, it has been used that u is also differentiable with the same
derivative viewed as map with values in X. This follows from the fact the canonical
imbedding of W, into X is continuous since A'/? is bijective. Further, the definition

(u| Re(C)u) (1) := (u(t)| Re(Cu(r)) , 1€ R

for the map (u|Re(C)u) : R — R has been used. Obviously, (5.4.14) follows from
(5.4.15) by using definition (5.4.13). In this step also the symmetry of A'/2 is used
together with the fact that u assumes values in D(A). For a bounded B by Corol-
lary 5.4.9 and Theorem 5.4.3 (ii), it follows that

(V) (1) = 2Re (v()]i(B + V)v(1)
= 2Im ' (1)|Bu' (1))
— G (n)|Cu(t)) — (Cule)u’ (1))
— 20u/(1) | Im(B)u’ (1))
— G Re(€)w)’ (1) — 21m Cur) | Tm(C)u’ (1))

for all € R. Obviously, (5.4.14) follows from (5.4.15) by using definition (5.4.13).
O

The next theorem relates the spectrum of G to the spectrum of the so called
operator polynomial A + C — AB — A% where A runs through the complex numbers
[137,183].

Theorem 5.4.13. Let A be some complex number.

(i) Then H + B+ V — Ais not injective if and only if A + C — AB— A2 is not injective.
If H + B + V — Ais not injective, then

ker(H + B+ V — 1) = {(¢£,iAé) : é e ker(A + C — AB— %)} .
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(ii) Further, H + B + V — Ais bijective if and only if A + C — AB — A2 is bijective.
IfH+B+V-—2is bijective, then for all p = (1y,7m2) € Y-

(H+B+V—-2)""n=(&i(A¢+m))

where
E=(A+C—AB-2)" B+ )y —in] . (5.4.16)

Proof. “()’:If H+ B+ V — Ais not injective and & = (&£,,&,) € ker(H+B+V — 1),
it follows from the definitions in Theorem 5.4.3 that

L=id, (A+C—AB-21)& =0

and hence also that A + C — AB — A% is not injective. If A + C — AB — A2 is not
injective, it follows again from the definitions in Theorem 5.4.3 that

(H+B+V—Q)(i1) =0

and hence also that H + B + V — 1 is not injective.
‘1) If H+ B+V—2is bijective, it follows by (i) that A+ C — AB — A2is injective.
Forne Xand ¢ = (¢1,&) := (H+B+V—2)71(0, in), it follows from the definitions
in Theorem 5.4.3 that

(A+C—AB—21)¢ =1

and hence that A + C — AB — A2 is also surjective. If A + C — AB — A is bijective,
it follows by (i) that H + B + V — A is injective. Further, if = (n1,7,) € Y and £ is
defined by (5.4.16), it follows from the definitions in Theorem 5.4.3 that

(H+B+V—2)&i(+m) =1
and hence that H + B + V — A s also surjective. m]
Lemma 5.4.14. Let &’ < ¢ and
Al=A—-¢",C :=C+¢€. 5.4.17)
Then
)
D(A"'?) = D(A'?) (5.4.18)
and for all ¢ € D(A'/?)
|A"2e? = [A"2)? + &')é)? - (5.4.19)
(ii) The operators A’, B and C' satisfy

(§lA'E) = (e — &) &)
|BE|* < a?|A" 2P + (e + b7))€]?
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IC€P < lel | lel +2le"| (& — &) "2 | | 4" ¢ P
11+ @+ ) el
for all £ € D(A'/?).

Proof. “(i)’: First, since €’ < &, by (5.4.17) there is defined a linear self-adjoint
and positive operator A’ in X. Obviously, using the symmetry of A'/? and A’/2,
(5.4.19) follows for all elements of D(A). From this (5.4.18) and (5.4.19) follow
straightforwardly by using the facts that D(A) is a core for A'/2 and A"'/? (see e.g.
Theorem 3.24 in chapter V.3 of [106]), that X is complete and that A'/? and A’'/? are
both closed.

(i1) The first two inequalities are obvious consequences of the corresponding ones
in Assumption 5.4.1 1, the definition (5.4.17) and of (5.4.19). For the proof of the
third, we notice that from the first inequality along with an application of the spectral
theorem (see, e.g. Theorem VIIL5 in [179] Vol. T) to A’ 172 follows that

(A" <1/Ve—g'. (5.4.20)
Further, from Assumption 5.4.1 and (5.4.19) one gets
|Ce® < A" e )P + (e + d) €]
for all £ € D(A'/?). From these inequalities, we get
IC'él? < &l + 2le’T [ Cel €] + &€l (5.4.21)
< EJA"PEP + (7 + Cle’| + )EP + 20| el €]
<12+ [l + ('] + )2 ] el + 21’ el |7 ] ]

2
< lef [ el +21e") (e = ") 72| |4 el + [ 16/] + (1) + )2 ] e?

for all ¢ € D(A'/?) and hence the third inequality. O

As a consequence of (ii), the sequence X,A’, B,C’ satisfies Assumption 5.4.1.
The corresponding Y given by Definition 5.4.2 is because of (i) again given by
(5.4.4). Moreover, the corresponding norm ||’ on Y turns out to be equivalent to | |.
More precisely, one has for every ¢’ € (0, &)

Lemma 5.4.15.
'<|I<&P (-]

and for every bounded linear operator F on Y:
8_1/2 (8 _ 8/)1/2 |F|/ < |F‘ < 81/2 (8— 8/)—1/2 |F‘/ .

Proof. The first inequality is a straightforward consequence of (5.4.19) and (5.4.20).
The second inequality is a straightforward implication of the first. m]
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Note that the G4 corresponding to the the sequence X,A’, B,C’ are the same
for all &’ since &’ drops out of the definition. Moreover, as a consequence of the
preceding lemma, the topologies induced on Y are equivalent. Hence the generated
groups are the same, too. This will be used in the following important special case.

Theorem 5.4.16. Let A = Ao + & where Ay is a densely defined linear positive
self-adjoint operator and let C = —e&. Then

T4 (1)] < ee"?t exp(ust) (5.4.22)
forall t > &= 1/2.
Proof. For this, let &’ € [0, &) and define A’ and C’ as in Lemma 5.4.14. Hence
Al=Ay+e—¢&',C =—(e—¢€').

Then from Theorem 5.4.3 (v), Lemma 5.4.6 and Theorem 5.4.7, we conclude that
Te(0)l" < exp ([us + (2 — &) 7]
and hence by the previous Lemma that
T4 (1)) <& (e—e')7"? exp ( [us + (e —&")'/?] t)

forall t > 0. For t > &~ '/2, we get from this (5.4.22) by choosing

!

eli=e—12.

O

Note that in this special case (5.4.13) is conserved and positive if B is in particu-
lar symmetric.
We are now giving stability criteria.
Theorem 5.4.17. In addition, let B and C be both symmetric.
(i) Let A, Band C be such that

1
E(A+C)y+ 7 &ElBE" =0 (5.4.23)

for all ¢ € D(A) with |¢| = 1. Then the spectrum of iG is real.

(ii) In addition, let B and C be both bounded and let A + C + (b/2)B — (b*/4) be
positive for some b € R. Then the spectrum of iG is real and there are K > 0
and 79 = 0 such that

|T(¢)| < K]t (5.4.24)

for all |¢] = 1.
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Proof. ‘(i)’: First, from Assumption 5.4.1 and the assumed symmetry of B and C, it
follows that by A~'/2BA~!/? and A='/2CA~'/? there are given bounded symmetric
and hence by Theorem 3.1.7 (viii) also self-adjoint linear operators on X. Hence

A(A) i= 2A7" 4 a4 2BA 1 - (1 v A‘1/2CA‘1/2) ,1eC (5425

defines a self-adjoint operator polynomial in L(X,X). In addition, one has
A~! > 1/e. Further, for every £ € D(A'/?) and 1 € C

EAWE) = AANA ) = — (A +C—AB— D)y (5426)

where n 1= A~'2¢ € D(A). Now (5.4.23) implies that the roots of the poly-
nomial (77|(A + C — AB — 2*)5),A € C are real. Hence by (5.4.26) the roots of
(€]A(2)é), A € C are real, too. Since & € D(A'/?) is otherwise arbitrary and D(A'/?)
is dense in X, this implies also that {¢|A(1)€) has only real roots for all £ € X. Hence
(see [137], Lemma 31.1) the polynomial A(12), A € C is weakly hyperbolic and has
therefore a real spectrum. As a consequence, A(A) is bijective for all non real 1. Now
for any such 4

A+C—AB— A2 = —A"2A,(1)AY? (5.4.27)

where AY/? denotes the restriction of A'/2 to D(A) in domain and D(A!/2) in range,
and A,(1) denotes the restriction of A(1) to D(A'/?) in domain and in range. For
this, note that A(1) leaves D(A'/?) invariant. Further, from the bijectivity of A'/2,
A(4) and (5.4.25), it follows the bijectivity of A% and A,(Q), respectively and hence
by (5.4.27) that A + C — AB — A? is bijective. This is true for all non real A, and hence
it follows by Theorem 5.4.13 that the spectrum of iG is real.

‘(ii)’: Let B and C be both bounded and let A + C + (b/2)B — (b*/4) be positive for
some b € R. In addition, let € be some real number greater than zero and define

A':=A+C+ (b/2)B— (b*/4)+&,C':=—c, B':=B—b.

First, it is observed that
D(A''?) = D(A'?) (5.4.28)

and that there exist nonvanishing real constants K; and K, such that
KHA"Z)? < A" 2¢)* < K3 )A€ (5.4.29)

for every £ € D(A'/?). This can be proved as follows. Obviously, by the symmetry of
A'/? and A’'/2, the Cauchy-Schwarz inequality, the boundedness of B, C, A~'/? and
A’ =12 it follows the existence of nonvanishing real constants K; and K, such that
(5.4.29) is valid for all & € D(A). Since D(A) is a core for both A'/? and A’"/? (see
e.g. Theorem 3.24 in chapter V.3 of [106]), from that inequality follows (5.4.28) and
(5.4.29) for all ¢ € D(A'/?). Note that in this conclusion it is used that X is complete
and that A'/2 and A’'/2 are both closed.
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Obviously, from the assumptions made it follows that also A’, B’ and C’ instead
of A, B and C, respectively, satisfy Assumption 5.4.1 and Assumption 5.4.4. Hence
by Theorem 5.4.16 it follows that

ITL(1)] < ee't (5.4.30)

for all # > &~ !/? where primes indicate quantities whose definition uses one or more
of the operators A’, B’ and C' instead of A, B and C. In addition, (5.4.28) and (5.4.29)
imply Y = Y’ as well as the equivalence of the norms || and ||’. Now define the
auxiliary transformation S : Y’ — Y by

Soé = (&1,& —i(b/2)&)

for all ¢ = (£1,&) € Y'. Obviously, Sy is bijective and bounded with the bounded
inverse S, ' given by S '¢ 1= (&1.& +i(b/2)&) for all € = (£1,&) € Y. In addi-
tion, we define S 4 : [0,00) — L(Y,Y) by

S+ (f) := exp(Fibt/2)ST1 (t)S; ", (5.4.31)

for all 7 € [0, 00). Obviously, S + defines a strongly continuous semigroup with the
corresponding generator

b
SoGLS,! iz =Gz .

This implies S+ = T+ and by (5.4.30) and (5.4.31) the existence of K > 0 and
fo = 0 such that (5.4.24) is valid for all |f| > fy. Finally, from this follows by
Theorem 4.2.1 that the spectrum of iG is real. m]

Lemma 5.4.18. Let D be a core for A. Further, let By : D — X be a linear operator
in X such that for some real numbers ag and by

|Bo|* < ag {¢|A€) + b5 €] (5.4.32)

for all £ € D. Then there is a uniquely determined linear extension By : D(A'/?) — X
of By such that .
[Bog | < a A" + b5 €] (54.33)

for all £ € D(A'/?). If By is in addition symmetric, B, is symmetric, too.

Proof. First, we notice that D is a core for A2 too. Obviously, since D(A) is a
core for A'/? (see e.g. Theorem 3.24 in chapter V.3 of [106]), this follows if we
can show that the closure of the restriction of A'/2 to D extends the restriction of
A2 to D(A). To prove this let & be some element of D(A). Since D is a core for
A, there is a sequence &y, &) ... of elements of D converging to & and at the same
time such that A&y, A, ... converges to A£. Since A'/2 has a bounded inverse, it
follows from this that A'/2&), A'/2¢£, ... converges to A'/2£. Since & can be chosen
otherwise arbitrarily, it follows that the closure of the restriction of A2 to D extends
the restriction of A'/2 to D(A) and hence that D is a core for A'/2. Hence for any
(e D(Al/ 2) there is a a sequence &y, & ... in D converging to & and at the same time
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such that A'/2&), AY/2¢, ... is converging to A'/2¢£. Hence by (5.4.32) along with the
completeness of X follows the convergence of the sequence By&|, Bpé, ... to some
element B¢ of X and

|BE” < ag | A€ + b5 ] -

Moreover, if fé ,& 1/ ... is another sequence having the same properties as &, ¢ . . ., it
follows by (5.4.32) that

Bf = lim Bof,, = lim Bof,: .
n—ao0 n—aoo
From this it easily seen that by defining
B:= (D(A'?) - X, &= Be)

there is also given a linear map. Hence the existence of a linear extension of By
satisfying (5.4.33) is shown. Moreover, from the definition it is obvious that B is
symmetric if By is in addition symmetric. If on the other hand B, is a linear extension
of By satisfying (5.4.33) and £ and &1, &, are as above from (5.4.33), it follows that

Boé = lim Byé, .
n—Q0

Finally, since & can be chosen otherwise arbitrarily, from this follows 30 =B. O

5.5 Autonomous Linear Hermitian Hyperbolic Systems

In addition to wave equations, Hermitian hyperbolic systems are another important
prototype of hyperbolic equations. Simple examples are given by the evolutional
part of Maxwell’s equations and Dirac’s equations in flat space-time. The treatment
of hyperbolic systems in this chapter includes the case of singular coefficients, i.e.,
the vanishing of determinants of matrices multiplying the highest order derivatives in
the governing operator. As a consequence, in general, the domains of the associated
operators depend on the coefficients. This generality is also considered in the subse-
quent study of non-autonomous linear Hermitian hyperbolic systems and quasi-linear
Hermitian hyperbolic systems in Chapters 10.2, 12.2 which are based on the results
in this section. In particular, the Theorems 9.0.6, 11.0.7 on the well-posedness of
linear and quasi-linear evolution equations are strong enough to deal with such a sit-
uation. For similar treatments of autonomous linear Hermitian hyperbolic systems
see [60, 180]. For additional material on initial boundary value problems for such
systems, see, for instance, [130, 169, 176, 198].

In the following, we define for every n € N* and every multi-index @ € N" the
densely-defined linear operator 0% in LZ(R") by

0% 1= (—1)ll, (COOO(R",C) — LZ(R").f— ((};{)
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where

n
|| := 2 @; .
=1

Moreover, we define as usual for any k € N

WER") =[] D(@").

aeN", |a| <k

Equipped with the scalar product
(O @ (WER")? > C

defined by
o= Y (0°flo"g),

aeN" |a|<k

for all f, g € WE(R"), WE(R") becomes a Hilbert space.

In the following Friedrichs’ mollifiers will be used.

Lemma 5.5.1. Let iz € Cj°(R"). In addition, let / be positive with support contained
in the closed unit ball and such that h(x) = h(—x) for all x € R" and |A||; = L.
Moreover, define for any v € N* the corresponding &, € C;°(R") by

hy(x) :=V"h(vx)
for all x € R". Finally, define for every v € N* and every f € L%(R")
H,f:=h,*f

where ‘%’ denotes the convolution product. Then

(i) for every v € N* the corresponding H, defines a bounded self-adjoint linear
operator on L2 (R") with operator norm | H,| < 1.

(ii) for every v € N* the range of H, is part of W(’é(R”) for all k € N. Moreover, for
every multi-index @ € N”

0%h,
oxv

Hf = 0“(H,f) =

«f

for all f € L2(R"). Moreover, H? defines a bounded linear operator on LZ(R")
with operator norm
IHY | < [[0hy/0x ]y .
(iii)

S_Vli>nolo HV = ldL?c(R;z) .
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Proof. For this, let v be some element of N *. Moreover, define K, € C* (R" x R") by

K, (x,y) := h(x—y)

for all x,y € R". Then K, is in particular measurable and such that K, (x, -), K, (-, y) €
L'(R") and
[K(x )= 1, Ky =1

for all x,y € R". Hence to K, there is associated a bounded linear integral operator
Int(K,) = H, on L%(R") with operator norm equal or smaller than 1. Finally, this
operator is self-adjoint since it follows from the assumptions on K that K*(y — x) =
K(x —y) for all x,y € R". Further, for any multi-index @ € N" and f € L%(R") it
follows
0¢ hv
0x®

e C°(R",C) < LA(R")

and hence also
h,x f € C*(R",C)

and oe P
—(h, = i )
ox® (hy # £) ox“ *f
Now define K¢ € C*(R" x R") by
0%h
K%(x,y) := Y (x —
VoY) = =2 —y)

for all x,y € R" Then K? is in particular measurable and such that K¢(x,-),
K%(-,y) € L'(R") and

IK5 ()= 0h/ox s KT G y) [ = [10%hy/0x*s

for all x,y € R". Hence to K7 there is associated a bounded linear integral operator
Int(KY) on LZ(R") with operator norm equal or smaller than |0k, /0x”|;. Hence it
follows e

—(h, e LZ(RY) .

s f) € L2(RY)

Since this is true for any @ € N”, also
hy, % f € WE(R™)
for all k € N and, obviously,

0%h,
0%y »f) = ==+ f-

Further, for f € Co(R", C), it follows that

supp(H, f — f) < supp(f) + B1(0)
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and

Hf — fl(x) < f G — idge) — F(2)| By "

Rn

for all x € R". Since f is in particular uniformly continuous, it follows for every
& > 0 the existence of a § > 0 such that for all x € R",y € Us(0)

[f(x =) = f()] < [V"(supp(f) + Bi(0))] /&' .
As a consequence, for all v € N* such thatv > 1/
|H.f = fl2<e
holds. Hence it follows for every f € Co(R",C) that

lim Hva_fHZ =0.
v—00

Since Cy(R",C) is dense in LZ(R") and H;,H,,... is in particular uniformly
bounded, this implies also that

s—vlgrolO H, =idp2 gy -
Finally, the statement of the lemma follows. m]

The basis for Hermitian hyperbolic systems is provided by the following theorem
of Friedrichs [79]

Theorem 5.5.2. Letn,p € N* and A, ..., A" be elements of C' (R", M(p x p,C))
such that (A/)y, (A’,,)x are bounded for all k,1 € {1,...,p} and j,m € {1,...,n}.
Finally, define the Hilbert space

X = (AR
and the linear operators A,A’ : (C}(R",C))? — X by

n n

Au = ZA-iu,j , Alu = — Z(A’i*”),j == Z(Aj*u’j +Aj’;’7u)
=1

Jj=1 J=1

for all u € (C}(R",C))”.” Then
A*=A.

Moreover,
D(A) > (W(R")"

and .
Au = ZAjﬁju
j=1
forallu e (WL(R"))".

5 Note that in this elements of C? are considered as column vectors, matrix multiplication is
used and partial derivatives and weak derivatives are defined component-wise. In connec-
tion with matrices * denotes Hermitian conjugation.
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Proof. First, it follows by partial integration that

n )4 n )4
(v]Auy = 2 2 .[R" V:A/jéz”l,jdvn = _Z Z f”(v;fA,{[),ju;dv”

=lki=1 j=1kI=1

- Z Z JRn((Aj*)lkvk)f"j wdv™ = (A'v|u)

j=1kI=1

for all u,v € (C;(R",C))? and hence

Al c A*
and
A¥  =Ac A’ (5.5.1)
It remains to be proved that
ADA'™. (5.5.2)

For this, we notice in a second step that since by (using obvious notation)
((waw»" (L) s ZA"”"”)
j=1

there is given a continuous linear map and since (C(l) (R, C))p is dense in
(WL(R™))” that ]
(WL(R")" < D(A)

and

for all u € (WL(R"))". Analogously, it follows that
(W2(®")" = D(A7)
and

Alu=— Z(Aj* u —&—Ajju)
=

for all u e (Wé(R"))p . In the following, the notation of the previous lemma will
be used. For this, let & be as specified in that lemma. (Obviously, such a function &
satisfying the prescribed properties in that lemma exists.) In particular, we define for
v € N* the corresponding HY, € L(X, X) by

(Hﬁu)k = Hvuk
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forall u € X and k € {l,..., p}. In the following, we consider the sequence of

operators
(HYA"™ —AHY) o -

First, because of (5.5.1), we have for u € D(A) and v € N* (notice that u and hence
also H)u has a compact support)

n
(HYA™ — AHY)u = HY Au— AHu = H) Au— Y A/HYu

j=1
and hence because of
s— lim HY = idy
y—00
that
lim (HYA"™* —AH)u=0. (5.5.3)

v—00

Further, it follows for u € X (using obvious notation)
AH =Y AVInt(Kd)u , A7 Houw = — ) [Aj* Int(KJ) + A’ Int(K,,)] .
j=1 j=1

Note that AH” and A’H”, define bounded linear integral operators on X. For u €
D(A’*) and v € X, it follows

WHY A" uy = (HOV|A ¥ u) = (A" Hov|u) = (v|( A H) *u)

and hence .
HY A" u = (A"HY) *u .

Then a short calculation leads to

n )4 n
[(HYA™ — AHY ) ul, = Y Y Int(K])u — D (HVA )y, ke {1,...,p}
j=li=1 j=1

where on

Kfj(x.y) o= = 2 (e =) (A0 = 4L 0))
for je {l,...,n} and k,l € {1,..., p}. Now by the mean value theorem, it follows
from the assumptions on A ;, j € {1,...,n} the existence of M > 0 such that

|A] (x) — AL, (y)] < M| x — |

for all x,y € R" and hence

A

i . oh
Itne(KE) | < M | |idse| £

LR
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The sequence consisting of the continuous extensions of HY A’* — AHY HJ A"* —
A Hg , ... to bounded linear operators on X is therefore uniformly bounded and hence
it follows because of (5.5.3) also that

lim (H)A"* —AH)u=0.

y— 00

Altogether, we have

lim HYu = u, lim AH%u = lim H, A"*u = A"*u
v—00 y—00 v—00

and hence
ue D(A) and Au=A"*u.

Since this true for all u € D(A’*), this implies (5.5.2) and, finally, the theorem. o

The previous theorem has the following immediate corollary on Hermitian
hyperbolic systems.

Corollary 5.5.3. In addition, let A!(x), ..., A"(x) be Hermitian for all x € R". Then
the bounded linear operator B € L(X, X) defined by

Bu = (i AJ]> u
=1

for all u € X is in particular self-adjoint. Then
(i) the operator i (A + (1/2)B) is essentially self-adjoint. Moreover,
D(i(A+(1/2)B)) o (WL(R")"

and

e — u 1
i(A+(1/2)B)u = iZ (Afo“f + EA’jf) u
j=1

forallu e (WL(R"))".
(ii) the operator A is the generator of a strongly continuous group on X.

Note that this has applications for the treatment of Dirac equations.
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Intertwining Relations, Operator Homomorphisms

It is a common feature of partial differential equations describing the evolution of
physical systems that the order of differentiability in the weak sense (‘regularity’)
of the initial data is preserved by the evolution. Theorem 6.1.1 below and its corol-
lary describe this phenomenon in terms of semigroups of linear operators. There the
‘regularity’ of the data is quantified by its containedness in the domain of a power of
the infinitesimal generator. We give only a very brief discussion. For a more in depth
analysis see Section IL.5 of [57]. From Theorem 6.1.6 on, the theoretical part in the
remainder of the course essentially follows [114]. That part contained in this chapter
mainly serves the purpose to define and study ‘closed’ invariant subspaces (‘admis-
sible spaces’) of semigroups of linear operators. In this, the notion of ‘invariance’ is
more general than the usual for one-parameter groups of unitary transformations on
Hilbert spaces. A sufficient condition for the existence of such an admissible space
is the existence of an linear operator that ‘intertwines’ between the semigroup and
a further semigroup. In the examples of the next chapter, it can be seen that such
intertwining operators include constraint operators imposed on evolution equations.
In these cases, the additional semigroup is associated to the so called ‘constraint
evolution system’.

6.1 Semigroups and Their Restrictions

Theorem 6.1.1. (Regularity) Let K € {R,C}, (X,||) a K-Banach space, A :
D(A) — X the infinitesimal generator of a strongly continuous semigroup 7 :
[0,00) — L(X,X). Then Y := D(A) is left invariant by T () for every ¢ € [0, )
and the family of restrictions Ty (¢) of T() in domain and in range to Y, ¢ € [0, 0),
define a strongly continuous semigroup Ty : [0,0) — L((Y, ] [a), (¥, ] |a)) with
infinitesimal generator (D(A?) — Y,¢ — A£). In particular, D(A?) is a core for A.

Proof. First, it follows by Theorem 4.1.1 (ii) that Y is invariant under 7'(¢) for every
t € [0, 0). In the following, we denote for every ¢ € [0, 00) by Ty(¢) the restriction
of T(¢) in domain and in range to Y. Then
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IT(NEIR = IT@EP + JAT ()€ = [T ()€ + IT(AE)* < [T ()] - [€]7

for every & € Y and hence Ty(¢) defines a bounded linear operator on (Y, | |[5) with
bound ||7'(¢)| for every ¢ € [0, 00). As a consequence, Ty := ([0,0) — L(Y,Y),t —
Ty(t)) is a semigroup. Further, by

ITy ()€ = Tx (s)é|R = |T ()6 — T()E]” + |AT ()¢ — AT ()¢
= [T(1)¢ = T(s)é|* + |T(1)AE — T(s)A¢|?

for every t, s € [0,00) and £ € Y, it follows the strong continuity of Ty. We denote
by Ay the infinitesimal generator of Ty. For every £ € D(Ay), it follows

— lim ;.[T(t)—idx]§=Ayf

t—0,t>0

where the limit is performed in (Y, || |4). Hence it follows by the continuity of the
inclusion ty.,x of (¥, | [4) into X that Ayé = A€ € Y and hence that & € D(A?). In
addition, it follows for every £ € D(A?) that

— lim l.[T(t)—idX]§=A§,

1—0,>0
. ! . .1 . 2
~ lim A ?.[T(z) —idx |¢ = — im ;.[T(t) —idx |A¢ = A%¢
hence .
im ;.[T(t) —idx|é+ A& =0

A

and therefore ¢ € D(Ay). Hence it follows that Ay = (D(A?) — Y,& — A&). Asa
consequence, D(A?) is dense in (Y, | | ), and therefore D(A?) is a core for A. =

Corollary 6.1.2. (Regularity, continued) Let K € {R,C}, (X,||) a K-Banach
space, A : D(A) — X the infinitesimal generator of a strongly continuous semigroup
T :[0,00) > L(X,X),n € N*. Then Y := D(A") is left invariant by 7'(¢) for every
t € [0,00) and the family of restrictions Ty () of T(¢) in domain and range to Y, ¢ €
[0, 00), define a strongly continuous semigroup Ty : [0,0) — L((Y, || [l.), (¥, Il x))
with infinitesimal generator (D(A"T!) — Y,& — A&), on the Banach space (Y, || |[)

where
lelli= | 35 () ater

k=0

for all £ € Y and A° := idy. In particular, D(A"*!) is a core for A.

Proof. The proof proceeds by induction over n. The statement is true forn = 1 as a
consequence of Theorem 6.1.1. Assume that the statement is true for n € N*. Then
Y := D(A") is left invariant by 7 (¢) for every ¢ € [0, c0) and the family of restrictions
Ty(t) of T(¢) in domain and in range to Y, ¢ € [0, o), define a strongly continuous
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semigroup Ty : [0,00) — L((Y. || [|.), (¥, || [|»)) with infinitesimal generator A :=
(D(A™1) — Y, & > A£), on the Banach space (Y, || [|). Also is D(A"*!) a core for
A. Then it follows by Theorem 6.1.1 that ¥ := D(A"*!) is left invariant by Ty(z)
for every ¢ € [0,0), that the family of restrictions T (¢) of T () in domain and
in range to Y, r € [0,0), define a strongly continuous semigroup Ty : [0,00) —
L((Y,] |x), (¥, | ||z)) with infinitesimal generator (D(A%) — Y,& — A& = A¢). It
follows for every & € ¥

Vielz + 1Rl = \| 3 (7)ate + X () 1asrer
k=0

k=0

(i3

A

=l X () er 4 X (e + el
k=1 k=1

n

1
= (1l 3 (") e gl = el

k=1

Further, it follows D(A%) = {¢& € D(A""!) : A¢ € D(A")} = D(A"*?). Hence
D(A"*?) is in particular dense in (D(A"*'), || [|,.+1)- Since, as a consequence of

n+1 1
el = | 2 ("7 )t > lela

k=0

for all & e D(A"!), the inclusion tpartiypiay Of (D(A"1), || |l44+1) into
(D(A), | |a) is continuous and D(A"*!) is dense in (D(A), | |a), it follows that
D(A"*2) is dense in (D(A), | ||a) and therefore also that D(A"+?) is a core forA. O

Corollary 6.1.3. Let K € {R,C}, (X, | |) a K-Banach space and A : D(A) — X the
infinitesimal generator of a strongly continuous semigroup 7 : [0,00) — L(X, X).
Further, let D be a dense subspace of X which is contained in D(A) and invariant
under T'(7):

T(t)D< D
for all t > 0. Then D is a core for A.

Proof. For this, let D be the closure of D in (D(A), | ||a). Then (D, | |alp) is a
closed subspace of (D(A), | |a) and hence a K-Banach space. In particular, the in-
clusion of D into D(A) is a continuous linear map from (D, | |alp) to (D(A), | [a)-
Further, let £ € D(A) and 7 > 0. Since D is dense in X, there is a sequence &;,&,, . ..
in D converging to £. By Theorem 6.1.1, it follows the continuity of

([0.7] = (D. | lalp)-t = T(1)&) -
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Asa consequence,

f T(s)é,dse D

0,A

where the A in the integral sign denotes weak integration in (D(A), | ||a) and v € N.
In addition, it follows by (4.1.6) that

2 2

[ rogas— [ reas =|[ 1 [ reseas

0.4 0.4 A 0 0
t t 2 t ’ 2
+ f T(s)A¢, ds — J T(s)A¢ds| = f T(s)¢, ds — f T(s)éds
0 0 0 0
+IT@)(E-&)+& —¢] .
As a consequence,
!
f T(s)édse D .
0.A
Further, by Theorem 6.1.1 and (4.1.3), it follows that
1 1
tggn+ ;.L’A T(s)éds —¢& R =0.
Hence & € D and D = D(A). This implies that D is a core of A. o

Theorem 6.1.4. (Mazur) Let (X, | |) be a normed vector space, £ € X, £1,&,... a
sequence in X such that

w—lim &, = ¢
V—00

and € > 0. Here ‘w—1im’ denotes the weak limit. Then there are elements n € N*,
ai,...,a, € [0,00)suchthat Y} _ @, =1land | > _, a6 — €| <e

Proof. For this, define the set A consisting of all convex linear combinations of mem-
bers of the sequence &, &, ... by

A= {Z & neN* ay,...,a, € [0,0) such that Zav = 1} )
v=1

v=1 =

Obviously, A and hence also its closure A in (X, ||||) are convex. The statement of this
lemma follows if x € A. The proof of this is indirect. Assume on the contrary that A
and B := {&} are disjoint. Since B is in particular compact, these sets can be strictly
separated by a hyperplane, i.e., there is a continuous real linear map / : X — R along
with 1,7, € R such that y; < vy, and [(A) = (—0,,) and I(B) < (y,0).! If
K = R, this implies that lim,_,o I(§,) # (). K =C,by 1 := (X - C,n —
I(n) — il(i.n) there is defined an element of X’ such Re(1) = . Hence it follows that
lim, o A(&)) # AE)4. O

! See, e.g., Theorem V.4 in the first volume of [179].
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Lemma 6.1.5. Let K € {R,C}, (X, | ||) a K-Banach space and A : D(A) — X be the
infinitesimal generator of a strongly continuous semigroup. Then

s— lim —A.(A— )" =idx .
A——0

Proof. By Theorem 4.2.1, there are 4 € R and ¢ € [1, 00) such that (—c0, —p) is part
of the resolvent set of A and in particular such that

(6.1.1)

for all A € (—oo, —u). Let A1, 4,,... be some a sequence in (—o0, —u) which is
diverging to —oo. Then it follows by (6.1.1) that

el Il

| —A.(4—2,)7" < =c+
|4, + uf 4] = |u

and hence the boundedness of the sequence —A,.(A — 4,)~" in L(X, X). Further, it
follows for £ € D(A) that

[ = 4n(A= )7 =] = [ = A(A = 2)7 ' = (A=) (A = L)é]
c
= (A= 4)7'A¢]| < 0 - |A¢]

‘/lv‘ - |,Lt‘
and hence that

lim —A,.(A—2a,)7'¢ = £.

v—00
Since D(A) is dense in X and by using the boundedness of —4,.(A—2,) " in L(X, X),
from this follows that

s—lim —4,.(4 — 4,)"" =idyx .

y—00

Theorem 6.1.6. (Admissible spaces) Let K € {R,C}, (X, | ||x) a K-Banach space,
and A : D(A) — X the infinitesimal generator of a strongly continuous semigroup
T : [0,00) — L(X,X). Further, let Y be a subspace of X and | |y : ¥*> — C a
norm on Y such that (¥, | ||y) is a Banach space and such that the inclusion ty.,x of
(%, | |y) into X is continuous.

(i) Then Y is ‘A-admissible’, i.e, Y is left invariant by 7'(¢) for all ¢ € [0, c0) and
the family Ty (¢) of restrictions of 7'(¢) to ¥ in domain and in image, ¢ € [0, ©0),
defines a strongly continuous semigroup Ty : [0,00) — L(Y,Y) on (Y| |v),
if and only if there are u € R and ¢ € [1,00) such that (—oo, —u) is part of the
resolvent set of A, for every A € (—o0, —u) the corresponding operator (A—1)~!
leaves Y invariant and its part in Y, i.e., its restriction in domain and in image to
Y, [(A — 2)~!]y satisfies
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c

|+l
for all n € N* and (A — 2)~!Yis dense in (Y, | |[y). If (Y, | |y) is reflexive, the
last condition is redundant.

(ii) If Y is A-admissible and u € R and ¢ € [1,00) are as described in (ii), then
the part Ay := ({£ € DA)nY : Al € Y} — Y,& — Af) of Ain Y is the
infinitesimal generator of Ty and

Ty () ]opy < ce (6.1.3)

1A =)™ T lopy < (6.1.2)

for all 7 € [0, o).

Proof. If Y is A-admissible, by Theorem 4.2.1 there are u € R and ¢ € [1, ) such
that (—oo, —p) is part of the resolvent sets of A and the infinitesimal generator A of
Ty and in particular such that for A € (—oo, —u)

A= D oy € ——— 6.14
I )" 1" lop T (6.1.4)
and c
A—)7'" < — (6.1.5)
I( )" llop.y A+

for all n € N*. Hence by Theorem 4.2.1 and Theorem 4.1.1, it follows (6.1.3) and
forneY

o8]
A-2)"'p= f e T(t)ndt ,
0
where integration is weak Lebesgue integration with respect to L(X, K), and
5 0
A-)"'p= J e T(t)ndt
0

where integration is weak Lebesgue integration with respect to L ((Y, | |y), K). Since
ty—yx is continuous, it follows that ¢§_ , (L(X,C)) < L((Y,| |y).K) and hence by
Theorem 3.2.4 that

A-D)'p=A-2n (6.1.6)
for all n € Y and hence that

A=) =[A-D7 "]y (6.1.7)

where [(A —1)~!]y denotes the restriction of (A —1)~! in domain and in image to Y.
Hence (6.1.5) implies (6.1.2). (This implies in particular that (A — 1) 'Y is dense in
(%] Iv)) ) ]

From (6.1.6), it also follows that A is equal to the part Ay of Ain Y. “Ay D A™:
If n € D(A), then by (6.1.6)

n=A-D"TA-Dp=A-D)""A-DneDA)nY

and
(A—n=(A-2)n
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which implies that
An=AneY.

‘Ay = A’:If n € D(A) N Y is such that Ay € Y, then by (6.1.6)
= (A— )" NA— A= (A- ) (A e D)

Summarizing, so far we proved (ii) and the direction ‘=" of (i). The proof of the
direction ‘<" of (i) proceeds as follows. Let 4 € R and ¢ € [1,0) be such that
(—o0, —p) is part of the resolvent set of A, that for every A € (—o0, —u) the estimate
(6.1.4) is true as well such that (A — 2)~! leaves Y invariant and that its part in
Y, i.e., its restriction in domain and in image to Y, [(A — 1)~!]y satisfies (6.1.2).
In particular, let A € (—c0, —u) and let A be the part of A in Y. Then it follows
(6.1.7) where [(A — 2)~!]y denotes the restriction of (A — 2)~! to ¥ in domain and
in image to Y: For & € D(A), it follows £ € D(A) N Y and A¢é = A¢ € Y. Hence
(A—)é=(A—A)éeYand

A=) A-pe=¢.
Forn € Y, it follows (A — 1)~ 'ne D(A) n Y and
AA-D)'p=n+2(A-2) " hev.
Hence (A — 2)~'n € D(A) and
A-DA-)=A-DA-)'n=7.

From this follows the bijectivity of A — 1 and the validness of (6.1.7). In case that
(Y, || |y) is reflexive, it follows that the domain D(A) of A is dense in (¥, | [ly): For
this, let n € Y and A, := —u — v for v € N*, Then by (6.1.2), it follows

= 4.(A=2)"nly <c (ul+ 1) |nly

for every v € N*, Since bounded subsets of (Y, | ||y) are sequentially compact,” there

is an increasing sequence vy, v, in N* such that

Wyfﬂlew (f/l,,ﬂ.(A -4,) 17]) =7
where ” € Y. Further, by Lemma 6.1.5 and the continuity of the inclusion ¢y,
it follows that ” = 5 and hence by Lemma 6.1.4 that 7 is in the | |y-closure of
D(A). Finally, A is closed: If 71,72, ... is a sequence in D(A) converging in (Y, | [ y)
to some element 7 € Y and further such that Az, Ans, ... is converging in (Y, | | y)
to some element 1’ € Y, then it follows by (6.1.7) and (6.1.2), where A € (—o0, —p),
that

n=(A-)""(n'— 1) e D(A)

2 See, e.g., [52]11.3.28.
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and hence also that Ay = n’. Therefore, it follows by Theorem 4.2.1 that A is the
infinitesimal generator of a strongly continuous semigroup Ty : [0,00) — L(Y,Y) on
(Y,{])y)- Finally, by Corollary 4.2.2 and (6.1.7), it follows

T(t) = sx— lim e“ ™" exp(Vr.(A +u+v)7")
v—00

and
Ty(t) = sy— lim e “ ™" exp(v*t.[(A + u+v)"']y)

v—00

for every ¢ € [0,00). Hence by the continuity of the inclusion ¢y, it follows that
Y is left invariant by T(¢) and that Ty(¢) coincides with the restriction of 7'(¢) in
domain and in range to Y, for every t € [0, o0). O

Theorem 6.1.7. Let K € {R,C}, (X, | |Ix), (Z,] ||z) be K-Banach spaces. Further,
let T : [0,00) — L(X,X), T : [0,00) — L(Z,Z) be strongly continuous semigroups
with corresponding infinitesimal generators A : D(A) — X and A : D(A) — Z,
respectively. Finally, let S be a closed linear map from some dense subspace Y of X
into Z such that the following ‘intertwining’ relation holds

N

ST(t)>T()S (6.1.8)

for all # € [0, o0). Note that this implies that T'(¢) leaves Y invariant for all # € [0, o).
Then the family Ty () of restrictions of 7'(¢) in domain and in image to Y, ¢ € [0, o),
defines a strongly continuous semigroup 7y : [0,00) — L(Y,Y) on (V.| |y). Its
infinitesimal generator is given by the part Ay := ({£ € D(A) nY : Aé € Y} —
Y, — A¢) of Ain Y. Finally, D(A) n Y is a core for A.

Proof. For this, denote by ty,x the inclusion of (¥, | ||y) into X where | |y := | ||s-
In addition, let Ty(¢) be the restriction of T'(¢) to Y in domain and image, for every
t € [0,0). Further, let (c,u) € [1,00) x R, (&,4) € [1,0) x R such that

IT(")opx < ce . |T(1)]opz < e
for all t € [0, c0). Then it follows by (6.1.8) for ¢ € [0, o0)

1Ty (0£]3 = IT0€l% + STl = |ITME]x + 1T(1)S €7
< e} + S E|; < (max{e,e})” - 2 A g
for all ¢ € Y and hence that Ty(r) is a bounded linear operator on (¥,{| ) and
|Ty(t)|opy < max{c,e}-e™>

Hence, obviously by Ty : [0,0) — L(Y,Y), associating to each ¢ € [0,0) the
operator Ty(t), there is defined a semigroup on (¥,{|)y). Further, r € [0,0),
(t,),en € [0,00)" is convergent to ¢ and & € Y. Therefore, it follows by (6.1.8)
for every v e N
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ITy(8,)€ = Ty (€]} = IT(1)é = T(é]5 + IST(1,)¢ — ST(1)é]7
= |T(0)é = T(NElx + T (n)S€ — T(0SE]7

and hence by the strong continuity of T, 7" that
Jim [Ty (6,)6 — Ty(1)ély = 0.

Since &,(t,),y and 7 € [0, c0) were otherwise arbitrary, from this it follows the strong
continuity of Ty. Hence Y is A-admissible, and it follows by Theorem 6.1.6 that the
infinitesimal generator of Ty is given by the part Ay of A in Y. Also, since D(Ay)
is dense in (Y, || |ly), it follows that D(A) n Y is dense in (¥, || ||y). Hence, since the
inclusion ¢y, x is continuous, D(A) N Y is dense in (¥, || ||x) and, since Y is dense in
X, also dense in X. Therefore D(A) n Y is a dense subspace of X which is invariant
under 7'(¢) for all ¢ € [0, o0) and therefore according to Corollary 6.1.3 also a core
for A. ]

Theorem 6.1.8. Let K € {R,C}, (X,]|| |) be a K-Banach space. Further, let T :
[0,00) — L(X, X) be a strongly continuous contraction semigroup. Finally, let S be
a densely-defined closed linear operator in X such that the intertwining relation

ST()oT(1)S
holds for all ¢ € [0, o). Then

IST@)¢] < [S] (6.1.9)
forall ¢ € D(S) and ¢ € [0, x0).
Proof. For this, let f € [0,00) and £ € D(S). Then

IST@el = 1T(0) Sl < IS¢]

since T'(¢) is a contraction by assumption. O

Remark 6.1.9. Equality holds in (6.1.9) if T' consists of isometries. The correspond-
ing statement is often called Emmi Noether’s theorem. It plays an important role
in classical field theories and their quantization.’ Note that the formulation of the
initial-value problem for wave equations, Maxwell’s equations and a subclass of
autonomous Hermitian hyperbolic systems can be chosen in such a way that time
evolution is unitary. See Corollary 2.2.3, Theorem 7.3.1 and Corollary 5.5.3. This is
of course obvious for equations from Quantum Theory, like Schrodinger and Dirac
equations. Also note that in all these cases polarization identities lead to further ‘con-
served quantities’ under time evolution.

3 For e.g., see [32]. Usually, that theorem is derived from a variational principle.
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6.2 Intertwining Relations

Theorem 6.2.1. Let (X,|| [x), (Z,] |z) be K-Banach spaces. Further, let T
[0,00) — L(X,X), T : [0,0) — L(Z,Z) be strongly continuous semigroups
with corresponding infinitesimal generators A : D(A) — X and A : D(A) — Z,
respectively. Further, let (c,u) € [1,00) x R be such that |T(t)|x < ce#! and
[T (t)]z < ce ! forallt e [0,00). Finally, let S be a closed linear map from some
dense subspace Y of X into Z. Then the following statements are equivalent:

®

A

ST()oT(t)S (6.2.1)
forallt € [0, ).
(ii) There is A € (—o0, —u) such that
S(A—A) c(A-2)S . (6.2.2)
(iii) There is A € (—00, —u) such that
SA-)'o>A-7's. (6.2.3)

Proof. For this, define || ||y := | |s.

‘(i) = (ii)’: By Theorem 6.1.7 (ii), Theorem 6.1.6, the K-Banach space (Y, | |ly) is
A-admissible and there is some A € (—o0, —u) such that (A—1)~! leaves Y invariant.
Let ¢ be some element of D(S (A — A)). Then & € D(A) and (A — )¢ € Y. Hence
it follows that & = (A — A)~!(A — 2)& € Y and that ¢ is part of the domain of the
part of A in Y. Therefore, it follows for every null sequence (tn)nen € (0, 0)™ by the
continuity of S : (Y, | |y) — Z and (6.2.1)

sag =S ( lim ~ & (Tt —8)) = lin s (- & (Twe o)

= lim — tl (T(tn)sé —S¢)

n—0oo

and hence that S¢ € D(A) and that SA¢ = AS¢. From the last, it follows
that S (A — 2)¢é = (A — 1)S¢&. (ii) = (iii)’: For this, let 1 € (—00, —u) be such that
S(A—2) c (A—2)S. Then it follows for every 7 € Y that (A—1)~'5 € D(S(A—2))
and hence that (A — 1)~ !5 is part of D((A — 1)S) as well as

A-)7'sp=(A-Q)7'S(A-)(A-1)"'n
=A-D)TA-DSA-D)'p=SA-)"'n.

‘(iil) = (i)’: For this, let 4y € (—o0, —u) be such that

S(A—2) ' o (A-2)7's .

Obviously, it follows from this by induction that
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S[(A—20)7']" o [(A—20)7']"s (6.2.4)

for all n € N. Further, by Theorem 4.1.1 (iv)

[(A = 20) " opx <

- 7 <
— —p— Ao
and hence by (3.1.5)

>
!
Ka?
|
I
s

(A= 20)"[(A—20)~"]""

=3
Il
(=]

(A= )" [(A=29)""]""

[
18

(A-p~!

=]
Il
(=]

for A € (4o — (—u — A9)/c, Ao]. From this follows by (6.2.4) and the closedness of S
that also
SA-) ' A-2)7's .

for 1 € (19 — (—u — Ap)/c, Ao]. By repeating this reasoning, it follows inductively
that

s[(A=)7' "o [(A-07']"s (6.2.5)
for all A € (—o0, Ag]. Further, by Corollary 4.2.2 and (6.1.7), it follows for t € [0, )
Ta):sx—hﬁﬁﬂﬁﬂﬁapw%(A+u+qo”) (6.2.6)

and
T(t) =s,— linoloe(“_")t.exp(vzt.(A +u+v)h. (6.2.7)

By (6.2.5) and the closedness of S, it follows
Se W™ exp(Vt(A+pu+v)™") oeW ™M exp(VPt.(A+pu+v)™")S

for v € [—Ap, ). Finally, by this along with (6.2.6), (6.2.7) and the closedness of S,
it follows (6.2.1). ]

Theorem 6.2.2. (Sufficient conditions) Let (X, | |x), (Z,| |z) be K-Banach
spaces. Further, let T : [0,00) — L(X,X), T : [0,0) — L(Z,Z) be strongly
continuous semigroups with corresponding infinitesimal generators A : D(A) — X
and A : D(A) — Z, respectively. In addition, let (C,u) € [1,00) x R be such that
IT(t)|x < ce*'and |T(t)|z < ce“tforallt e [0,00). Finally, let S be a closed
linear map from some dense subspace Y of X into Z and D < D(SA) n D(AS) such
that

SAs = As¢
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for all £ € D. Note that this implies that every ¢ € D satisfies £ € D(A) N Y, Aé e Y
and S¢ € D(A). Then each of the conditions (i), (ii) below implies that

ST(t)>T()S (6.2.8)

forall ¢ € [0, 0):

(i) (A —A)Dis dense in (Y, || |y) for some A € (—o0, —u) where | |y := | |s.
(i) S is bijective and (A — 1)S D is dense in Z for some A € (—co, —u). In this case,
it also follows that A = SAS —'.

Proof. “(i)’:Let A € (—o0, —u) be such that (A—2)Dis dense in (Y, | ||y). In addition,
let £ € D(A) be such that (A — 2)¢ € Y. Then there is (&, ),er € D" such that

limy(A — D& = (A-2)E. (6.2.9)
y—00,
By the continuity of the inclusion ty. ,x and the continuity of (A — 2)~!, this implies
lim, o0 x & = & Further, since S : (Y, |||y) — (Z | ||z) is continuous, it follows
from (6.2.9)

lim (A — 2)S&, = lim S(A — )¢, = S(A — )¢

v—00 v—00
and by the continuity of (A — 1)~! that
lim S¢, = (A—2)7'S(A— )¢ .

v—00

Since S is closed, it follows & € Y and
S¢=(A-)7's(A- )¢

and, finally, (A — 1)S¢& = S (A — 1)¢. Hence (6.2.8) follows by Theorem 6.2.2 (ii).
‘(ii)’: Let S be bijective and 1 € (—o0, —u) be such that (A — 1)SD is dense
in Z. Then S=!' : (Z]||z) — (Y]]y) is continuous by the inverse map-
ping theorem.* Hence it follows by the continuity of the inclusion ty_,x that
tyoxSTHA = )7 (A — ) lyxS~! € L(Z X). Further, it follows for every
&e D that

tyoxSTTA-ND)TNA-NSE=S5T"S6=¢
=A-D)""yxSTIS(A-DE=(A— ) iyxSTHA - 1)SE .
Since (A — 1)S D is dense in Z, from this follows
yosxS THA =D = (A=) yxS ! (6.2.10)

and hence
SA-D)'o@A-1)7ls .

Therefore, (6.2.8) follows by Theorem 6.2.1. Further, (6.2.10) implies

4 See, e.g., Theorem III.11 in the first volume of [179].
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A~

A-)'=s@A-2)"'s".
Hence for every n e Z
SA-DS'A-D)'p=SA-DS7'sA-)7'sIp=1
and for every & € D(A)
A-D'SA-DSTle=SA-D7'sTIsA-)S l¢e=¢.
Hence iAt follows that A — 1 = S (A — 1)S ~'. As a consequence, it follows for every
£ € D(A) that
S7léeDA), (A-NSTe=ASTle—as e,
AS~'¢e Y and
A =SA—- DS 'e+ 216 =SAS e — A6+ A6 =SAS ¢ .
On the other hand, for every & € D(SAS ~!) it follows
S7'éeD(A) Y, ASTéeY, (A-N)S¢ey

and hence £ € D(A). Hence, finally, it follows that A = SAS !, ]

6.3 Nonexpansive Homomorphisms

Theorem 6.3.1. (Nonexpansive homomorphisms) Let (X, | |x), (Z,| |z) be K-
Banach spaces. Further, let @ : (L(X,X),+,.,0) — (L(Z,Z),+,.,0) be a strongly
sequentially continuous nonexpansive homomorphism, i.e., a homomorphism such
that for every strongly convergent sequence (A, ),en € (L(X, X))Y it follows that

s— lim ¢(A,) =@ (s— lim AV) ,
v—00 v—00

&(idx) = idz and |[@(A)|opz < [Afop,x for all A € L(X,X). Finally, let

T :[0,00) — L(X, X) be a strongly continuous semigroup with corresponding infini-

tesimal generator A : D(A) — X and let (¢, ) € [1,0) xR such that |T(¢)|x < ce*’

for all 7 € [0, 00). Then

(i) @T : [0,0) — L(Z,Z) defined by (DT)(t) := &(T(¢)) for all t € [0,00) is
a strongly continuous semigroup and such that |(@T)(t)|opz < ce*’ for all
t € [0,00). Further, in case that A is continuous, the infinitesimal generator of
that semigroup is given by @(A). Also in the remaining cases, we denote that
infinitesimal generator by @(A).

(i)

S((A - 1)) = (@(4) ~ )"

forall 2 € (—o0, —u)
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(iii)
DPA—2)=DPA) -2 (6.3.1)
for every A € C.

Proof. ‘(i)’: For all s, € [0, 00), it follows

(PT)(1+5) = D(T(t+5)) = (T ()T (s5)) = P(T(1))P(T(5))
— (®T)()(®T)(s) , (T)(0) = H(T(0)) = B(idx) = idy .

Further, for every ¢ € [0, 00), it follows

D(T (1)) = P (slim T(t)) =s—1im &(T (1)) ,

t—1) t—1

[(@T)(D)lopz = [D(T(0)opz < [T (D) ]opx < ce" .

Hence &T is a strongly continuous semigroup and the spectrum of its generator A
is contained in (—o0, —u) x R. That A = ®(A), in case that A is continuous, can
be concluded as follows. First, since A is densely-defined, continuous and closed, it
follows by the linear extension theorem’ that D(A) = X and hence that A € L(X, X).
Further, by Theorems 3.3.1, 4.1.1, it follows that T'(¢) = exp(—t.A) for all t € [0, o0).
From this, it follows by using the assumed properties of @ that

(®T)(1) = D(exp(—t.A)) = & (Vlin(}o Z % .Ak>

= li Zv: (_t)k (@(A))k _ )
= lim e = exp(—1.9(A))
k=0

for every ¢ € [0, c0) and hence that @(A) is the infinitesimal generator of @T.
‘(ii)’: By Theorem 4.1.1, it follows for A € (—o0, —u)

A-2)""'= fooo D(eM T (1)) dt

where integration is weak Lebesgue integration with respect to L(Z, Z) and

A== LOO eV T(1)dt

where integration is weak Lebesgue integration with respect to L(X, X). According
to Corollary 4.2.2, there is a sequence (A, ),en € (L(X, X)) such that

| exp(—1.A,)|opx < cet

3 See, e.g., Theorem 4 in IV, § 3 [128].
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and
s— lim exp(—t.A,) = T(t)

v—00

for all 7 € [0, 00) and
lim 4,6 = A¢

for all £ € D(A). Hence it follows for v € N by Theorem 4.1.1 that (—oo, —u) is
contained in the resolvent set of A, and that

(AV _/l)_] = J() f/lvdt

where fi, : (0,00) — L(X,X) is defined by fi,(t) := e¥.exp(—t.A,) for all
t > 0 and integration is weak Lebesgue integration with respect to L(X, X). By
Theorem 3.3.1, f,, is norm continuous and such that | £, (¢)|lopx < ce A for
all t > 0. Therefore, it follows by the norm continuity and nonexpansiveness of @
the continuity of @ o fy, and [|(® o fi,)(t)|opz < ce W+ for all ¢ > 0. Hence by
Theorem 3.2.5, there is a sequence (s, ),en of step functions with support contained
in (0, 00) and range contained in Ran(f,,) U 0y (xx) such that

nli_)rrolo Isa(2) — fav (Dl opx

for almost all > 0 and

0 0
lim J sn (1) dt — J S (t)dt =0.
n—o || Jo 0 0p.X
Hence it follows by the norm continuity of @ that
Tim | (5,(1)) = (@0 f1,) (1)o7 = 0 (63.2)
for almost all # > 0 and
0 0
lim J D (s,(1)) dt — @ <J (D) dt) =0.
n— | Jo 0 op.zZ

Further, it follows by (6.3.2), Theorem 3.2.11 and Lebesgue’s dominated conver-
gence Theorem that

lim foo D (s,(1)) dt — Jm(qﬁoﬁw)(t) dt =0
n—oo 0 0 opz
and hence, finally,
@ (L San(1) dt) =L (Do fu,)(t)dt . (6.3.3)

Further, since @ maps strongly continuous sequences in L(X, X) to strongly contin-
uous sequences in L(Z, Z), it follows that
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s— 1lim (@ o £3,)(1) = . (T (1))

v—00
for all # > 0. Further, it follows for every € € Z
Q0 o8]
<J (¢Ofv/l)(t) dl) §= J (@Ofvﬂ)([)fdt
0 0

where the integration on the right hand side of the equality is weak Lebesgue inte-
gration with respect to L(Z, K). By Theorem 3.2.11, it follows

Joo(qb o f1)(t) édt — LOO e . D(T (1)) dt

0

V4

Q0
< [ 1@or)we - et Tz
0
and since ([[(@ o £,1)(t) € — eM.D(T())&|.),en is everywhere pointwise on (0, o0)
convergent to 0, )—r and is majorized by the summable function Q¢ ~lutalt by
Lebesgue’s dominated convergence Theorem that

Q0

lim | (Do fi2)(t)édt = JOOO e .d(T (1)) dt

v—00 0
and hence - -
s— lingof (Do fi)(r)dt = f eM.@(T(1))dt . (6.3.4)
=% Jo 0

Further, it follows for every & € X

(Loofm(t)dt>§—wam(t)fdf

where the integration on the right hand side of the equality is weak Lebesgue inte-
gration with respect to L(X, K). By Theorem 3.2.11, it follows

<f 1fonlt) € — eV T (1)l x i

0

Uw fa(t) Edt — F eM.T(1)édt
0

0

X

and, since (|| f;(2) € —e™.T (t)&|x)ven is everywhere pointwise on (0, 00) convergent
t0 0(9,c0)—r as well as majorized by the summable function 2e ~lu+l? by Lebesgue’s
dominated convergence Theorem that

Q0 0

lim | fa(r)€dt = f eV T(1)édt

v—00 0 0

and hence
0 Q0
s—lim | fia(t)dt = f eM.T(t)dt .

v—00 0 0

Since @ maps strongly continuous sequences in L(X, X) to strongly continuous seq-
uences in L(Z, Z), this implies
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s— lim @ (fo Fa(t) dt) = (F eM.T(1) dt) . (6.3.5)
v—00 0 0

Finally, from (6.3.3), (6.3.4) and (6.3.5) it follows

0 0

A-1)'= f (e T(1))dt = D (J e’”T(t))dt) =o((A-2)7") .
0 0

‘(iii)’: First, obviously, for A € C by T(t) := e!.T(¢) for t € [0, o0), there is defined

a strongly continuous semigroup on X. We denote its infinitesimal generator by A .

Further, because of

el — 1

t

(g8 = 2 (T(E~8) + ¢

~ | —

for every ¢ € X and r > O, it follows that Ay = A — A. Hence by (i) @7, :
[0,00) — L(Z,Z) defined by @T (1) := ®(T,(t)) = eV.®(T(1)), for all ¢ € [0, o0),
is a strongly continuous semigroup with infinitesimal generator ®(A — A). Finally,
applying the same reasoning to @7, as has been applied to T, leads to (6.3.1). o
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Examples of Constrained Systems

This chapter gives examples of linearly constrained systems, i.e., systems of partial
differential equations describing the evolution of a physical system whose states are
required to belong to the kernel of a linear operator at every time . A standard exam-
ple are Maxwell’s equations on flat space which are considered in Chapter 7.3. In all
examples, it turns out that that linear operator ‘is’ an intertwining operator between
the system of partial differential equations describing the evolution of the system
and a system of partial differential equations describing the evolution of the con-
straints. For the motivation of the examples in Chapters 7.1, 7.2, see the beginning
of Chapter 5.3. Theorem 7.2.1 below is a new result. For examples of applications of
the results of the previous chapter in General Relativity, see [152, 181].

7.1 1-D Wave Equations with Sommerfeld Boundary Conditions

First, for motivation, we consider in a formal manner the 1 + 1 wave equation

Pu  Pu
— — = +Vu=0 7.1.1
oo 71D
on the interval I with boundary conditions
ou Ju ou  du
- — = =0, | =+ = =0
(at ax) . (aﬁm)‘

where V is some element of C(I, C).
Introduction of new dependent variables vy, v, by

_ Ou  Ju ~ Ou @

V= — — — , vy = —
ot 0x

ot ox’
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leads by (7.1.1) to the following first order system for u := *(u, vy, v;)

ou
— =—-A-u, 7.1.2
o u (7.1.2)
where
0—-1/2-1/2
A=V £ 0
2
Vv 0 %
with boundary conditions
v1(0) = va(a) =0. (7.1.3)
If in addition the constraint
ou 1
— 4+ = (v; — =0
Ox * 2 (v =v2)

is satisfied for all #, the first component of u can be seen to satisfy (7.1.1) as a conse-
quence of (7.1.2). Moreover, it follows by (7.1.2) that this constraint is ‘propagated’
in the sense that

0 [au 1

a+§(vl\12):|=0.

Theorem 7.1.1. Let a > 0, I the open interval of R defined by I := (0,a) and
V € C(I,C). We define the densely-defined linear operator Ag in X := (LA(1 ))3 by

ot

1
Ao(u,vi, 1) i= <—§ (vi +v2), v + Vu,—v; + Vu>

for all u € C(I,C) and vi, v, € C'(I,C) such that

XEI(I)1+ vi(x) = XEIL?, va(x) =0.

In addition, we define A as the trivial operator on Z := Lé(l ), i.e., Af:=0forall f e
LZ(1). Finally, we define the dense subspace Y, of X by ¥, := C'(I,C) x (C(I, 0))*,
the Z-valued linear operator S : Yo — Z in X by

So(M,V],Vz) =u' + 5 (Vl — Vz)
for all (u,vy,v;) € Y, and the subspace D of D(Ag) N Y, by

D := (C'(1,©))° A D(Ap) .

(i) Ag is closable and A := A, is the generator of a quasi-contractive strongly con-
tinuous semigroup.
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(i) S is closable,
SoAo(u,vi,v2) = ASo(u,vi,v2)

for all (u,vy,v,) € D and for all A < 0 of large enough absolute value
(Ag—A)D =Y. (7.1.4)

(iii) S := S satisfies
ST(t)>T(r)S

where T : [0,00) — L(X, X) is the strongly continuous semigroup on X gen-
erated by A and T = ([0,00) — L(Z,Z),t — idz) is the strongly continuous
semigroup on Z generated by A. In particular, ker S is left invariant by 7'() for
every t € [0,00).

Proof. ‘(i)’: First, it follows that Ay is the sum of the two linear operators A; :
D(Ayp) — X and B : X — X defined by

Ay (u,vi,v) i= (0,v{,—v3) = (0,A,v1,Av2)

for all (u,vy,v,) € D(Ag) where A,, A; are defined according to Definition 5.1.1 and
Definition 5.1.3, respectively, and

1
B(u,vi,vp) 1= <—§ (vi + ), Vu, Vu)

for all (u,vi,v2) € X. By Theorem 5.1.2, Corollary 5.1.4 and Theorem 4.2.6, it
follows that A, is closable, that its closure is the generator of a contractive strongly
continuous semigroup and that

Al =0 x A_r X Al
where 0 x A, x A; : LZ(I) x D(A,) x D(A;) — X is defined by
0 x Ar X A[ (M,V[, Vz) = (O,Ar\/],AﬂQ)

for all (u,vy,v2) € L%(I) x D(A,) x D(A,). Further, it follows because of

1
|B,v1,v2)[[* = 7 v +v2ll3 + 2] Vul3

N

(Ivall3 + Ivall3 + 2[valla [v2ll2) + 2 [VIG [l

N

N
= B

(Vi3 + Iv2l2) + 2 VIS llul3

1
20V + 3) lanoa)
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for every (u,vi,v,) € X, that B € L(X, X) and

1/2
1B < —= (1+4]V[2)" .

Sl-

Hence it follows by Theorems 4.4.3, 3.1.3 (vi) that A is closable and that
A=A4,=0xA, xA;+B

is the generator of a quasi-contractive strongly continuous semigroup T : [0,0) —
L(X, X) such that

IT(0)] < e (+41VIE) P/ v2
for all 7 € [0, o).
‘(ii)’: Obviously, S is densely-defined and hence S is closable. Also

1
SoAo(u, vi,v2) = So (—5 (vi +v2),v] + Vu,—v5 + Vu)

1 1 N
=W +v)+= (W +Vu+v,—Vu)=0=ASo(u,vi,v
1tV I 2

2 2 (
for all (u,vy,v2) € D. In the following, let 1 < 0, (f,g1,€2) € X and (u,vy,v2) €
LZ(I) x D(A,) x D(A;) such that

1 _ _
(A=) (u,v, 1) = <—§ (vi +wv2) — A, Apvy + Vu— v, Ay + Vu — /lvz>

= (f.81.82) - (7.1.5)

(7.1.5) is equivalent to the system of equations

1
u:—ﬁ(V1+V2+2f)

_ _ 1 1
(A, x A=A+ B') (vi,v) = (gl +/—1Vf,g2+jlvf>
where

\% \%
B/(Wl,W2) = (-5 (Wl + Wz),_ﬁ (Wl +W2))

for all wi,w, € L(ZC(I). Because of

VI

2
|/1|2 H

[B"(wiwa)|* <

“[[(wi, wa)

for all wy,wy € LZ(1), it follows that B” € L(LZ (1) x LL(1), LE(I) x L&(I)) and
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In addition,
_ Vi

HB’ (A, x A — 4)—1H

Hence it follows for 1 < —|V|}/ the bijectivity of A, x A, — 1 + B’ and for
(f,g1,82) € Yy by the proofs of Theorem 5.1.2, Corollary 5.1.4 the existence of
(u,v1,v2) € D such that

(Ao — ) (u,vi,m) = (f.81.82) -

and therefore finally (7.1.4).
‘(iii)’: The statement is an immediate consequence of parts (i), (ii) along with
Theorem 6.2.2 (i). m]

7.2 1-D Wave Equations with Engquist-Majda Boundary
Conditions

The next example considers again the wave equation (7.1.1), but with Engquist-
Majda boundary conditions [58]

o 0\’ o 0\’
<5—5>M'0=0,(E+a)u‘=0

where V is some element of C!(7,C). The first part of the discussion proceeds in
formal manner. Introduction of new dependent variables vy, v,, v3, v4 by

_(2_20 _ (2, 9

N P Y A PR M
_(2_2Y _ (2.9 ’
[ N G P N

leads by (5.4.10) to the following first order system for u := ’(u, v, v, v3, v4)

ou
= = A (7.2.1)

where
0 —-1/2-1/2 0 0
V2 0 0 —1/2 0

A=|V2 0 0 0 -1)2
-v-v 0 £ o0
vio Vv o0 -£

with boundary conditions
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If in addition the constraints

ou 1 ov
C] ::a‘FE(Vl_VZ):O’ C2::Vu—|—2(9—xl—|—\/3:0
0
C3 ::Vu—2£+v4:0
ox

are satisfied for all 7, the first component of u can be seen to satisfy (5.4.10) as
a consequence of (7.2.1). Moreover, it follows by (7.2.1) that these constraints are
‘propagated’, in the sense that

oc, 1 0C, oc

_ 2 _ o2 o3
ot _4(C2 ) ot Ve, ot Ve

Theorem 7.2.1. Let a > 0, I the open interval of R defined by I := (0,a) and

V e C!(I,C). We define the densely-defined linear operator Ag in X := (Lé(l))5 by
1 1 %4 1
Ao(u,v1,v2,V3,4) = (—5 (vi +w2), FUT F VU S Vs

—V'u+ Vv +vy,V'iu+ Vv, — vi)

for all u, vy, v, € C(I,C) and v3,v4 € C'(I, C) satisfying

lim v3(x) = lim wy(x) =0.

x—0+

In addition, we define A : Z — Z, where Z := (L(1))*, by

A(ﬁ’f25f3) = <_%f2 + %fi’vfla_vfl>

for all fi, o, f3 € Lé([). Finally, we define the dense subspace Y, of X by Yy :=
(c'({, C))3 x (C(I,C))?, the Z-valued linear operator S¢ : Yo — Z in X by

1
So(u, vi,v2,v3,v4) 1= (u’ + 3 (vi = v2), Vu+2v{ + v3, Vu — 2vy + V4>

for all (u, vy, v2,v3,v4) € Yo and the subspace D of D(Ag) N Yy by
D:= (C'(I,C))’ ~ D(Ap) .

(i) Ag is closable and A := A is the generator of a quasi-contractive strongly con-
tinuous semigroup.

(i) AeL(Z2Z).

(>iii) S is closable,

SoAo(u, vi,v2,v3,v4) = ASo(u, vi,v2, V3, v4)
for all (u,vy,v;) € D and for all 2 < 0 of large enough absolute value

(Ag— D =Y, . (7.2.2)
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(iv) S := S satisfies
ST(t) > T(r)S

where T : [0,00 — L(X,X) is the strongly continuous semigroup on X gen-
erated by A and 7' : [0,00) — Z is the strongly continuous semigroup on Z
generated by A. In particular, ker S is left invariant by T'(¢) for every ¢ € [0, ).

Proof. “(i)’: First, it follows that Ag is the sum of the two linear operators A; :
D(Ayp) — X and B : X — X defined by

A] (u’ Vi,V2,V3, V4) = (Oa 05 0’ Vf;, _VL() = (07 0, O,ArV3,A1V4)

for all (u,vi,v2,v3,va) € D(Ag) where A,, A; are defined according to Defini-
tion 5.1.1 and Definition 5.1.3, respectively, and

v 1 v 1 )
B(u,vi,v2,v3,v4) 1 = *E(V]+V2),5M*5V3,5M7§V4,7V u

+Vv,Viu+ Vv, )

for all (u, vy, v2,v3,v4) € X. By Theorem 5.1.2, Corollary 5.1.4 and Theorem 4.2.6,
it follows that A, is closable, that its closure is the generator of a contractive strongly
continuous semigroup and that

Al =0x0x0xA, xA
where 0 x 0 x 0 x A, x A; : (Lé(l))3 x D(A,) x D(A;) — X is defined by
0x0x0xA, xA; (u,vi,v2,3,v4) := (0,0,0,A,v1,Ap,)
for all (u, vy, va,v3,V4) € (Lé(]))3 x D(A,) x D(A)). Further, it follows, because of
1B vi, v, v )P = 3 (Il Vi vl Vi = )
+ IV u— V|3 + [V u+ V3
< % G vi,va,vava) 5 + [Vals + 4|V ull + 2 [Vn3
F21vae (20VE +41VE + 5) ool
for every (u, vy, v2,v3,v4) € X, that B € L(X, X) and
I8 < —5 (1+ 4V +8IVIE)
Hence it follows by Theorems 4.4.3, 3.1.3 (vi) that A is closable and that

A=A, =0x0x0xA, xA;+B
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is the generator of a quasi-contractive strongly continuous semigroup T : [0, 0) —
L(X, X) such that

IT()] < e (+IVE+EIVIE) "y V2

for all 7 € [0, o0).
‘(ii)’: It follows

(IA1* +1502)

oo | —

N 1
[ACf oo F)IP = 1 1 = I + 2 VAP <

1
P2V LA < (2IVE + g ) 10 o AP

for all f, f», f € LZ(I) and hence that A € L(Z, Z) as well as

" 1 1/2
|A] < W (1+16] V%) " -

‘(iii)’: Obviously, S;‘ is densely-defined and hence S is closable. Also

1 1 \% 1
SoAo(u,vi,va,v3,v4) = 8o (—— (vi+w),zu—=v3, —u—

2 yU TR T

—V'u+ Vv +vi,Viu+ Vv, — v, )

Loy e (Yl Y,
=—=0O+v —=u—=v3—=u+-v ),
PR T N T T T R
\% ’ , /
75(v1+vz)+(Vus3) —Vu+ Vv +v;,
\%
2

vi+w)— (Vu—vy) + Vu+ Vv, — v}
4
1 1 \%
- <§ (v +vy) + 7 (va —v3), > (vi — ) + Vu',
%
5 (vi —w) — Vu')
N ! l ! !
—A(u +§(v1—vz),Vu+2v] +V3,VM—2V2+V4>
= ASo(u,vi,v2,v3,v4)

for all (u, vy, v2,v3,v4) € D. In the following, let 1 < —(||V]%/2)"2, (f. g1, &2, &3,
g4) € X and (u, vy, va,v3,v4) € (Lé(l))3 x D(A,) x D(A)) such that
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(A — ) (u,v1,v2,v3,v4) (7.2.3)
1 \%4 1 \% 1
= <—§(v1 +v2) —/lu,iu— EV3—/1V1,EM— §V4—/1V2,
~V'u+ Vv + (A, — D) v3, V'iu+ Vv + (A — ) vy ) (7.2.4)

= (f.81,82,83,84) -

(7.2.3) is equivalent to the system of equations

1 1
e — —-21 -
u 2/12+V[g1+g2 f+2(V3+V4)]

1 v % 1
vz_zﬂ+v{ﬁ[<g‘+ﬁf)+§v3]

1

2

where
B'( ) V2421V + 422V N v —22V’
wi,wa) i= | — w wa,
e neerv) T aeerv)
V2422V’ . V2 =2V’ + 4%V
2022 +v) ! ar+v) 7

for all wy, w; € L2(1) and

/

=g+~ Y
1 83+2/12+V(g1+32 f)
14 % 14 14 %
_ —(2a+ = - - -
uuv{ ( +21) gl+24f>+u<g”mf)}
/
hy i= g4 (81 + & —24f)

S22+ V
\% \% 1% \% \%
_—2A2+v{ﬁ<gl+ﬁf)_(2“ﬁ) <g2+ﬁf>} :

Obviously, it follows that B’ € L(Lé([) X Lé(l),Lé(I) x Lé(])) and the existence of
Ao < —(|V||s/2)'/2, € = 0 such that
C

1Bl <
2
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for all A < Ay. For such 4, it also follows

C

B (4, A—/l_ng—
B (A, x A - ) e

and hence the bijectivity of A, x A; — A + B’ for 1 < 0 of large enough absolute
value. In particular, it follows for such A and (f, g1, 82, 83, 84) € Yo by the proofs of
Theorem 5.1.2, Corollary 5.1.4 the existence of (u,vy,v2,V3,v4) € D such that

(AO - /l)(u’ Vl9v27v3’v4) = (f’gl’g27g3’g4) *

and therefore finally (7.2.2).
‘(iv)’: The statement is an immediate consequence of parts (i)—(iii) along with
Theorem 6.2.2 (i). O

7.3 Maxwell’s Equations in Flat Space

The final example considers Maxwell’s equations for the electromagnetic field E, B
in Minkowski space and inertial coordinates ¢, x, y, z:
E 0B
aT=CV><B, 0—=—CV><E
ot ot
V-E=V-B=0

where ¢ denotes the speed of light. The evolution equations form a symmetric hyper-
bolic system

ou ! ;
i —c. (Fus — Pug, 0"ug — Cuy, uy — us,
6yu3 — (?Zuz, (9Zu1 — (?xu3, &Wuz — 0"u1)

_ . Ou y ou . Ou
o G- R Ry

where u := '(Ey, E,, E3, By, By, B3), the dot denotes matrix multiplication and

000000 00000 —1
00000 1 00000 0
000 0-10 , 000100
X . Yy ._
A=clooo0000|°4 T 001000 |°
00-10 0 0 00000 0
010000 10000 0
000010
000-100
000000
Z . __
A=c 0100 00
100000
000000
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For the analysis of Maxwell’s equations, we define for every n € N* and every

multi-index a € N” the densely-defined linear operator 0¢ in Lé (R™") by

0 = (_1)\(1\ (C()OO(R",C) N Lé(R”),f,_) (}af)

a x@
where

n
la| := Z @ .
=1

Moreover, define as usual for any k € N

WER" =[] D(@").

aeN", |o| <k
Equipped with the scalar product
(ot (WERM)? > C

defined by
o= Y, (0°flo"g),

aeN" |a|<k

forall f,g € WE(R"), WE(R™) is a Hilbert space. In particular, we denote by || ||« the
norm on W (R") which is induced by (, ),.

Theorem 7.3.1. We define the densely-defined linear operator Ay : (W(':(ll@))6 - X
inX:= (Lé(R3))6 by

6
(Aou); := Zl (A% 0%y + A%, s + A7 )
=

ie{l,...,6},forallue (Wé(R3))6. In addition, we define A as the trivial operator
onZz:= (Lé (R3))2, ie., Af := O for all f € Z. Finally, we define the dense subspace
Yoof X by Yy := (Wé(R3))6, the Z-valued linear operator S : Yo — Z in X by

Sou = (u; + Puy + 0Cuz, 0% ugy + us + Fug)
for all u € Y and the subspace D of D(Ag) N Yy by
D= (WA(RY))° .

(1) Ay is closable and its closure A is skew-symmetric (:< —iA is self-adjoint) and
hence the infinitesimal generator of a unitary one-parameter group.
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(ii) Define for every A € C* the bounded linear operator B; : (Wé(ﬂ@))6 — X by

' A
B := <% 0% (0" uy + Pup + Fuz) + Pug — Fus — —uy
c

[
2

, A
(0"uy + Puy + Fuz) + Fug — ug — — uy,
c

&l

, ' A

0 (6"141 + Puy + 8Zu3) + 8)‘145 — Pug — — us,
C
, A

0‘(0*:44 + Pus + (7Zu6) + Fur — Puz — — ug,
C

' A
é’>’(8"u4 + Pus + (3Zu6) + 0" uz — Fup — Z Us,

POl Y NN S I ) o

F(0ug + @us + Oug) + Puy — Fuy — §u6>

forallu € (Wé(R3))6. Then (using obvious notation)

6
1

(A—@4uzzao<pA+mﬁﬂ”u (7.3.1)

i=1
for all u € X and 1 € C\iR where A : WA(R?) — LZ(R?) is defined by Af :=

(0°0% + ¥ + 0°0%) f for all f € WZ(R?).
(iii) Sy is closable,
S()A()u = AS()M

for all u € D and for all 1 € C\iR
(Ag— D=7, . (1.32)

(iv) S := 8 satisfies
ST(t) > T(1)S
where T = ([0,00) — Z,t — idy) is the strongly continuous semigroup on Z
generated by A. In particular, ker S is left invariant by T'(¢) for every 7 € [0, ).

Proof. Part (i) is a consequence of Corollary 5.5.3.
‘(i1)’: First, it follows for every A € C\iR after some calculation that

(Ag —A)Bau=c

[—a + (1/c)u

6
=1

for every u e (W2 (R3))6 and hence that

6
(Ao — 1) éBA S [=a+ (/)] u = u

i=1
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forall u e (W] (R3))6. Therefore, since (W} (]1%3))6 is dense in X and

%Bﬂ >6< [-a+ (1)) ' e L(X.X) ,

i=1

finally, it follows (7.3.1).
‘(iii)’: First, we notice that S defines a continuous linear operator from (W(Clj (R3),

Il111)° to X. In addition, it follows

{fi, R)ISouy = {fildur + Pup + Fusy, + (|0 us + Pus + ue),
= — {(frws fiys frzs Prs frys f.2) [)

forall u € Yy and fi, o € Cf° (R3,C). Hence S ¥ is densely-defined and therefore S
is closable. Further, it follows

SoAou = (0,0) = ASgu
for all u € D. Finally, it follows by (ii) that
(A-A0)"'Yoc D

and hence (7.3.2) for all 2 € C\iR.
‘(iv)’: The statement is an immediate consequence of parts (i), (iii) along with
Theorem 6.2.2 (i). O
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Kernels, Chains, and Evolution Operators

This chapter lays the foundation for the treatment of non-autonomous linear equa-
tions of the form

u'(t) = —A(t)u(t) (8.0.1)

where ¢ is from some non-empty open subinterval I of R. Here ’ denotes the ordinary
derivative of functions with values in a Banach space X, (A(f))es is a family of
infinitesimal generators of strongly continuous semigroups on X and u : I — X is
such that u(z) is contained in the domain of A(¢) for every ¢ € I. Such equations
are called ‘linear evolution equations’. There is a large literature on such systems.
For instance, see [42, 46, 50,57, 60,90, 104, 107,108, 111, 118, 120, 121, 127, 148,
149,151,160, 168,199,203,204,208,210,219,220]. Since in general explicitly time-
dependent, the solutions of a linear evolution equation corresponding to the same
data given at different initial times are in general not related by a time translation. As
a consequence, the concept of a semigroup is replaced by the concept of a ‘chain’
which includes two time parameters. Chains are considered in Chapter §.2. In physics
they are usually referred to as ‘propagators’. The convolution calculus developed in
Chapter 8.1 is used in the treatment of perturbations of chains.

The method used for solving linear evolution equations in Chapter 9 is analogous
to Euler’s method in the theory of ordinary differential equations. For this, it is neces-
sary to join chains which is considered in Chapters 8.3, 8.4. In addition, the domains
of the operators A(#) should not ‘vary too strongly’ with 7. This is made precise in
the notion of ‘stable families of generators’ which is considered in Chapter 8.6. For
an extension of Kato’s stability condition, see [159]. See also [59, 103,153, 165].

Evolution operators are considered in Chapter 8.5. These are special chains
whose definition involves two Banach spaces. They are defined in view of Chapter 9.
There it will be proved the well-posedness of the initial value problem for linear evo-
lution equations under certain assumptions. The result will be strong enough to allow
for variable domains of the operators occurring in the equations and at the same time
suitable to conclude the well-posedness (local in time) of the initial value problem
for quasi-linear evolution equations in Chapter 11 by iteration.
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8.1 A Convolution Calculus with Operator-Valued Kernels

Lemma 8.1.1. LetK € {R,C}, (X, | |) a K-Banach space.

(i) In addition, let (Y, | ||y) be a K-Banach space, K a non-empty compact subset
of some normed vector space and I some non-empty closed interval of R. We
denote by C (K, L(X,Y)), PC«(I, L(X,Y)) the vector spaces of strongly con-
tinuous and piecewise strongly continuous, respectively, functions on K and /,
respectively, with values in L(X, Y). Then by

|Uloo := sup{[U(x)]op : x € K}

there is defined a norm on Cy (K, L(X,Y)). Further, (C4(K,L(X,Y)), | |s) is @
complex Banach space.

(ii) In addition, let n € N*, §1,5,,55 be non-empty subsets of R", f; : §; —
L(X,X), f» : S2 — L(X,X) strongly continuous and f5 : S3 — X continuous.
Then fi /2 := (S1 nS2 — L(X,X),x — fi(x) o fa(x)) is strongly continuous
and fif5 ;= (S1 n S3 — X, x— fi(x)f3(x)) is continuous.

(iii) In addition, let a,b € R be such that a < b, I := [a, b],

Al :={(t,s)eR*:a < s<t<b},

UV,WeCy(a(l),L(X,X)) and B,C € PC(I,L(X, X)).
a) Then by

!
[UBV](t,r) := J U(t,s)B(s)V(s,r)ds
for every (1,r) € A(I) , there is defined an element [UBV] of C.(A(1),
L(X,X)). Here integration is weak Lebesgue integration with respect to
L(X,K). In particular,

[[UBV]]ooc < (b —a) 1Bl [Ullo [V (8.1.1)

where ||Bl|o := sup{||B(x)|op : x € I}.

b) [[UBV]CW] = [UB[VCW]].

c) The sequence (V,)yen € (Cx(a(1), L(X, X)))Y, recursively defined by Vj :=
U and V,,, := [UBV,] = [V, BU] for every v € N, is absolutely summable
in (Cx(a(I), L(X, X)), ||o0)- We define:

volt(U, B) := Z V.
veN

In particular, volt(U, B) is the uniquely determined solution of the equation
U + [UBW] = Win Cy(A(I),L(X,X)) and also the uniquely determined
solution of the equation U + [WBU] = W in Cy(a(I), L(X, X)).

d) volt(volt(U, B),C) = volt(U, B + C).
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Proof. ‘(i)’: First, it follows for every U € Cy(K,L(X,Y)) and ¢ € X that U¢ :=
(K — Y,x — U(x)&) is continuous and hence by the compactness of K that Ran U¢
is bounded. Therefore, it follows by the principle of uniform boundedness! that
Ran U is bounded, too. Hence |U| := sup{||U(x)|op : x € K} exists and is > 0.
Further, [0k, (xx)lew = 0 and if U € C4(K,L(X,Y)) is such that Ul = 0, it
follows that U = Ox_,1(xx). For U € C4(K,L(X,Y)) and A € C, it follows that

{I(U)(X)lop - x € K} = [A{[U(x)]op : x € K}

and hence ||A.U| s = || - |U||s- Finally, it follows for U,V € Cy (K, L(X,Y)) and
every x € K that (U + V)(x)|op < |U(x)]op + ||V (x)]op and hence that

[(U+V)(®lop < [Ulloo + [Vi]eo

which implies that |[U + V| < |U|w + |V]w- Note that for every U € Cy(K,
L(X,Y)), it follows because of Ul = [|U(x)]op that

|Uglmax = max{|U(x)¢]ly : x € K} < [Ulleo - €] (8.1.2)

for all £ € X. Further, let (U, ),en be a Cauchy sequence in (Cy (K, L(X, Y)), | |loo)-
Since |Ullo = |U(x)]op and (L(X,Y), ||op) is complete, note that for this to be true
only the completeness (¥, ||y) is needed, it follows for every x € K that (U, (x))yen
is uniformly convergent to some U(x) € L(X,Y). Note that this implies also that
(U, (x)€)yen is convergent to U(x)¢& for every & € X. Further, the map U := (X —
Y, x — U(x)) is strongly continuous. To prove this, we notice that, as a consequence
of (8.1.2), (U,&),en is also a Cauchy sequence in (C(K,Y), ||max) and hence, as a
consequence of the completeness of this space, convergent to some Fy € C(K,Y).
Because of
[UM(x)€ = Fe(x)ly < | U — Fello

for all x € K, it follows that U¢ = F; € C(K,Y) for all £ € X and hence that
U € C«(K,L(X,Y)). Finally, let £ > 0 and vy such that [|U, — U,|| < &/2 for
i, v = vo. Then for x € K, there is o > v such that |U,, (x) — U(x)|lop < &/2.
Hence it follows for v € N such that v > v,

[Uy(x) = U(x)]lop < |Uv(x) = Uy (x)][0p + Uy () = U(x) ] 0p
S [Uy = Ugglloo + Uy (x) = U(¥)op < &

and hence also |U, — Ul|s, < &. Hence it follows also that
lim |U, — Ul = 0.
v—00

‘(ii)’: For this, let x € S1 N S and (x,),en be a sequence of elements of S| N S,
converging to x. Then

! See, e.g, Theorem II1.9 in the first volume of [179].
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[(fif2) ()€ = (fifa) D)E] = [ (w)fa(w)é = fi(x) (0)¢]
= [ /i) (2(50)€ = £2(x)8) + fi (%) 2(x)€ = fi(x) fa(X)é]|
< Ao [£(0)é = L(0&] + [1fi(x) f2(0)E = i) L(0)E]

for every £ € X. Since s—1lim, o, f1(x,) = fi(x), it follows that (]| fi (x,)7])ven is
bounded for every 17 € X. Hence it follows by the principle of uniform boundedness>
the existence of some C > 0 such that | f;(x,)|op < C for all v € N. Hence

[(fif2)(x)é = (fif2) (0)é] < C | fa(x)é — fa(x)E]l
+ [ fi () 2(x)€ = fi(x) fa(x)é]

and lim,_ o |[(f1/2)(x,)é — (fi./2)(x)&|| = 0. Further, if x € S1 n S5 and (x, ),en is @
sequence of elements of S; N §3 converging to x, then

1(A5) () = (LB D = /i) () = A0 A
= [A)(BO) = () + filx) (%) = filx)A(6)]
< [AiGe)lop 1/3(e) = )] + 1A ) S x) = fi(x)A(3)]
< ClAMx) = ]+ [1AE)AK) = AXAGK]

where C > 0 is such that || i (x,)]|op < C for all v € N, and hence
lim [[(f15)(x)é = (fifs) ()] =0

‘(iii)a)’: Let (#,r) € A(I). Then it follows by (ii) that G, := U(t,-)BV(-,r) is an
element of PCy ([r,t], L(X, X)) which is uniformly bounded by

C:= Bl U] [Vl -

Hence by Theorem 3.2.11, G(,,), where G,y : R — L(X,X) is defined by
GA(,,,)(S) = G (s) if s € (r,t) and by G(w)(s) := Or(x.x) otherwise, is weakly
Lebesgue summable with respect to L(X, K). Further, for (z,r) € aA(I), ((¢,,7))ven €
A(D" such that lim,_,o (t,,1,) = (1,r) and & € X, it follows that by (G é —
G(,,,)f)veN, there is given a sequence of bounded, almost everywhere continuous
functions whose norm is majorized by 2C| €| .x(I) where x(I) denotes the character-
istic function of 1. Hence by Theorem 3.2.5

I[UBV(ty, )& = [UBV](1,r)é| < JR 16 (11)€ = G il dv!

for every v € N. Further, (|G, & — G(.)€])ven is almost everywhere pointwise
convergent to Og_,g and majorized by the summable function 2C||¢||.x(1). Hence it
follows by Lebesgue’s dominated convergence Theorem that

lim [[UBV](#, )& = [UBV](1,r)é] = 0.

2 See, e.g, Theorem IIL.9 in the first volume of [179].
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Finally, it follows by Theorem 3.2.5
!
[[UBV](s,r)él < J |U(,)BV(-,r)élds < C(b—a)|é&] -

‘(iii)b)’: Let (t,r) € A(l), &n € X and pr; := (R* — R,(s,s') — s) and
pr, ;= (R — R,(s,s’) — s’). Then it follows by (ii) and the principle of uni-
form boundedness® that (U(t,-) o pr,)(B o pr;)V(C o pr,)(W(-,r) o pr,) is a norm
bounded, almost everywhere strongly continuous function on A([r, ¢]). Hence it fol-
lows by the compactness of A([r,t]) and Theorem 3.2.11 the weak integrability of
this function with respect to L(X, K). Further, it follows by (iii)a), the Theorem of
Fubini and the change of variable formula that

[UB[VCWI](z, r)é =J U u(t, S)B(S)V(s,s’)C(s’)W(s’,r)é:dsl] s
- J o U 9)BV (s, 5O YW (s g dsds’
B J< <s'<t U(t’S/)B(S/)V(S/’S)C(S)W(S, I‘)fdsds’

- [[][ wesnmenvissicewis.neas'| s

r

1
= .[ [UBV](t,s)C(s)W(s,r)éds = [[UBV|CW](t,r)& .
‘(iii)c)’: First, using (iii)b), it follows by induction that V,,; = [V, BU] for every
v € N because V| = [UBVy]| = [UBU] = [V,BU] and if V, | = [V, BU] for some
v € N, then V, 1, = [UBV,;] = [UB[V,BU]] = [[UBV,]BU] = [V,.1BU]. For
B = 0, it follows that e #®"1—P2) U € C, (A, L(X, X)) and hence

Ut 1) op < MePU—D (8.1.3)

for all (¢,7) € A(I) where M := e #(P"1=P2) U] .. Further, if K > 0 is such that

|B(1)|op < K forall 1 € I, it follows by induction that

(MK(t—r))”
v!

for all (#,7) € A(I). For v = 0 inequality (8.1.4) coincides with (8.1.3). If (8.1.4) is
true for some v € N, then it follows by Theorem 3.2.5 for (¢,7) € A(I) and £ € X:

IV (t,7)]op < MePU=") . (8.1.4)

Vi (2, r)é] < JI |U (2, 5)B(s)Vy (s, )& ds

., (MK)erl t ,
< MeP >-T-nfuj<r—s> ds

(MK(t —r))"*!

= MeBU—7) . .
¢ v+ 1)!

€]

3 See, e.g, Theorem IIL.9 in the first volume of [179].
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and hence also (8.1.4) where v is replaced by v + 1. Hence it follows for every i € N:

H H MK(b — v
Z IV, < MeBl—a) Z % < MeBTME)(b—a) (8.1.5)
v=0 v=0 '

Further, it follows by (iii)a) that [UB -] and [- BU| define bounded linear operators
on (Cyx(A(I), L(X, X)), | |lc0)- Hence it follows from

H H H utl
UBY V,| =D [UBV,)| = > Vopy = D, V= U
v=0 v=0 v=0 y=0

pu+1

(i Vv> BU] = i [V,BU] = i Vi = Y\ V= U
v=0 v=0 v=0

v=0 =

for every p € N that
U + [UBvolt(U, B)] = volt(U,B) and U + [volt(U, B)BU]| = volt(U, B) .

Finally, let W € C(a(I), L(X, X)) be a fixed point of [UB-] ([-BU]). Then we define
the sequence (W, ),en € (Cx (A, L(X, X)))™ recursively by Wy := W and W, :=
[UBW,] ([W,BU]) for every v € N. Then it follows inductively that W, = W and

(MK(t —s))”

HWV(ta S)HOp < M/eﬁ(tfs) . v!

for all (,s) € A(I), v e N where M’ := ||e #(Pr1=P22) W|| .. This implies

5 (MK(b - a))”
(4 1) |[W,p < M eBO=a) . Z M

v=0
< M'e (B+MK)(b—a)

y!

for every u € N and hence W(z,r) = O, (xx) for all (z,7) € A(I).
‘(iii)d)’: Let V := volt(U, B) and W := volt(V,C). Hence according to (iii)c), the
following equations hold

U+ [UBV]=V,V+[VCW]=W.
From this follows by (iii)b)
[UB+ C)W] =[UBW] + [UCW]
= [UB(V + [VCW])] + [(V — [UBV])CW]
= [UBV] + [UB[VCW]] + [VCW] — [[UBV]CW]
=V-U+W-V=W-U

and hence it follows by (iii)c) that W = volt(U, B + C). O
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Lemma 8.1.2. (Distance of Volterra kernels) Let K € {R,C}, (X, || |) a K-Banach
space, a,b € Rsuch thata < b, I := [a,b], U,U € C4(A(I),L(X,X)) and B, B €
PC4 (I, L(X,X)). Then

(i) id — [UB-], where ‘id’ denotes the identity operator on Cy (A (1), L(X, X)), de-
fines a bijective bounded linear operator on Cy (A (1), L(X, X)). In particular,

| (id — [UB-]) ™" [op < eVl lBlec(b=a) (8.1.6)
and
(= [UBDTV) (1) €] < My Vel elte 100 8.1.7)

for every V € Cy(a(I),L(X, X)), (t,r) € A(I) and £ € X where u € R,c = 0
are such that |U(t,7)|lop < ce#"™") forall (t,r) € a(I), M, := 1,0~ for
1= 0and y < 0, respectively, and V¢ := (a(l) — X, (t,r) — V(t,1)€).

(ii) Forevery V e Cy(a(I),L(X, X))

(id— [UB-])™'V = V + [volt(U, B)BV] . (8.1.8)
(iii) The following identity holds

volt(T, B) — volt(U,B) = (id — [UB-]) "' {U - U
+ [(U — U)Bvolt(U, B)] + [U(B — B) volt(U, B)]} . (8.1.9)

Proof. “(i)’: By Lemma 8.1.1 (iii)a) and c) (compare also the proof of (iii)c)),
it follows that id — [UB-] defines an injective bounded linear operator on
Ci(a(l),L(X, X)). Let V € Cy(a(I),L(X,X)). Then we define the sequence
(W,)yen € (Cu(a(I),L(X, X)) recursively by Wy := V and W, := [UBW,]
for every v € N. Then it follows by induction that

(MK(t—r))”

1eBlI=T)
IWi(t.r)lop < M'e w

(8.1.10)

for all (t,r) € a(I) where 8 = 0, M := e #(Pr1=P) /||, which implies that
Ut 1) op < MeP—D 8.1.11)

for all (t,r) € A(I), K > 0 is such that |B(f)|lop < K forallz € [ and M’ :=
He‘ﬁ(Prl_Prz).VHoo. For v = 0, inequality (8.1.10) is trivially satisfied. If (8.1.10) is
true for some v € N, it follows by Theorem 3.2.5 for (#,7) € A(I) and £ € X:

mmﬂawxusfnummenmuwxmm

_, (MK v+1 t ,
<M’ V—f )l f (t—s)"ds

) (MK(t =)+

= M) el
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and hence also (8.1.10) where v is replaced by v + 1. Hence it follows for every
ueN:

(MK(b—a))’

y!

u u
DUIWy oo < M'ePEm )"
y=0 v=0

< M/e(ﬁ+MK)(b—u) < e(2ﬁ+MK)(b—a) . HVHOO

and therefore the absolutely summability of the sequence (W,),en in (Cx(a(1),
L(X,X)), |||lec) and

[ee]

Sw

v=0

< e(2ﬁ+MK)(b7a) . ”V”oo )

0]
In addition, it follows

p+1

u u H
lUB ( W)] = [UBW,] = > W1 = Y\ W, =V
v=0 v=0 v=0 y=0

for every ¢ € N and hence

0

(id—[UB]) YW, =V
v=0

and the bijectivity of id — [UB -] and by choosing 8 = 0 the validness of (8.1.6).

Analogously to (8.1.10), it follows for every ¢ € X that

(cK(@t—r))
v!

for all (t,r) € A(I) where M; := [(a(I) — X, (t,r) — e H0=1) V(t,7)€)| 0 and

p € R,e > 0 are such that |U(t,r)|op < ce*U=") for all (t,r) € A(I). Hence it
follows for every (¢,r) € A(I) that

[Wi(t, r)é| < Mfett=" . (8.1.12)

(-t Vend = (S wien)d = S wecod
v=0 v=0
< 3 |W,(t,r)é| < MfetTeRt=r)
y=0

and hence, finally, (8.1.7).
‘(ii)’: By Lemma 8.1.1 (iii) b), ¢), it follows for every V € Cy(a(I), L(X, X)) that
(id — [UB"]) (V + [volt(U, B)BV])
— V — [UBV] + [volt(U, B)BV] — [UB [volt(U, B)BV]]
=V — [UBV] + [volt(U, B)BV] — [ [UB volt(U, B)|BV]
— V — [UBV] + [volt(U, B)BV] — [(volt(U, B) — U)BV] = V

and hence (8.1.8).
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‘(iii)’: By Lemma 8.1.1 (iii)c), it follows

[(U— U)Bvolt(U,B)| + [U(B — B) volt(U, B)]
= [UBvolt(U, B)] — [UBvolt(U, B)| + [UBvolt(U, B)] — [UBvolt(U, B)]
= [UBvolt(U, B)] — [UBvolt(U, B)] = [UBvolt(U, B)] + U — volt(U, B)
= [UB (volt(U, B) — volt(U, B))] + [UBvolt(U, B)] + U — volt(U, B)
= [UB (volt(U, B) — volt(U, B))] + volt(U, B) — U + U — volt(U, B) .

Hence it follows

(id — [UB-]) (volt(U, B) — volt(U, B))
=U—-U+[(U-U)Bvolt(U,B)] + [U(B — B) volt(U, B)]

and, finally, by (i) (8.1.9). O

Lemma 8.1.3. (Approximation of Volterra kernels) Let K € {R,C}, (X,| |) a
K-Banach space, a,b € R such that a < b, I := [a,b], U € Cy(A(I), L(X,X)),
B € PCy(I,L(X,X)), (Uy)yer € (C(a(D), L(X, X)), (B,)yenn € (PCy(I,L(X
X)) be bounded sequences and such that

s— lim U,(t,r) = U(t,r)

v—00

for all (z,r) € A(I) and
s— lim B,(s) = B(s)

v—00

for almost all s € 1. Then

s— lino]O volt(U,, B,)(t,r) = volt(U, B)(t,r) (8.1.13)

for all (¢,r) € A().

Proof. For this, let ¢, K > 0 be such that |Uls < ¢, |Blo < K and |U, | < ¢,

|By|w < K for all v € N. Then it follows by Lemma 8.1.1 (8.1.5) where 8 = 0 that
[volt(Uy, B) | < c €K~ | |volt(U, B)|o, < ceKE=a)

By Lemma 8.1.2 (ii), (iii), it follows for every v € N

volt(U,, B,) — volt(U, B)

= (id - [U,B, )" {U, — U + [(U, — U)Bvolt(U, B)]
+[U, (B, — B) volt(U, B)]}

= U, — U+ [(U, — U)Bvolt(U, B)] + [U,(B, — B) volt(U, B)]
+ [volt(U,, B,)B, {U, — U + [(U, — U)Bvolt(U, B)]
+[U, (B, — B) volt(U, B)]}]
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=U,—U+|[(U,—U)Bvolt(U,B)] + [U,(B, — B) volt(U, B)]
+ [volt(U,, B,)B,(U, — U)] + [volt(U,, B,)B,[(U, — U)Bvolt(U, B)]]
+ [volt(U,, B,)B,[U,(B, — B) volt(U, B)]] .
Hence, obviously, it follows by the proof of Lemma 8.1.2 (iii)b), Theorem 3.2.5

and Lebesgue’s dominated convergence Theorem the validity of (8.1.13) for every
(t,r) € a(I). O

8.2 Chains

Lemma 8.2.1. Let K € {R,C}, (X, | |) a K-Banach space. In addition, let a,b € R
be such thata < band I := [a, b]. Finally, let U € C,(A(I), L(X, X)) be a chain, i.e.,
such that U(s, s) = idx for all s € I and

U(t,r) =U(t,s) U(s,r)
for all (¢,7) € A(I) and s € [r,{], and B € PC(I,L(X,X)). Then volt(U, B) is a
chain, too.

Proof. Let V := volt(U, B). By Lemma 8.1.1, V satisfies U + [UBV] = V. Hence
forall (z,r) € A(I), s € [r,t] and £ € X:
V(1 )V(5.r)é = (U + [UBV])(1.5)V(s. )¢
= U6V (5.0 + [UBV)(65) V5.1
U(e9)(U + [UBV)) (5.0 + [UBVI(t.5)V (5.1
U(t,s)U(s, r)é + U(t, s)[UBV](s, r)é + [UBV](z,5)V(s,1)§
U(t,r)é + U(t, s)[UBV](s,r)é + [UBV](t, s)V (s, r)€ .

)

,r

By Theorem 3.2.4 (ii)

s

Ul(t,s)[UBV](s,r)é = U(t,s) f Ul(s,s")B(s")V(s',r)éds’

r

= JS Ul(t,s)U(s,s")B(s")V(s',r)éds’
= JS U(t,s")B(s")V(s',r)éds’
= [UBV](t,r)é — f U(t,s")B(s")V(s',r)éds" ,

[UBV](t,s)V(s,r)fzJ U(t,s"\B(s"\V(s',s)V(s,r)éds’

and hence
t

V(t,s)V(s,r)é =V(t,r)é+ J U(t,s"\B(s") (V(s',$)V(s,r) — V(s',r)) &ds’

s
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and
(8, 8)€ = J (t,5") W, (s', s)éds’ (8.2.1)

where
W, :=V(V(,,r)opry) = V(,r)opr

and pr, := (R? - R, (t,s) — t),pr, := (R*> — R, (t,s) — s). Note that it follows
by Lemma 8.1.1 (ii) that W, € C(A([r,b]), L(X, X)). Hence it follows from (8.2.1)
by the proof of Lemma 8.1.1 (iii)c) that W, = 0,([.s))—r(x.x). Finally, for every

sel,
S

V(s,s) =U(s,s) + J Ul(s,s")B(s")V(s',s)ds" = idx .

s

8.3 Juxtaposition of Chains

Lemma 8.3.1. Let K € {R,C} and (X, | |) a K-Banach space. In addition, let
a’,b’,b" € R be such that a’ < b’ < b”, I’ := [a’,b'] and 1" = [b',b"]
be the two corresponding adjoining intervals and I := I’ u I"”. Finally, let U’ €
Cyx(a(I"),L(X,X))and U" € Cy(a(I"), L(X, X)) be chains.

(i) There is a uniquely determined chain U’ v U” € Cy(a(I), L(X, X)) such that
UI ) Ul/lA(]’) = UI and U/ U U/I|A(I//) = U//.
(i) In addition, let B € PCy (I, L(X, X)). Then

volt(U" v U", B) = volt(U’, B|;/) u volt(U", B|;») .

Proof. “(i)’: First, it follows that A(1)\ (a(I") U A(I”)) = I" x I'. We define U :
A(l) — L(X,X) by U(t,r) := U’(t,r) for (t r) € a(l'), U(t,r) := U"(t,r) for
(t,r) € a(I"),note that U'(b’,b") =idx = U"(b’,b’), and

Ut,r):=U"(t,b")U' (b, )

for (t,r) € 1" x I'. Note that U"(b',b")U'(b’,r) = U’(b',r) forall r € I’ and
U"(t,b"YU'(b",b") = U"(1,b") for all t € I". Then U € Cy(a(I), L(X, X)) be-
cause of the strong continuity of U’, U” and since Ul;~ ;- is equal to [U"(-,b") o
pr][U’(b',+) o pr,]| which is strongly continuous by Lemma 8.1.1 (ii). Here pr, :=
(R? > R, (t,r) — t) and pr, := (R? — R, (t,7) > r). If (t,7) € a(I"), A(I"), then
[r,t] < I’,1"” and hence for every s € [r,1]

Ut,r) =U'(t,r) =U"(t,s)U'(s,r) = U(t,s) U(s,7)

and
Ult,r)=U"(t,r) =U"(t,s)U"(s,r) = U(t,s) U(s,r)

respectively. If (z,r) € I” x I and s € [r, f], we consider the cases s > b’ and s < b’.
In the first case,
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Ult,s)U(s,r) =U"(t,s) U"(s,b"YU'(b',r) = U"(t, "YU’ (b',r) = U(t,r) ,
and in the second case,

Ut,s)U(s,r) =U"(t,bYU'(b',s)U'(s,r) = U"(t,b"YU'(b',7) = U(t,1) .

Hence U is a chain. Finally, let U € Cy(a(I),L(X, X)) be a chain and such that
U\A(,/) = U’ and U|A(,u) = U". Then it follows for every (r,r) € I" x I'

Ut,r)=0@b OB ,r)=U"(t,b")U'(b',r)

and hence U = U.
‘(ii)’: Let V := volt(U, B). Then U + [UBV] = V and hence for every (¢,r) € A(I")

Visay(t.,r) = U(t,r) + [UBV](t.r)
=U'(t,r) + J U(t,s)B(s)V(s,r)ds

=U'(t,r) + f U'(t, 5)B1(s)V]ary(s.r) ds .
Hence it follows by Lemma 8.1.1 (iii) that V|,(;;) = volt(U’, B|;+). Analogously, it
follows for every (¢,r) € A(I”) that

Visam(t.r) = U(t,r) + [UBV](t,r) = U"(t,r) + J Ul(t,s)B(s)V(s,r)ds

_ U + J U (1, 5)Bl1 ()] (5, 7) ds
and hence by Lemma 8.1.1 (iii) that V|, = volt(U"”, B|;~). Finally, by (i) it fol-
lows that V = volt(U’, B|;/) u volt(U”, B, ). )

8.4 Finitely Generated Chains

Lemma 8.4.1. Let K € {R,C}, (X,| |) a K-Banach space, a,b € R be such that
a<band[ := [a,b].

(i) In addition, let A : D(A) — X be the infinitesimal generator of a strongly con-
tinuous semigroup 7 : [0,00) — L(X, X). Then U : A(I) — L(X, X) defined by
U(t,r) :=T(¢t—r) forall (¢,r) € A(I) is a strongly continuous chain.

(i) In addition, let n € N*, (ay,...,a,) be a partition of I, I; := [aj,a;;] for
j=0,...,n—1land A; : D(A;) — X the infinitesimal generator of a strongly
continuous semigroup 7 : [0,0) — L(X, X) for every j € {0,...,n — 1}.

a) Then there is uniquely determined chain U € Cy(a(1),L(X, X)) such that
U(t,r) =T;(t—r)forall (t,r) € A(I;) and j € {0,...,n — 1}. We say that
U is generated by the family (ly, Ag), ..., (li—1,An—1)-
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b) In addition, let U € Cy(A(I),L(X, X)) as in a) and By, ..., B,—; € L(X, X).
Then the family (Iy, Ao+ Bo), - - -, (I,—1,Ap—1 + B,—1) generates volt(U, —B)
where B € PC (I, L(X, X)) is defined by B(t) := Bj forallt € [aj,aj;) and
j€{0,...,n—1} and B(b) := B,_;.

Proof. “(i)’: U is strongly continuous as composition of the strongly continuous map
T and the continuous map (pr; — pr,)|(n—z Where pr; := (R* > R, (1,r) — 1) and
pr, := (R> - R, (t,r) — r). Further,

Ult,r) =T(t—r)=T{t—s+s—r)=T(t—s)T(s—r)=U(t,s) U(s,r)

forall (,r) € A(I), s € [t,r] and U(s, s) = T(0) = idx forall s € I.

‘(ii)a)’ The statement is a simple consequence of Lemma 8.3.1 (i).

‘(ii)b)’: By Theorem 4.4.3, for every j € {0,...,n — 1} the corresponding
A;j + B; generates a strongly continuous semigroup 7; : [0,00) — L(X,X). Let
U e Cyi(a(I),L(X,X)) be the corresponding chain such that U(t,r) = T;(t — r)
for all (r,r) € A(I;) and j € {0,...,n — 1}. In order to prove the statement,

according to Lemma 8.3.1, it is sufficient to show for each j € {0,...,n — 1}
that volt(U|,(1), —Bl;,) = Ulsu,. For this, let (1,r) € A(lj), £ € D(A;) and
u, f; = [r,00) — X be defined by u(s) := Tj(s — r)¢ and f;(s) := —Bju(s) for all

s = r. Then u, f; are continuous, Ran(x) < D(A;) and u is differentiable on (r, )
such that

u'(s) + Aju(s) = fi(s)
for all s > r. Hence it follows by Lemma 4.6.1

Ti(t—r)é = u(t) = Tj(t —r)é — f T;(t — s)Bju(s)ds

=Ti(t—r)¢— J-t Ti(t — s)B;T;(s —r)éds .
Since D(A) is dense in X, it follows
Ulay + [Ulaay (=Bli) Ulay] = Olaqy
and hence finally by Lemma 8.1.1 (iii)c) that
U\A(,/.) = volt(U|a(,), —Bl1;) -

8.5 Evolution Operators

Definition 8.5.1. (Evolution operators) Let K € {R,C}, a,b € R such thata < b
and [ := [a, b]. Further, let (X, | |) be a K-Banach space, ¥ a dense subspace of X
and || |y anorm on Y such that (Y, || |y) is a Banach space and such that the inclusion
ty—sx of (Y, |y) into X is continuous. Finally, let A € PC, (I, L((Y, | |y),X)). Then
U e Cy(a(I),L(X,X)) is called a ‘Y/X-evolution operator for A’ if the following
conditions are satisfied
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(i) U is achain.

(ii) For all (z,r) € A(I) the corresponding U (z, r) leaves Y invariant. Moreover, the
map Uy associating to every (¢,r) € A([) the part Uy(t,7) of U(t,r) in Y is an
element of Cy(A(I), L(Y, Y)).

(iii) For all (#,r) e aA(I) and £ € Y

! t
J A(s)U(s,r)éds = J U(t,s)A(s)éds =& —U(t,r)é
where integration denotes weak Lebesgue integration with respect to L(X, K).

Lemma 8.5.2. (Associated differential equations, Uniqueness) Let K € {R,C}
and a,b € R be such that @ < b and I := [a,b]. Further, let (X, | ||) a K-Banach
space, Y a dense subspace of X and | ||y a norm on Y such that (¥, || |y) is a Banach
space and such that the inclusion ty,x of (¥, | |y) into X is continuous. Finally, let
A PCL(LL(Y,] Iv). X)).

(i) In addition, let U € C4(A(D), L(X, X)) be a ‘Y/X-evolution operator for A’ and
rtel,é€Y. Then U(-, r)é: [r,b] — X, U(t,-)¢ : [a,t] — X are differentiable
with derivatives

(U, nE) (s) = —A(s)U(s,r)é

in every strong continuity point s of A in (r, b) and

(Ut )€)" (5) = U(t, )A(s)é

in every strong continuity point s of A in (a, t), respectively. Here (U (-, r)¢)(s) :
Ul(s,r)é forevery s € [r,b] and (U(t,-)€)(s) := U(t, s)& for every s € [a,1].

(i) In addition, let U,V € Cy(A(I),L(X, X)) be ‘Y/X-evolution operators for A’.
ThenV = U.

Proof. “(i)’: It follows for £ € Y and every r € I, s, s” € [r, b] because of

|A(s)U(s", )€ — A(s)U(s.r)é]|
< [Afwyx - [Ux(s'.r)é = Uy (s.r)élly + |A(s)U (s, r)é — A(s)U(s.r)¢]

that fi := ([r,b] — X, s — A(s)U(s,7)€) is bounded by ||A|wyx |Ur|eoyy €]y
as well as continuous in the points of strong continuity of A in [r, b] and hence also
almost everywhere continuous, and for 7 € I, s, s" € [a, ]

[U(t.s)A(s")é — U, s)A(s)¢]
< |Uloxx - [A(s))E = A(s)é] + |U(t s")A(s)§ = U . s)A(s)é]

that f5 := ([a,f] — X, s — U(t, s)A(s)¢) is bounded by |Uy|woxx |Alwyx |€]Y
continuous in the points of strong continuity of A in [a,?] and hence also almost
everywhere continuous. Hence, obviously, the statement of this lemma follows by
Theorem 3.2.9 from property (iii) of Definition 8.5.1.
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‘(ii)’: For this, let (r,7) € A(I) and & € Y. Because of

[V(t.s")U(s".r)é = V(5. 5)U (s, r)é]
< (V(ts") = V(t.5) (U(s".r) = Uls.r)) €]
+ [ (V(t.s") = V(6.9)) U(s.r)é] + V(5. 5) (U(s".r)E = U(s, r)é) |
<3IVlwxx - [U(s",1)E = U(s.r)é] + V(2. s ) U (s.1)é = V(1. 5)U (s, r)é|

for every s, s’ € [r,1], it follows that
F = ([r,t] = X, s — V(t,5)U(s,r)¢)
is continuous. Further, for any strong continuity point s of A in (r,7) and h €
(r — s, — s)\{0}, it follows
1
Hz [V(t,s + U (s + h,r)é — V(t,s)U(s, r).f]”
1
= HE.(V(I, s+h)=V(t,s))(U(s+ h,r) —U(s,r))é

+ %.(V(I, s+ h)—V(t,5)U(s, 7)€+ Vs, s)%(U(s +h,r) —U(s, r))g-‘H

< AWl | |00+ 1) = Vs + AU e
V(s + WA(S)U (s, — V(5 AU (s, el

H V(t,s+h)— (ts))U(s,r)§+V(I,S)%(U(S'i‘h,r)—U(Sar))f

and hence by (i) along with V € C,(a(I), L(X, X)) that F is differentiable in s with
derivative Oy. Hence it follows by the fundamental theorem of calculus that F' is
constant and hence that

V(t,n)é =V(t,r)U(r,r)é = F(r)é = F(1)é =V(t,0)U(t,5)é = U(t, 5)€ .

[}

Lemma 8.5.3. LetK € {R,C}, a,b € Rsuchthata < b and I := [a, b]. In addition,
let n € N*, (ay, ..., a,) be a partition of I, I; := [aj,a;+ 1] for j=0,...,n— 1 and
A;: D(A;) — X be the infinitesimal generator of a strongly continuous semigroup
on X forevery je {0,...,n— 1} and U € Cy(a(I), L(X, X)) be the chain generated
by the family (o, Ag), ..., (l,—1,A,—1). Further, let Y be a dense subspace of X and
| |ly be a norm on Y such that (¥, | ||y) is a Banach space and such that the inclusion
ty—x of (¥, | |ly) into X is continuous. Finally, let ¥ be contained in D(A;) as well as
Aj-admissible for every j € {0,...,n—1},A;|y € L(Y, X) forevery j € {0,...,n—1}
and A € PC.(I,L((Y, ). X)) be defined by A(r) := Aj|y forallt € [aj,a;;1) and
j€{0,...,n—1} and A(b) := A,—_1|y. Then U is a Y/X-evolution operator for A.
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Proof. For every j € {0,...,n — 1}, let T; : [0,00) — L(X,X) be the strongly
continuous semigroup generated by A; : D(A;) — X. Then U(t,r) = T;(t — r) for
all (t,r) € A(Z;) and j € {0, ...,n—1}. Further, it follows for every j € {0,...,n—1}
since Y is Aj-admissible that Y is left invariant by 7';(z) for all € [0, c0) and that
the family 7y (¢) of restrictions of T;(¢) to ¥ in domain and in image, ¢ € [0, x0),
defines a strongly continuous semigroup Ty : [0,00) — L(Y,Y) on (Y| |y) with
infinitesimal generator given by the part A jy of A; in Y. Therefore, every U (t, r) with
(t,r) contained in A(ly) U ...A(I,—;) leaves Y invariant. Hence it follows by the
proof of Lemma 8.3.1 (i) and Lemma 8.4.1 (i) that U(z, r) leaves Y invariant for all
(t,7) € A(I). Let in addition Uy € Cy(a(1),L(Y,Y)) be the chain generated by the
family (Io,Aoy), ..., (In—1,Ajy). Then Uy(t,r) is identical to the the restriction of
U(t,r) to Y in domain and in range for every (1,r) € A(lp) U ... A(I,—1). Hence it
follows by the proof of Lemma 8.3.1 (i) and Lemma 8.4.1 (i) that Uy (¢, r) is identical
to the restriction of U(z,r), to Y in domain and in range for every (z,r) € a(l).
Further,leté € Y, je {0,....n— 1}, rel;, F,:= ([raj1] = X, s = U(s,r)é =
Tiy(s—r)é)and f, := ([rajs1] > X, s = —A;U(s,r)¢ = —U(s,r)A;€). Then f;
and F, are continuous. Further, F ,|(,,aj ) 18 differentiable with derivative f,|(,,aj -
Hence it follows the weak Lebesgue integrability of f, with respect to L(X, K) and
by the fundamental theorem of calculus

Ut r) — € = Tyt — 1) — Ty (0)E = F( f fils

- - [[awu.neas

foreveryt e [r,ajt ). Ift > ajyy and j, € {0,...,n—1} are such that 7 € [a,,aj,41],
then it follows

t Ajt1 Ji=1 k41
- J A(s)U(s,r)éds = ff A(s)U(s,r)éds — Z J A(s)U(s,r)éds
r r k=j+1"va%
— J A(s)U(s,r)éds = —Jaﬁl A(s)U(s,r)éds
— Z JaH]A(s)U(s,ak) (a, )g—"ds—f A(s)U(s,a;,)U(aj,,r)éds
k=j+1 % ajr
ji—1
=U(aji1,r)é — €+ Z [U(ak+1,ar)Ulax, r)é — Ulag, r)é]
k=j+1
+U(t.a;,)U(a;.r)é = Ulaj,, r)é
Ji—1
=U(ajp1,r)é—E+ Z [U(ary1,1)€ — Ular, r)é] + U(t, r)é — Ula,,, r)é
k=j+1

=U(t,r)é—¢.
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Finally,leté € Y, je€ {0,...,n— 1}, 1€ 1;,
Fri=(lapt] = X, 5 = U1, 5)8 = Tjy(1 = 5)§)

and
Jo=(laj.1] > X, s > A;U(t,5)6 = U, 5)Aj€)

Then f; and F; are both continuous. Further, F t|(a,,t) is differentiable with derivative
fil(a,.)- Hence it follows the weak Lebesgue integrability of f; with respect to L(X, K)
and by the fundamental theorem of calculus that

£~ V()€ = (0} — Tnle = N = Fio) — Fi0) = [ (s)ds

= f U(t, s)A(s)éds

forevery r € [aj,t]. If r < ajand j. € {1,...,n} are such that r € [a;,_,,a, ], then it
follows

J Ut 5)A(s)éds - f YU s)AsEds + Y f U s)A(s)Eds
r r k=j, Y%
+ J U(t, s)A(s)Eds = f Y Ulta;)U(a;, $)A(s)E ds
J ]1 Aj 41 t
+ > f U(t, as1)U(ags1, s)A(s)Eds + f U(t, )A(s)Eds

k=j, Y% aj

—Ulta,) J " Ulay, )A(s)¢ ds

r

!

j—l Aft-1
+ Z U(t, ars1) J Ul(ags1, 5)A(s)éds + J U(t,s)A(s)éds
k=jr

=1
=U(t,a;)[¢ — Ulaj,.r)é] + Z U(t,ax1)[é — Ulagsr, an)é] + & — Ut a;)é
k=j,

j-1
= U(t,a;) = U1+ Y [Ultan)é — Ul a)g] + & — Ut a))¢

k:jr

=&-ULr)g.

A reinspection of the proof of Lemma 8.5.3 suggests the following

Lemma 8.54. LetK € {R,C}, (X, | |) a K-Banach space, a,b € R such thata < b
and I := [a, b]. In addition, let n € N*, (ay, ..., a,) be apartition of I, I; := [a;,aj41]
for j=0,....,n—1land A; : D(A;) — X the infinitesimal generator of a strongly
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continuous semigroup on X for every j € {0,...,n — 1} and U € Cy(a(I), L(X, X))
be the chain generated by the family (1o, Ag), ..., (I,—1,A,—1). Further, let ¥ be sub-
space of X contained in D(A;) for every j € {0,...,n — 1} and A be defined by
A(t) := Ajly forallt € [aj,aj;1) and j € {0,...,n — 1} and A(b) := A,_i|y. Then

f U(t,s)A(s)éds = E—U(t,r)é

for all (#,7) € A(I) and & € Y where integration denotes weak Lebesgue integration
with respect to L(X, K).

Proof. For every j € {0,...,n — 1} let T; : [0,00) — L(X,X) be the strongly
continuous semigroup generated by A; : D(A;) — X. Then U(t,r) = T;(t —r)
for all (t,r) € A(I;) and j € {0,...,n — 1}. Further, let£ € Y, j € {0,...,n — 1},
tel;, Fpi= ([ajt] - X, s — U(t,5)é = T;(t — 5)¢) and f; := ([a;,t] —
X,s — AjU(t,s)¢ = U(t,5)A;¢). Then f; and F, are both continuous. Further,
F r|(a/.,,) is differentiable with derivative f,|(al.!,). Hence it follows the weak Lebesgue
integrability of f; with respect to L(X, K) and by the fundamental theorem of calculus
that

£~ U(t.1E = T,(0)% — T5(t — r)é = Fi(t) — Fi(r) = ff,<s> ds
= JI U(t,s)A(s)éds

for every r € [aj,7]. If r < aj and j, € {1,...,n} such that r € [aj,_,,a;,], then it
follows

f Ut s)A(s)Eds = f YU A)Eds + Y J U s)A(s)eds

r k=jr ag

ajr

+ Ji U(t, s)A(s)éds = f U(t,a;,)U(aj, s)A(s)éds

aj r

t

=l rapi
+ ) f U(t,aps ) U(ari1, 5)A(s)éds + f U(t,s)A(s)¢ ds

a a;
r k J

_ Ulta;) f Ula,,. 5)A(s)éds

!

j—l Aft-1
+ Z U(t, ars1) J Ul(ags1, 5)A(s)éds + J U(t,s)A(s)éds
k=jr

ay aj

j—1

=U(t,a;,)[¢ — U(aj,.r)é] + Z U(t,ax1)[é — Ulagsr, an)é] + & — Ut a;)é

k=J,
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=U(t,a;)¢ = U(t,r)é + 2 [U(t, ax1)€ = U(t, ar)é] + € — U(t,a))¢

k=jr

=&-ULr)e.

8.6 Stable Families of Generators

Definition 8.6.1. Let K € {R,C}, (X,| |) a K-Banach space and I some closed
interval of R. A family (A(f)),e; of infinitesimal generators of strongly continuous
semigroups (7 (¢)),e; on X is said to be stable if there are 4 € R and ¢ € [1, o) such
that for alln € N* and all 71, ..., ¢, € I satisfying t; < --- < ¢,

T (1)) (50) - .- [T(tl)](sl)Hop <cetXimi% g 5, €[0,00) .
Lemma 8.6.2. (Exponential formula) Let K € {R,C}, (X, | |) a K-Banach space

and A : D(A) — X the infinitesimal generator of a strongly continuous semigroup
T :[0,00) — L(X, X). Then

n—0o0

T(1) = s— lim [(idx + %A)l] 8.6.1)

for every ¢ € [0, 00). Also, this limit is uniform for every £ € X on compact subsets
of [0, o0).

Proof. By Theorem 4.1.1 there are (c,u) € [1,00) x R such that |T()[op < ce®’
for all ¢ € [0, o). Further, by the same theorem, it follows that (—oo, —u) x R is
contained in the resolvent set of A and in particular that

[(A— )"+ De = L fo s'eV T (s)éds

l’l!o

forevery n € N, 1 € (—oo,—u) x R and £ € X. Here integration denotes weak
Lebesgue integration with respect to L(X, K). In the case r = 0, equation (8.6.1) is
obviously true. In the following, let # > 0. Then

o) ] e[ e

nn+1 o0
- — L u'e ™. T (tu)é du

for n € N such that n > ut. Note that this is also true for the simple case that
A = Oc_.c which implies

nn+l 0
J We ™du=1.

n! 0
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Hence it follows

[(idx + £A>_l](n+l) E—T(1)¢ = ! JOO (ue ™" (T (tu) — T(1)) € du

n! 0

and by Theorem 3.2.5 that

PRENES I 2)) e .

’ [(idx + ;A) ] &— T(t)§' <— L (ue™)" | T(tu)é — T(1)€] du .
Note that this is also true for the case + = 0. By Lemma 8.1.1 (ii), it follows that
he := |T o ([0,00)* — [0,00), (t,u) — tu) — T o pry| is continuous where pry :=
(R* > R, (t,u) — t). Hence for given ty > 0, b > 1, we assume thatn > |u|t, in the
following, also /(o] x[0,] is continuous and for given & > 0 and ¢ € [0, 7], since
he(t, 1) = 0, there exists 6, > O such that ks (¢, u) < g/6forall (¢/,u) € [0, 1] %[0, b]
such that |¢t' — 7| < &, and |u — 1| < 6. Since [0,19] x {1} is compact, it follows the
existence of 6 > 0 such that he(t,u) < &/6 for all (t,u) € [0,19] x [ — 6,1 + 6].
Using that g, := (R — R,u — (ue )") is strictly increasing on [0, 1], it follows
that

nn+1 1-6 " nn+1 1—6 n
P f (ue *M) “he(t,u)du < M | J (ue *u) du
- Jo ©Jo
+1 +1
< M”n (1 - 6)re(1-0) — MLe—n(H—é/) < M ne—"
n! n! e

where M := max{hg(t,u) : (t,u) x[0,%] x [0,1—6]} and ¢’ := | In(1—6)|—6. Note
that because g, := (R — Ru — (ue *)") is strictly increasing on [0, 1], it follows
that (1 — 6)"e (179 < ¢~" and hence that §’ > 0. Also it has been used that

n n—1 n—1
In(n!) = Y In(k) = > In(k+ 1) = i (k4 1) xpps1y dv'
k=1 k=1 k=1

> J In(x)dx = In (en"e ")
1

and hence that

Further,

nn+1 146 " & nn+1 1+6 "
) he(tu) du < = )" du <
. ﬁiﬁ (ue™)" - he(t,u) du < &l JI,(; (ue™)" du <

AN &

Finally, forn > [1 + (1/6)]|u| to

nn+l o¢) " nn+1 o0
(ue™)" - he(t,u) du < c €| e ™™ (e!™ + ) du
nt Jigs ¢ nt Jigs
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nn+1

< 2c|é]

0
' J e~ (=l g,
ne Jigs

n+1 0
< 2c g T oot [ om(# b gy
n! 145
2¢(1 4 6) el 0+
e[nd — [u[ (1 +0) 1]
for some K > 0 where it has been used that because of the concavity of the natural
logarithm function

leln (1 + 6)"6’_"6 < 2¢K (1 + 6)e|11|(1+6)to
~ oo (17 3) ]

€]

In(u) < u+In(1+6)—1, In(u) <u-—1

1
1+6
for all u € (1, 00). Altogether, it follows the existence of a ny € N, not depending on
t, such that ng > [1 + (1/6)]|u| to and

(n+1)

H[(idx + %A)_l] £ T()¢

_£
<=z
2

for all n > ny. Further, it follows by Theorem 4.1.1 that for every such n

e o
< '[(idx + %A) ]

o (1-2) " e e £4) e 5

R

Using that In(x) > h(x) for every x € [1/2,3/2] where h : [1/2,3/2] — R is defined
by h(x) := (x — 1)/2if x € [1,3/2] and h(x) := 2(x — 1) if x € [1/2, 1), it follows
for n > 2|ulto

_n ,
<1 - /‘it) _ efnln(lf%) < ez\p\m )
n

Further, it follows

cly

o Al

t N\t 7
”n(idx+—A) n| <2
n n

t 1

(idx + —A) A H <
n

for all n € D(A),

<C:=1+

idy — (idx + %A)il

Op
and

" r N\ f
c(1-%) 'f — (iax + = 4) f’ < ce?hln [Cf —l+ —— IAn] :
n n n— |ult
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Since D(A) is dense in X, it follows the existence of an n; > ng, not depending on ¢,
such that

'[(idx + %A)l]ng— T(t)g-‘H <e

for all n € N such that n > n;. O

Lemma 8.6.3. Let K € {R,C}, (X, | |) a K-Banach space, I some closed interval
of R and (A(#)),e; a family of infinitesimal generators of strongly continuous semi-
groups (T (¢)):er on X. Then the following statements are equivalent.

(i) (A(2))ses is stable.

(ii) There are u € R and ¢ € [1, 0) such that (—oo, —u) is contained in the resolvent
set of every A(¢), t € I and such that for all n € N*, ¢1,...,1, € I satisfying
<<

n

[ (A@) =)™ A =) gy < e [ Tl +ul™",
k=1

AI"" ’/ln € (_ws_#) .

(iii) There are y € R and ¢ € [1, o) such that (—oo, —u) is contained in the resolvent
set of every A(¢), t € I and such that for all n € N*, ¢1,...,1, € I satisfying
Hh<---<t

[ (A) =07 (AE) =) o, Scla+pl ™, A€ (—o0,—p) .

Proof. ‘(i) => (ii)’: Since (A(?)); is stable, there are i € R and ¢ € [1, o) such that
foralln e N* and all 11, ...,t, € I satisfying t; < --- < #,

H [T(tn)](sn)...[T(tl)](sl)Hop ScelZia% g s, € [0,00) .
This implies for every ¢ € [ that
[T @](s)op < ce™ . s €[0,90)

and hence according to Theorem 4.1.1 that (—oo0, —u) is contained in the resolvent
set of A(¢). In a second step, it will now be proved that

(Aty) =)' (A(n) — ) 7!

_ J(O et T @) [T 562

for every t = (t,,...,#;) € [0,00)", A = (4,...,4,) € (—00, —u)" where inte-
gration is weak Lebesgue integration with respect to L(X,K). First, it follows by
Lemma 8.1.1 (ii) that

fiea) = ((0,00)" = L(X, X), (S5, ..., 51) — e™¥ ...eM™

[T (@)1 (sn) - - [T (20)1(s1))
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is strongly continuous. In addition,

op 1s bounded by the summable function
(t.d)llop y
higay i= <(O,oo)” >R, ($yy...,51) — e~ 1nthlsn ..e_M‘Jr”l““) .

Hence it follows by Theorem 3.2.11 that f(,) is weakly Lebesgue integrable with
respect to L(X, K). Further, it follows by Fubini’s theorem and Theorem 4.1.1

LO oy et e [T(t)](sy) ... [T(t)](s1) dv" n

Il
N Y—™ — —

oy et eI T ()] (sn) ... [T(t1)](s1) ndv"

i~ eln—1sn—1  phisi (Jw e [T (tn)](sn) - . [T(11)](s1) ndsn) dv!

0

Pttt (A — )

0,00)"*]

[T (ta=0))(s0=1) ... [T (e1)](s1) ndv" ™!
— (A(ta) —/ln)_lf el g,

(0,00)m—1

[T (ta—1))(s0—1) .. [T (1)) (s1) "'y

for n € X. In this way, recursively, it follows

J(o . el e, [T(t)](sn) ... [T(t:1)](s1)dV"n
= (A(t,) = 4) " (A(n) — )y

and hence finally (8.6.2). For the particular case that r; < --- < 1,, it follows by
Theorem 3.2.5 that

[(A() = ) 7" (A) = 4) 7]

-1
<[ e s T (51 €l
(0,00)"

<. < e tuls o —lAituls: dV") I€]
(0,00)"

=c<fh@+ml)f|

k=1

for all £ € X. The direction ‘(ii) = (iii)’ is obvious.
‘(iii) = (i)’: For this, letn € N* and #1,...,1, € I such that t; < - - - < 1,,. Further, let

Sk = pr/qr where py € N and ¢, € N*, for k € {1,--- ,n}. Then it follows for every
ke {l,--- ,n}and N, € N*
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o (3) -t (35) - feron (55) |

In particular for Ny := [T_, . 4>

o (2) = {ran (3))

where N := H?:l g, and hence

[T(t,)] (%) L T(n)] (i}’_;) _ {[T(tn)] <%> }mNum{[T(n)] (%) }[’INI

Further, by Lemmas 8.6.2, 8.1.1 (ii)

(7 (1a)] (%) [T ()] (%)

~ s lim l(idx I UTNA(tn)>lranv... l(idx + 1/TNA(tl)> 11

Now,
l(idx + VTNA(;n)> an._- l(idx + UTNA(t1)>1]

—vN ZZ:' =
<o (-4
vN

and hence

) (2) o) (2)

Since by Lemma 8.1.1 (ii)

PNy

piNyy

Op

Pk

VN ZZ:]I 0D
< c lim [(1i) ] DY
v—00 vN

Op

([0,0)" = L(X, X), (51, sn) = [T(ta)](50) - .. [T (11)](s1))

is strongly continuous and the set consisting of the positive rational numbers is dense
in [0, c0), from this follows

1T (6)] (52) - [T ()] (1)l < ce” i .

forall (sy,...,s,) € [0,00)" and hence that (A())e; is stable. O
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Lemma 8.6.4. Let K € {R,C}, X be a K-vector space, I some closed interval of R
of length (1), ¢ = 0, u € R, (|| ||;),c; @ family of norms on X such that (X, | ||;) is a
K-Banach space for every ¢ € I and such that

€l < el =Tels

forall £ € X, ¢, s € I. Finally, for every ¢ € I, let A(¢) be the infinitesimal generator of
a strongly continuous semigroup 7'(¢) on (X, || |,) such that |[[T(2)](s)|op, < e** for
all s € [0,00). Then (A(t)),e; is a stable family of infinitesimal generators of strongly
continuous semigroups on (X, [||;) with constants y, e2/(!), for every 7 € I.

Proof. For this, let T € I. Then it follows for every ¢ € I, because of the equivalence
of the norms | |, and | |, that A(¢) is a densely-defined linear and closed operator in
(X, ||-). Further, it follows by Theorem 4.1.1 that (—oo, —u) x R is contained in the
resolvent set of A(¢) and in particular that for every A € (—o0, —u)
—1 _
[ (A =) lops < |2 +47"
Then it follows for n € N*, ¢1,...,1, € I such that f; < --- < t,, that
—1 —1
[ (A(t) =) ... (A1) = ) €]
< A1) = )7 (A) = )7 gl [+ g™
e (tn—ta— -1 -1 -
< e [ (Alty—r) = )7 (AR) = )T Al
e e [ | e, = €O L e

ty

N

and hence

[ (A) =)™ (A) = )7 e < e lile ) A g p| e 0T g
e Lrnbsnnti=all |3 g =" g

‘We consider three cases 7 > t,, t, = 7 = t; and t; > 7. In the first case,

lT—t+tn—t1+|t—t|=7—th+tn—t1+7—1 =2(t—1) <2I(),
in the second case,

r—ty| +tn—t1+|r—t|=th—7+t,—t1+7—1 =2(t, — 1) <2I(I),
in the third case,

T —ty| +tn—t1+ 71—t =t —T+t,—t1 +Hh —T=2(t, — 7) < 2I(I)
and hence

[ (A@) = )7 (A1) = D)7 opr < /DA +u ™

Hence, finally, it follows by Theorem 4.2.1 and Lemma 8.6.3 (iii) that (A(7))e; is

a stable family of infinitesimal generators of strongly continuous semigroups on

X with constants yu, ¢ 2!, =
] T lu7
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Theorem 8.6.5. Let K € {R,C}, (X, | ||) a K-Banach space, I some closed inter-
val of R, (A(#))ses a stable family of infinitesimal generators of strongly continuous
semigroups on X with constants u € R, ¢ € [1,00) and (B(t))e; a bounded family
of bounded linear operators on X with bound K € [0, 0). Then (A(¢) + B(f))es is
a stable family of infinitesimal generators of strongly continuous semigroups on X
with constants u + cK and c.

Proof. First, it follows by Theorem 4.4.3 and Lemma 8.6.3 that A(f) + B(z) is the
infinitesimal generator of a strongly continuous semigroups on X with constants y +
cK and c, for every t € I. Further, it follows by the proof of Theorem 4.4.3 for every
tel, A€ (—w,—(u+ cK)) the bijectivity A(¢) + B(t) — A and

(A(r) + B(r) = )™ = Y (A() = )7 [(—-B() (a() - 07"

keN

where the involved family of elements of L(X, X) is absolutely summable. Hence it
follows also for any n € N* and 14,...,1, € I satisfying t; < --- < t, the absolute
summability of

ki

(A6 = D)7 [(~B) (A) = )]
(A = )7 [(=B) (Aln) = ')

keN"

and
(A(t,) + B(t,) — )" (A() + B(ty) — 1)~
= Z (A(tn) - /l)il [(_B(tn)> (A(tn) - /1)71]

keN”"
o (An) = )T [(=B(1)) (An) — )71

Hence it follows the absolute summability of

ki

kn

ki

(@) = 07" [(=B)) (A@w) - ']
(A = 7 [(=B) (An) — )]

k'l

Op) keNn

and
|(A(ta) + B(ty) — 2)~' ... (A(t1) + B(ty) — )" Hop (8.6.3)
< ) JA) = 07 [(=Bw) (A) - ']
keN"

() = )7 [(-B()) (Aw) = )]

Op.

Further, it follows by Lemma 8.6.3 including its proof that for every k € N"
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[(AG) = 07 [(=B0) (An) = )]

. (8.6.4)

where |k| :=k; + -+ + k, and ¢ := ¢ K/ |4 + p|. Because of g < 1, it follows the
absolute summability of (g*)zen with sum 1/(1 — ¢) and hence also for any n € N*
the absolute summability of (g/*);ex with sum 1/(1 — ¢)". Hence it follows from
(8.6.3), (8.6.4) that

_ _ 1 c
(A6 + Bt = )" (A1) + B0 = 0oy < T T
NI

Hence, finally, it follows by Lemma 8.6.3 that (A(¢) + B(f)).; is a stable family
of infinitesimal generators of strongly continuous semigroups on X with constants
M+ cK and c. m]



9

The Linear Evolution Equation

In this chapter, it will be proved the well-posedness of the initial value problem for
differential equations of the form

under certain assumptions.' Here ¢ is from some non-empty open subinterval 7 of R,
" denotes the ordinary derivative for functions assuming values in a Banach space X,
(A(?))ser 1s a family of infinitesimal generators of strongly continuous semigroups on
X and u : I — X is such that u(r) is contained in the domain of A(z) for every ¢ € I.
Such equations are called ‘linear evolution equations’. There is a large literature on
such systems. For instance, see [42, 46, 50, 57, 59, 60, 90, 103, 104, 107, 108, 111,
118,120,121,127,148,149,151,153, 159,160, 165, 168, 199, 203,204,208,210,219,
220]. The result here will be strong enough to allow for variable domains of the
operators occurring in the equations and at the same time suitable to conclude the
well-posedness (local in time) for quasi-linear evolution equations in Chapter 11 by
iteration.

Theorem 9.0.6. Let K € {R,C}, (X,| [Ix), (Z,| |z) be K-Banach spaces, a,b € R
such that ¢ < b and I := [a,b], (A(f))ees a family of infinitesimal generators
of strongly continuous semigroups (7(¢))e; on X, @ : (L(X,X),+,.,0) —
(L(Z,Z),+,.,0) a strongly sequentially continuous nonexpansive homomor-
phism, S a closed linear map from some dense subspace Y of X into Z and
B € PCy(I,L(Z,Z)). Then (Y,| |y), where | |y := | [s, is a K-Banach space
and the inclusion ty_,x of (¥, || |y) into X is continuous. Finally, let

(i) (Stability) (A(7)).e; be stable with constants p € R, ¢ € [1,0),
(i) (Continuity) Y < D(A(r)), A(#)|ly € L((Y,] |ly),X) for every r € [ and A :=
(I - L((Y,| [lv),X),t — A(¢)|y) be piecewise norm-continuous,

! Note that some of the assumptions in Theorem 9.0.6 can be weakened. See [104, 118,206,
210,219].
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(iii) (Intertwining relation) for every ¢t € 1
S o [T(0)](s) 2 [T(1)](s) oS 9.0.1)
for all s € [0,00) where 7(¢) : [0,00) — L(Z Z) is the strongly continuous
semigroup generated by @(A(r)) + B(r).

Then there is a unique Y/X-evolution operator U € C,(a(I),L(X, X)) for A. In
particular, ||U(t,r)|opx < ce '™ and |Uy(t,r)|opy < ceWtelBle)t=r) where
Uy (t,r) denotes the part of U(¢t,r) in Y for all (¢,r) € A(I).

Proof. First, it follows by Theorem 6.1.7 and as a consequence of (iii) for every
t € I that the family [Ty (#)](s) of restrictions of [T(#)](s) in domain and in im-
age to Y, s € [0,00), defines a strongly continuous semigroup Ty(¢) : [0,0) —
L(Y,Y) on (¥, | |ly) with corresponding infinitesimal generator given by the part
Ay(t) == ({£ € Y : A(0)é € Y} — Y& — A(1)é) of A(f) in Y and that
Y is a core for A(r). In a first step, we construct a sequence of step functions
(Ay)yenx € (PC(L,L((Y, ]| v),X)))yens that is uniformly convergent to A on /. Here
|l |lop,v.x denotes the operator norm on L((Y, | |y),X) and | |c,yx denotes the cor-
responding supremums norm on PC(I, L((Y, | |ly),X)). Since A is piecewise norm-
continuous and B is piecewise strongly continuous, there is some n € N* along with
a partition (ay, . ..,a,) of [a,b] such that A, ) and B|(, 4, ) both have an ex-
tension to a continuous function and a strongly continuous function, respectively, on
[ai,aiy1] for every i € {0,...,n — 1}. Note that for this reason, A|, 4, ) is uni-
formly continuous for every i € {0,...,n — 1}. We define for every v € N* the
corresponding step function A, : I — L((Y,| |ly),X) by defining A, (a;) := A(a;)
forallie {0,...,n} and forallie {0,...,n — 1}

k
A, (1) == Alain), aik:=a; + " (ait1 — a;)
forallz € Iy := [a;+ (k/v)(aiv1—ai), a;i+((k+1)/v)(aiv1—a)), ke {1,...,v—1},
1
AV(Z‘) = A(aivo) , i = a; + 1—/ (a,~+1 — a,‘)

forallt € o := (aj,a; + (1/v)(ai+1 — a;)). For given & > 0, there is § > 0 such that
|A(f) — A(s)]lop,yx < & whenever ¢, s € (a;,a;1) for some i € {0,...,n — 1} are
such that |r — 5| < 6. Hence it follows for v > max{a;+1 —a; : i € {0,...,n — 1}}/6
that |A, (1) — A(1)|opxy < eforallr € I. Let U, € C«(a(I), L(X, X)) be the chain
generated by the family

(I_OVO’A(aOVO))7 st (I_(n—l)v(v—l),A(a(n—l)v(v—l))) .

U, is by Lemma 8.5.3 a Y/X-evolution operator for A,. Further, let U, € Cy(a(1),
L_(Z, Z)) be the chain generated by the family (Io,0, @(A(aow)) + Blaow)),- ..,
(I(nfl)v(vfl), QD(A(a(nfl)v(vfl))) + B(a(nfl)v(vfl))) By Lemma 8.4.1

U, = volt(U,, —B,)
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where U, € C,(A(I), L(Z,Z)) is the chain generated by the family (Io,0, (A (aow0))),
e, (I_(n_l)v(v_l), D(A(a—1)yv(v—1)))) and the piecewise norm-continuous B,

I — L(Z,Z)) is defined by B,(a;) := B(a;) for all i € {0,...,n} and for all
i € {0,...,n — 1}, B,(¢) := B(ay) for all t € Ly, k € {l,...,v — 1} and
B, (t) := Bl(a;y) for all 1 € I;,. Since @ is a strongly sequentially continuous nonex-
pansive homomorphism, it follows that @ o U, € Cy(A(I), L(Z,Z)) and further that
®oU, is a chain. In addition, it follows forevery i € {0,...,n—1},k € {0,...,v—1},
and (t,r) € A(Iy) that

(Do U,)(t,r) = D (T(am)(t—r)) = (PT (aj))(t —r) = U,(t,r)
and hence by Lemma 8.4.1 that
U,=®0U, .

Finally, it follows from (9.0.1) and the proof of Lemma 8.3.1 (i) that

SoU,(t,r) > U,(t,r)oS 9.0.2)
for all (¢, s) € A(I). For the second step, we need some auxiliary estimates on U,
and U,. By (i) and since U, is a chain, it follows for every i € {0,....,n — 1},
ke{0,...,v—1},t€ I and r € [a, ] that

U, (1, 7) ] opx < ce’=") . (9.0.3)

Further, it follows from (i), the nonexpansiveness of @ along with Theorem 6.3.1 that
(DP(A(t)))ser is a stable family of infinitesimal generators of continuous semigroups
on Z with constants ¢ and ¢ and hence by Theorem 8.6.5 that (®(A()) + B(t))ser
is a stable family of infinitesimal generators of continuous semigroups on Z with
constants i + ¢||B|» and c. Since U, is a chain, this implies

10, (1, 7)opz < ce@HelBle)a=r) (9.0.4)
Finally, by (9.0.2), (9.0.3), (9.0.4)

|U (8, ) €17 = U5 ) €% + ISU (6, 1) €5 = |U (8, 7) €lx + [T, (1,)S €[5
< Peul=r) Hin + 2e2lutc|Blw)(t=r) HSfH% < 6232(M+CHBHOQ)(Fr)ng%

for all £ € Y and hence
|U(t,7) |y opy < celtelBle)=n (9.0.5)

Second, it follows for every i € {0,...,n — 1}, k € {0,...,v — 1}, s € I the
differentiability of U, (-,r)¢ : [r,b] — X in s for every r € [a, s) and in particular

(ch,r)f) () = —Alan) Uy (5. P)é = —A(5)Uy(s. ¢
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as well as the differentiability of U, (,-)¢ : [a,f] — X in s for every ¢ € (s, b] and in
particular

(UV(I’ )f) (s) = Uy(t, s)A(ain)é = U, (t, s)A,(5)é

for every ¢ € Y. Hence it follows also for every v,v' € N* i € {0,...,n — 1},
ke {0,....vi— 1}, kK € {0,...,v/ — 1}, s € Ly n I, the differentiability of
U,(t,)U, (-, 7)€ : [r,f] — X in s for every (t,r) € A(I) such that t > s > r and in
particular
/
(010000 (1€ (5) = U051V (5.1 = U1 510 (511
=U,(t,5) (Ay(s) — Ay (5)) Uy (s5,1)é

for every ¢ € Y. Note in particular that U,(t,-)U, (-, )& is continuous and that
U,(t,-) (A, — A,/) U,/ (-, r)€ is piecewise continuous. Hence it follows by the funda-
mental theorem of calculus for every (¢, r) € A(I) that

U, (t,r)é = U,(t,r)é = J U,(t,5) (A,(s) — A,/ (5) Uy (s,r)éds

where integration is weak Lebesgue integration with respect to L(X, K). Hence by
Theorem 3.2.5,

U (6P — Ul P)Elx < J 10,8, 5) (An(s) — Ay () Uy (5. Pl x ds
b
< BBl =0 g, f 1Au(5) — Avr(5)opyx ds

and forevery n e X

[Uv (6, r)n = Uy (@, nnllx < |Uv (6, 7)(n = §) = Uy (6,7)(n = &) |x
+ Uy (1.1)€ = Uy (1,1)E]x < 2¢e*P= | — €]

b
+ cle wtclBlo)(b—a) I€]ly J |A,(s) *Aw(S)Hop,Y,x ds .

Since
lim [A, —Aleyx =0 (9.0.6)
v—00

and Y is dense in X, it follows that ((a(I) — X,(t,r) — U,(t,7)n))yen* is a
Cauchy sequence in C(A(I), X) and hence convergent to some (A(I) — X, (t,r) —
U(t,r)n) € C(a(I), X). Further, it follows by the linearity of U, (¢,7) and the chain
property of U, along with (9.0.3) for every v € N*, the linearity of U(z, r) and the
chain property of U and by (9.0.3)

|U(t.r)nlx < ce" ™ nlx
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for every n € X and hence U(z,r) € L(X, X) and
|U(t,r)]opx < cett=" (9.0.7)

for all (z,7) € A(I). Further, since @ is a strongly sequentially continuous nonexpan-
sive homomorphism, it follows that

s—lim U,(¢,r) = U(t,r)

y—00
where U := ®o U, U € Cy(a(1),L(Z,Z)) and
|T,(t,7)opz < ce™")
for every v € N and (¢, ) € A(I). In addition, obviously, it also follows
lim 1B, — Bl = 0
forevery ¢ € Z and | By | < | Blloo- Hence it follows by Lemma 8.1.3 that
s— lim U,(t,r) = U(t,r) := volt(TU, —B)(t,r) (9.0.8)
and employing (9.0.4)
|0(t,7)|opz < ceWtelBle)=) (9.0.9)

for all (,r) € A(I) and in particular that U € C,(a(I), L(Z, Z)). Therefore, it follows
from (9.0.2) for every (¢,7) € A(I) and 57 € Y that

lim S U,(t,r)p = lim U,(t,r)Sn = U(t,r)Sn
v—00 v—00

and since
s— lim U,(t,r) = U(t,r) (9.0.10)

v—00

and S is in particular closed that U(t,r)n € Y and SU(t,r)n = U(t,r)Sn or, since
this is true for every n € Y, that

SoU(t,r)o>U(t,r)oS .
Since foralln e Y

|U.(t.r)n = Uty = |U (. r)n = U r)nlz + IS Us(e.r)g = SU (el
= [U(t.r)n = U(t.r)nl% + |0y (e.r) S0 — O (e )z

it follows by (9.0.10), (9.0.8) that

sy— lim U,(t,r) = U(t,r) (9.0.11)

V—00
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for all (¢,r) € A(I). Further,
U, r"n = Ut rnly
= U, r' ) = Ul + ISU' r')n = SU(t )l
= U, r' )y = Ut.rnlx + 10" .r")Sn — U(e.r)Snl;
which is true for every n € Y, (¢,7), (t',r’) € A(I), along with
U € Cy(a(1), L(X. X))
and
UeCy(a(l),L(Z,2))
implies that Uy € C,(A(I), L(Y,Y)). Also, (9.0.7) and (9.0.9) imply that
Uy (2, 7)|opy < ce#HelBle)t=r) (9.0.12)

for all (¢,r) € A(I). Further, since for every v € N the corresponding U, is a ¥/X-
evolution operator for A,, it follows for all (7,7) € A(I) and £ € Y that

JZAV(S)UV(S, réds = f U,(t, 5)A,(s)éds = € — U, (1,r)é (9.0.13)

r

where integration denotes weak Lebesgue integration with respect to L(X,K). In
addition, A,oU,y (-, )&, U,(t, -)0A,&, AoUy (-, r)&, U(t, -)0A¢ are almost everywhere
continuous. Hence it follows by Theorem 3.2.5 that

t

fAdwawsﬂ&h—fA@ﬂH@ﬂfw

r

J |A, (5)Uyy (s, 7)€ — A(s)Uy (s, r)€| ds

fuu><xmemM@ws

r

J |U, (2, 5)A,(5)é — U(t, s)A(s)é|| ds .
Because of
IAv(5)Uyy (s, 7)€ — A(s)Uy (s, r)é| < [Allooyx - [Usy(s,7)é — Uy (s, )€y
+ ¢ e (Hl+¢]Blow) (b—a) €]y - 1Ay — Aoy x
< 4c e (HIFellBleo) (b—a) I€ly - Al ooy x »
|Uy(t, 9)A ()€ — U(t, $)A(9)€] < c e~V gy - A, — Al wy.x
+ U1, 5)A()€ = U(t, 9)A(5)é] < 4ce™ P~ &)y - A0y x

(9.0.7), (9.0.12), (9.0.3), (9.0.5), (9.0.6), (9.0.10), (9.0.11) and Lebesgue’s dominated
convergence Theorem, this implies that
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t !

lim | A,(s)Uyy(s,r)éds = J A(s)Uy(s,r)éds

v—00 r r
t t

lim | U,(¢,5)A,(s)éds —J U(t, s)A(s)éds

v—00 r

and hence, finally, by (9.0.13), (9.0.10) that

t

JtA(s)U(s, r)éds = J U(t,s)A(s)éds =& —U(t,r)é . (9.0.14)

r

Finally, the uniqueness of U follows by Lemma 8.5.2. m]

Corollary 9.0.7. In addition to the assumptions of Theorem 9.0.6, let U € Cy(a(I),
L(X, X)) be the Y/X-evolution operator for A. Further, let ty € I, t; € (t,b], f €
C([to,11), (Y, | |v)), €€ Y, u: [fo,11) — X be defined by

u(t) == U(t,10)é + f U(t,s)f(s)ds

4]

for all 7 € [ty, ;) where integration denotes weak Lebesgue integration with respect
to L(X,K).

() Thenu e C([to,t1), (Y. || [ly)), u(to) = &, ul(;,.1,) is differentiable and in particular

u'(t) = —A(u(t) + £(2) (9.0.15)

for all continuity points 7 of A in (¢, ;).
(i) If v e C([to, 1), X) is such that v(f) = &, Ranv < Y, v|(,, ) is differentiable and
in particular v'(¢) = —A(¢)v(z) + f(¢) for all continuity points ¢ of A in (7o, ),

thenv = u.

Proof. (i) First, it follows trivially that u(#y) = &. Further, it follows for every ¢ €
(to,t1), s € [to,t] and i € [tg — 5,1 — s5]:

Ut s +h)f(s+h) — Ut s)f(s)|v
=|U(t,s+h)f(s+h)—U(t,s+h)f(s) + U(t,s+ h)f(s) — U(t, ) f(s)|y
[ fCs+h) = f()y + Ut s+ h)f(s) = Ut s)f(s)]y

and hence because of Uy € Cy(A(I), L((Y, | |v), (| II¥))s f € C([to,11), (V.| |¥))
the continuity of ([#9,¢] — (Y| |v),s — U(t, s)f(s)) and therefore also the conti-
nuity of ([#y, ] — X, s — U(t, s)f(s)) since the inclusion ty,x of (¥, | [y) into X is
continuous. Note that the last also implies that f € C([#, 1), X). As a consequence,
by Theorem 3.2.4 (ii), it follows that u(z) € Y and

<

~x

[vesrsas=[ viarsas.

0 to,Y
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for all ¢ € [1y, ;) where the index Y denotes weak Lebesgue integration with respect
to L((Y, || |v), K). In particular, it follows by Theorem 3.2.4 (ii) and Theorem 3.2.5
for every t € [tp,1;) and h = O such thatt + h € [1p, 1)

Y

t+h t
f U(t+h,s)f(s)ds—J U(t,s)f(s)ds

0. Y 10.Y

+
Y

t+h
J U(t+h,s)f(s)ds

Y

<

LIY(U(tJrh,s)f(s) —U(t,s)f(s)) ds

Y
t+h

ULy f @)l ds.

1,

< ‘(U(t+ ht) — U(1,1)) f U(t,s)f(s)ds

1,Y

Y

for h < Osuchthats+ h e [1,11)

t+h t
ft U(t+h,s)f(s)dsfftYU(t,s)f(s)ds

0,Y Y

t+h t
< J (U, 8)f(s) —U(t+ h,s)f(s)) ds| + J U(t,s)f(s)ds
10,Y Y t+hY Y
t+h t
< J [U(t,5)f(s) = Ut + h,s)f(s)]|y ds + |Ulloy.y J 1)y ds
t0,Y t+hY

and hence by Uy € C.(a(I),L((Y,| |ly), (¥, ] |y)) and Lebesgue’s dominated con-
vergence theorem that u € C([#, 1), (Y, | ||y))- Since for every s € [fo,#;) and h € R
such that s + h € [fp, 1)

|A(s + R)u(s + h) — A(s)u(s)| < [ (A(s + h) — A(s)) u(s)]
+ [ (Als + ) — A(s)) (u(s + h) — u(s)) | + [A(s) (u(s + ) —u(s)) |

< [(Als + 1) = A(s)) u(s)]| + 3| Aoy x - [uls + ) —u(s)]y

this implies that [z, ;) — X, s — A(s)u(s) is continuous in all points of continuity

of A and hence also almost everywhere continuous on [#, 7). Finally, it follows for

every
(t,r)e D:={(t,r): re[to, 1) A te[r,b]}

and all b, h' € R such that (¢,7) + (h,h’) € D
VA(t+ h)U(t + B, r + h) f(r + h) — AQU (L r) f(r)]
= At + R [U+ k' r + h) f(r+h) — U(t,r) f(r)]
+ A+ 1) =AD) U@ ) ()]
< [Alooyx - |UE+ ' r+h)f(r+h) = Ut r) f(r)|x
+ (At +h") = A@D) U(t.r) f(r)]
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+ (Ut +h'sr+h) = U@n)f()]y
+ (A +h") = A@0) U(e.r)f(r)]
< Aoy x - [Uylooyy - 1f(r + ) = f(r)]y
+ Aoy x - [U(t+ k' r+h) = Ut ) f(r) |y
+ (At + 1) = A() U(t,r) f(r)]
(

(
and hence that (D — X, (t,r) — A(t)U(t,7)f(r)) is almost everywhere continuous
on D. As consequence, it follows by Theorem 3.2.4 (ii), Theorem 3.2.5, the Theorem
of Fubini, and (9.0.14),

= [Aloyx [U(t+ k', + k) (f(r+h) = £(r))
(

f+j<ﬂn—A@wu»ds

fo

=s+£{ﬂw—Am( @mx+fsvuswm®M)]m
—§+£{ﬂw s [ 405 sts"as'] as

—f+ff wﬁ]<>wmxwL(LA®U@VV@WW>m
=§+Lﬂ@w—@—U@ma—ﬂ(fAMU@MVWMOdﬁ

s/

_ Ul 1)é + J, F(s)ds — f (F(s') — Ut s")f(s")) ds’

4]

!

=U(t1p)€ + J U(t,s)f(s)ds = u(r)
to

for all 7 € [to, ;). Hence, finally, it follows by the auxiliary result in the proof of

Lemma 8.5.2 the relation (9.0.15) for all continuity points 7 of A in (f, #;). (ii) For

this, let 7 € (t, ;). We define G : (fp,t) — X by G(s) := U(t, s)v(s) forall s € (o, t).

Then it follows for every s € (o, ) and h € R* such that s + h € (1, 1)

% [G(s + h) — G(s)] = % [U(t, 5+ h)yv(s + h) — U(t, s)v(s)]
_ Ul s+ h)% [v(s + &) — v(s)] + % (Ut s + ) — UL, $)]v(s)

and hence by Lemma 8.5.2

lim % [G(s +h) = G(s)] = Ut 9)[v'(s) + A(s) v(s)] = U(t. ) f(s)

for all continuity points s of A in (7, 7). Altogether, it follows the differentiability
of G and G'(s) = U(t,s)f(s) for all continuity points s of A in (, ;). Note that
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there is a continuous extension G : [fo, 7] — X of G such that G(ty) = U(t, 1)) £ and
G(1) = v(t). Finally, note that F : [ty,7] — X defined by F(s) := U(t,s)f(s) for
every s € [fo, ] is continuous by the proof of (i). Hence it follows the weak Lebesgue
integrability of F with respect to L(X, K) and by the fundamental theorem of calculus

v(t) — U(t, 1) = G(1) — G(to) = Jl F(s)ds

fo
t t
= J U(t,s)f(s)ds = J U(t,s)f(s)ds
I to
and hence v(r) = u(z) for every t € [to, 11). O
Lemma 9.0.8. In addition to the assumptions of Theorem 9.0.6, let U € C(a(),
L(X, X)) be the Y/X-evolution operator for A. Further, let

(iv) Zy be a dense subspace of Z contained in D(P(A(z))) forallz € I, || ||o a norm
for Zy such that (Zy, || [o) is a K-Banach space and such that the inclusion iz, ,z
of Zy into Z is continuous. Finally, let ®(A(¢))|z, € L((Zo, | [lo),Z) forall t € I
and @A = (I — L((Zo, | [0)s Z)ot > BAW)|2) € PClL,L((Zor | [0).2)):

Then
()

| (Ur) —idx) €y < (1 +[U)czz) - [S€ = &z
+ [|Uloxx 1Al x [€ly +10]c2z |Aollccz] - (£ = 7) -

forall é € Y, & € Zy and (t,r) € A(I) where A € PC(1,L((Z. ] llo),Z)) is
defined by A(f) := (®PA)(t) + B(t) forall € I and A&y := (I — Z,t — A(t)&).

(ii) For every compact subset K of (¥, || |y) and each & > 0, there is R € [0, ) such
that

| (U@ r) —idx)ély <&+ R-(t—7)
forall £ € K and all (¢,7) € A(I).

Proof. “(i)’: For this, let £ € Y and (¢,7) € A(I). Then it follows for every s, s’ € [a, {]
|U( s")A(s")é — U(t, 5)A(s)€]x
< |Ulloxx - [A(s")g — A(s)é|x + |U (1, s)A(s)s — U (L, 5)A(s)é]x

and hence that ([a,7] — X, s — U(t, s)A(s)¢) is bounded by |U| o xx |Allso.y x 1€]vs
continuous in the points of strong continuity of A in [a,¢] and hence also almost
everywhere continuous. In particular, it follows by Theorem 3.2.4 (ii) and Theo-
rem 3.2.5 from (9.0.14) that

[ vt (eds| < [ 1wt.9aelxas

< U ooxx [Afoo.v.x HfHY t—r).

|U (e r)é —&lx =
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Further, by Lemma 8.5.4 it follows, in the following we use the notation from the
proof of Theorem 9.0.6, that for every &, € Zy and v € N*

13
[0 9A 85 =& - 0.0 00.16)
where integration denotes weak Lebesgue integration with respect to L(Z,K) and
A, 1 I — L((Z, | |o),Z) is defined by A,(a;) := (P(A(a;)) + B(a;))|z for all
i€{0,...,n}and forallie {0,...,n— 1}

o k

Ay (1) := (P(A(aik)) + Blaik)) |z, » @ik := ai + v (@iv1 — a;)
forallt € L, ke {l,...,v — 1},

~ 1

A (1) := (P(A(aio)) + B(aio)) |z, » a0 1= a; + 5 (aiy1 — a;)

for all # € I;. In the following, let A := ®A + By where By := (I — L((Zo, || ll0), 2),
t — B(1)|z). Note that By € PCy(I,L((Z.| |0),Z)) and hence that A e PC,
(I, L((Zo, || llo). Z)). In addition, U,(t, )oﬁvfo, U(t,-) o A&y are almost everywhere
continuous where A,& 1= (I — Z,t — A,(1)&) and A&y := (I — Z,t — A(1)&).
Hence it follows by Theorem 3.2.5 that

fﬁ()‘ﬁ@ﬁmemw@w

z
J 10, (t, 5)A, (s)é0 — U(t, s)A(s)&o||z ds .
Because of

10,8 9)A,(5)é0 — U8, )A(s)é0lz < c e WHHIBL 0= A ()60 — A(s)éo)l2
+ 10,8, 9)A(s)60 — U1, $)A(5)éollz < 4 e WHAPIDC=D A o5 7 oo

the uniform convergence of A,&) to A& and Lebesgue’s dominated convergence
Theorem, this implies that

1mfﬁmwawﬁw_fmmww@w

V—00 r

and hence, finally, by (9.0.8) and (9.0.16) that

t
[[owvieeads=a-0wne.
Further, it follows for every s, s’ € [a, ]

|0, s")A(s")éo — U (t, 5)A(s)éo| 2
<|NUllozz - |A(s")éo — A(s)éollz + | U (1, s")A(s)é0 — U (1, $)A(s5)é ||z
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and hence that ([a, 7] — X, s — U(t, s)A(s5)&) is bounded by

10]0.22 1&]l0.202 €0l -

is continuous in the points of strong continuity of A in [a,] and hence also al-
most everywhere continuous. In particular, it follows by Theorem 3.2.4 (ii) and
Theorem 3.2.5

10t )0 — ollz = fU() (Séods| fuurs ()60l ds

<|Ullwvzz 1Aé0)| oz - (f —r)

where A&y := (I — Z,t — A(t)&). Hence it follows that

|U(t.r)é =&lly < |U(t.r)g = &lx + [SU(1.r)é =S¢z
= |U(t.r)é — €lx + |0 (1,r)S € — S¢]2
< Ut r)é = €|x+[(O(1,r) —idz)(SE = &)z + (U (1, r)éo—&oll2
<1+ 0lwzz) - 1S€ = &z
+[1Uooxx Aoy x €]y + |0)eczz 1Aéo)oz] - (2= 1) -
‘(i1)’: For this, let K be a non-empty compact subset of (¥, | |y), € > 0 be given and

(t,r) € A(I). Then K is in particular bounded, i.e, there is M > O such that |¢|y < M
for all £ € K. Hence by (i)

| (U(t.r) —idx) €]y < (1+ |Ullozz) - [S€ — &z
+ [M U ]oxx [Allooyx + |U]0zz [Aéolooz] - (2 =7) .
forevery ¢ € K and & € Zy. Since S : (Y, | |ly) — (Z, | |z) is continuous, S (K) is a
compact subset of Z. Hence for §; > 0, there are n € N* and &1,...,&, € K such that
the union of Us, z(S¢&1), ..., Us, z(S¢&,) is covering S (K). Since Zj is dense in Z, for
every 6, > O and every i € {1,...,n}, there is & € Zy such that |S& — &pllz < 6.
Then
IS¢ = &iolz < 61+ 62

and

| (U1, r) —idx) €ly < (1 + |U]wzz) - (61 + 62)

+ [M[Ulooxx |Alooyx + [0loozz [Aéoill 2] - (£ =)
S (1 +[0)oozz) - (61 4 62) + [M|U]oo xx [A]lo0,v.x

+ [ Oloo,z.z max{|Aéoilooz i € {1,....n}}] - (¢ = 1)

forall & € S~ (Us, z(&)). -
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Examples of Linear Evolution Equations

This chapter gives examples of applications of Theorem 9.0.6 to linear evolution
equations from General Relativity and Astrophysics. For examples of applications
of Kato’s older results [107, 108] to such problems, see, for instance, [9, 10, 14, 66,
67,80,83,84,93,94,100, 115,136,143, 145] and to non-autonomous wave equations,
see, for instance, [41,173, 174].

The first example considers a scalar field of mass m( > 0 in the gravitational field
of a spherical black hole. The field is required to vanish on a spherical surface which
is in a spherically symmetric collapse into the black hole.! For this, Kruskal coordi-
nates are used because of the singular behaviour of the Schwarzschild coordinates on
the horizon. Due to its spherical symmetry, the problem can be separated by decom-
position into spherical harmonic functions. Note that the situation considered by the
example is at the basis of the analysis of Hawking radiation from a Schwarzschild
black holes [96]. Theorem 10.1.6 is a new result. The second example considers
non-autonomous Hermitian hyperbolic systems.

In both sections below, for the convenience of the reader, material is developed
which is needed in the application of Theorem 9.0.6, but can also be found in some
form in other sources. This includes fractional powers of infinitesimal generators
[39,47,52,57,90,99,106,120,168,179,224], results from the theory of Sobolev spaces
[2,227], harmonic analysis [140, 141,200,201] and from the spectral theory of self-
adjoint linear operators [53, 106, 179,216]. Lemma 10.2.1 (vii) gives a result which
is weaker than Calderon’s first commutator [40, 140, 141, 201], but can be derived
without the use of the methods singular integral operators. It has been included to
keep the course self-contained and at the same time to limit the size of the section
on non-autonomous linear Hermitian hyperbolic systems. The developed material is
also used in Chapter 12 that gives examples of the application of Theorem 11.0.7 to
quasi-linear evolution equations.

! For instance, the surface of a spherical star.
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10.1 Scalar Fields in the Gravitational Field of a Spherical Black
Hole

The reduced wave equation for a scalar field ¥/(v, u)Y,,,(6, ¢) of mass my > 0, where
leN,me {-I,-1+1,...,1} and Y}, is the corresponding spherically harmonic
function, in the gravitational field of a spherical symmetric black hole of mass M > 0
is given by

>y 2w [1(l+ 1)

2M 2 —r/(2M) 7
e : - +r—3+m0]e /M) — (. (10.1.1)

;
Here (v, u, 6, ¢), where

(vyu)e Q:={R*:u* —v* > —1}, 0 (0,n) , g€ (—m,7),
are the so called ‘Kruskal coordinates’, r : Q — (0, c0) is defined by
r(u,v) == h= ' (u* —v?)

for all (v,u) € Q where h : (0,00) — (—1,00) is defined by

h(x) := (ﬁ - 1) e/ (2M)

for all x € (0,00) and z,@ := ry. In particular, geometrical units are used where the
speed of light and the gravitational constant have the value 1. From

1 [ I [ x?
h(x)=—1+— /M) gy > 1 —f dy=———1,
(x) +4M2Lye Y e ),V T e
valid for all x > 0, it follows
r(u,v) = ' —v?) < 22M(1 + 2 — )12 (10.1.2)
and from
h(x) = —1 4+ —— fxyey/(zm dy <1+ —— re(ms).v/(zm dy
4M2 ), h 2M5$
_ 1 [e(H-é)x/(ZM) _ 1] _1
6(1+06) ’

valid for all x > 0, it follows

rlu,v) = = uw? —v?) = 1 Té In[1+68(1+6)(1 + u* —v?)]

- 2MS(1 + u? —v?)
T8+ 6)(1 4 ut —v?)
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for every 6 > 0 and all u,v € Q where
Ty x
0 1+y 1+X

In(1 + x) =

k)

valid for x > 0, has been used. The last inequality gives for § = (1 + u?> —1?)~!/2

2M(1 + u? —v?)!/?

r(u,v) = N TE—T (10.1.3)
and foro =1
o run)/(2M) o 1
[142(1 +u? —v2)]1/2
for all (u,v) € Q and as a consequence
1 1|1 1 1
0 B O N B (C NP S
Sy S M [2 Tz VZ)I/z] ¢ (1 + u2)12
for all (#,v) € R x (—1, 1). In addition, note that
or 8M>v or 8M>u
il = 27 7 r(wy)/eM) 2T — 27 " pr(uw)/(2M)
ov (w,v) r(u,v) ¢ " Ou (u,v) r(u,v) ¢ ’
o*r 8M2u 1 1\ or
- Skl [ W (et —r(uv)/(2M)
ovou (1) r(u,v) <r(u, V) * 2M) Ov (uv) € ’
°r 8M?
i — —r(uy)/(2M)
u (w,v) r(u,v) ¢
8M*u 1 1\ or
e s - I —r(uy)/(2M)
r(u,v) (r(u, V) * 2M> ou (uv) €

for all (u,v) € Q.
We demand that ¢/ vanishes on a radially into the black hole falling trajectory

§={(f(v)v):ve (=11}
(boundary of a star) where f € C*>((—1,1),R) is such that
F'm) <1
forall v e (—1,1). From (10.1.1), it follows by the coordinate transformation
v(u,v) i=v, a(u,v) :=u— f(v)

for all u, v € Q the equation

Oy %y

T _of! —(1 - ” _ sl
ov? ! on dv (1=57) f on

RMI[I(L+1)  2M o) -
[ ( = ) + = +m| e /My =0 (10.1.4)

n o

()
on?

+

7
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where

Fi, v) == r(a+ f(9),9), ¥(a,v) := r(a+ f(v),v)(a + f(),v)
for all (&, 7) € (0,00) x (—1, 1). Note that

or 0 0
S(@.5) = f'() 5@+ F0).7) + 5 (@ + (7). D),
oF 0
5@ 0) = =@+ F(9).9)
62_ 52 82
o 0) = /() 25 (4 f(0).9) + 5 (@4 (7). 7) -

Lemma 10.1.1. Let (X, (| )y) be a Hilbert space over K € {R,C}, A : D(A) — X
a densely-defined, linear, self-adjoint and positive operator and B € L(X, X) self-
adjoint and positive. Then

D((A + B)'/?) = D(A'?) . (10.1.5)

Proof. First, we notice that Theorem 3.1.9 implies that D(A) is a core for A'/? and
(A + B)'/? and hence that D(A) is dense in (D(A'/?),]| | 412) and in (D((A + B)'/?),
Il p¢(a+)12))- In particular, for & € D(A),

|A"2E )5 = 167 + E1AE < (A + B)' €T,y
= 1> + (A + B)é) < (1 + |B]) - (|€]* + (£|A&))
= (1+|B]) - [AV%)2,, -

Hence the restrictions of | [|412 and | |p((ap)12) to D(A) are equivalent. Finally,

from this follows (10.1.5) by the denseness of D(A) in (D(A'?), | |412), (D((A +
B, || D((4+B)1/2))» the completeness of these spaces and the continuity of their
inclusions into X. m

Theorem 10.1.2. (Fractional powers of generators) Let K € {R,C}, (X, | ||) a K-
Banach space and A the generator of a strongly continuous semigroup T : [0, 00) —
L(X, X) for which there are ¢ € [1,0), u < 0 such that

IT@O)] < ce

for all 7 € [0, o0).
(i) Then by

1 loe]
A= —— f 7T (1) dr (10.1.6)
0

a > 0, there is defined a bounded linear operator on X such that

c

AT < 7=
|
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In addition,
A4 B = A= (a+B)

for all @, 8 > 0,

s— lim A™% = idx (10.1.7)
a—0+
and
A" = [RA(0)]" (10.1.8)

for every n € N*. Hence by P := ([0,0) — L(X,X),a — A~%) defined by
Pa(0) :=idx and Pa (@) := A~ for @ > 0, there is given a strongly continuous
semigroup whose infinitesimal generator will be denoted by In(A).
(i1)
: 00
a-e _ Sintr) J A(A+ )7 d)
4 0
foralla € (0, 1).
Proof. “(i)’: By the strong continuity of ((0,0) — L(X, X), ¢+ t*~'T(¢)) and

[ T ()] < crrte W,

for all + > 0 and Theorem 3.2.11, it follows that by (10.1.6) there is defined a
bounded linear operator A~% on X such that

o0
ja=o) < == j ol gy = ©
I'@) Jo IR

for every @« > 0. For the following let @, > 0. By Lemma 8.1.1 (ii), it fol-
lows the strong continuity of ((0,0)* — L(X,X),(t,s) — t*7'T(t)s*7'T(s) =
1= 'sP=1T(t + 5)). Further,

HtaflsﬁflT(t_F S)H < [0715ﬂ71 < [0715ﬂ71 e*|p|(t+s)

for all ¢, s > 0 and hence it follows by Theorem 3.2.11 that by
J VPIIT (e + 5) deds
(0.00)?

there is given a bounded linear operator A~ on X. In particular, it follows by Fubini’s
theorem and Theorem 3.2.10 that

—apB _;F —ig-a
ATA 6_1“(,8) ) STIATT (s5)éds

_ m LOO o1 (fo T (e + s)gdt) ds

_; a—1 S—1
= F TG J(O,oo)zt SPTIT(t+ s)édrds
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B 1 =17 \B—1 / W
N0 LN/I (s" =Y~ T(s"édd ds

(]

— 1 * la+p—1 fl Na—11 _ J1\p—1 //) ! /
N0 Jo (s , A =Y d ) T(sN)éds
_ 1 ” la+p—1 / ! _ pA—(a+B)

S Taip Jo s T(s")¢éds' = A &

/

t/afl(sl o t/)ﬁ—l dt/) T(s’)fds’

for every & € X. Further, the validness of (10.1.8) for every n € N* follows from
Theorem 4.1.1 (iv). Since

C c

< — cem (D) < (o l(D)]|a
e M

A= <

where M := min{|ul, 1} € (0, 1], it follows the uniform boundedness of (A™%) e (0,1
Therefore, since D(A) is dense in X, (10.1.7) follows if it can be shown that

lim A"9A7 !¢ = li%1+A_("+')§ =A"l¢ (10.1.9)

a—0+

for all £ € X. Since for every £ € X

|a=(etDg — A~ lg|

1 © 1 ©
< T )y 1 IOl | = s [ 170
el [* 0y oy, €L (@t 1)~ T(@)
STanm ), e S

(10.1.9) follows by an application Lebesgue’s dominated convergence theorem.
‘(ii)’: For this, let @ € (0, 1). By the strong continuity of ((0,00) — L(X,X),1
A7%(A+ )7 ") and

c /l—(l/

A+ ful

for all A > 0 and Theorem 3.2.11, it follows that by

a7 A+ )7 <

: 0
5, = S0r) J A+ D) dA
4 0

there is defined a bounded linear operator B, on X. By Lemma 8.1.1 (ii), it follows
the strong continuity of ((0,00)* — L(X, X), (,1) — A~% 4 T(t)). Further,

A% T(1)| < c A%~ HIkbr

for all £, A > 0, and hence it follows by Tonelli’s theorem along with Theorem 3.2.11
that by
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J A% M T (1) dtdA
(0.0)2

there is given a bounded linear operator on X. Finally, it follows by Fubini’s theorem,
Theorem 3.2.10 and Theorem 4.1.1 (iv) that
sin(na)

Bof = — LOC A""(A+ )7 eda

sin(ra) JOO ¢ <rc e T(t)g;"dt) da

Tt 0 0

sin(ra) J AN T ()¢ drdA = f w(
(002

Tt 0

stz 7

_ r(l _a) * a—1 — AT@
_—F(Q)F(I—Q)L 1T (nédt = A7

fo e e d/l> T(r)édt ,

0

0

0
J eyt dﬁ’) 7T (1)é dt

for every € € X. m

Lemma 10.1.3. Let (X, (| )y) be a complex Hilbert space, A : D(A) — X a densely-
defined, linear, self-adjoint and positive operator in X. Then

1 0
[(A+6)2]71 == J A2A+1+6)7"da
7 Jo

for all 6 > 0 and

1 0
AV2¢ = - J AV2HA + )T AEdA
0

forall £ € D(A).

Proof. For this, let 6 > 0. Then A + ¢ is a densely-defined, linear, self-adjoint op-
erator in X which is semibounded from below with lower bound . Hence it follows
by Theorem 4.2.6 that A + ¢ is the infinitesimal generator of a strongly continuous
semigroup T : [0,00) — L(X, X) such that

|T ()] < exp(—19)
for all ¢ € [0, 00). Further, (A + 6)~' € L(X, X) is in particular positive self-adjoint
and (A + 6)_'/ 2 € L(X, X), defined as in Theorem 10.1.2, is positive symmetric and
hence also self-adjoint. In addition,
[(A+6)"P=@A+06""

and hence

(A+8)72 =[(A+6)7"]"* = f(A+6) = (foidd) (A+6)"?) = [(A+6)"/*]!
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where f is the real-valued function defined on the spectrum o-(A+6) of A by f(1) :=
A~12 forall A € o(A + ). Hence it follows for every £ € D(A) that

(A+6)1/2§:(A+6)_1/2(A+5)§-‘:%J A72(A+246)" (A +06)édA .
0

In the next step, it will we proved that

lim(A + §)12¢ = Al2g | (10.1.10)

for every £ € D(A?) where v € N*_ First, we notice that
AVZ(A+6)712 5 (A+6)712A12

since A and A'/2 commute and also that A and A + § commute since the operators
of their associated one-parameter unitary groups commute. Hence it follows for & €
D(A?) that

A(A+6)2e = AVA+6)72(A+68)E=(A+6)PAYV (A +6)¢
= (A+0)2(A+06)A2E = (A+06)2AV%¢

and hence

[(A+6)%+A2|[(A+6)? — A2
—(A+68)E—(A+8)2AV2e + AV2(A +6) 26 —Ag =66 . (10.1.11)

Further, (A +6) 1/2 4+ A'/2 is a densely-defined, linear and positive symmetric operator
in X such that
ENA+0) +AV)e) = 812 (10.1.12)

for all ¢ € D(A'/?). Since A'/? and (A + 6)!/? commute, also their associated one-
parameter unitary groups U, Us : R — L(X, X) commute. Hence (R — L(X, X),t —
Us(t)U(t)) is a strongly continuous unitary one-parameter group whose generator
As is an extension of (A + 6)"/2 + A'/? and has D(A'/?) as a core. Hence it follows
by (10.1.12) that the spectrum of A; is contained in [61/ 2 o0) and therefore that

AT <672
As a consequence, it follows from (10.1.11) that
I[(A +6)"2 — AV)e| = 6 ]A; "¢l < 6" |¢] (10.1.13)

for all ¢ € D(A?) and hence that (10.1.10) holds for every ¢ € D(A). For later
use we note that, since D(A?) is a core for A'/2 and (A + 6)'/2, (10.1.13) is true
for all £ € D(A'/?). Further, let be &£ € D(A) and & > 0. Then A, : (0,00) — D(A)
defined by

hee(d) := ' A7 V2(A + A+ )71 AE
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is continuous and satisfies

Ag]|

e ()] = A 2|(A+ 2+ &) AE| <x7t ATV h <n'|Ag] a7
<atg|aa?
Ihes(D)] < 7" A7V (A + A+ )7 Ag|

AT~ A+ o)A+ A+e) g <2x AT
<27 A2 A

N

for every 4 > 0. Hence /, is weakly summable and by A,;/, : D(A) — X de-
fined by

Q0
Aa,l/Zé: = L hf’g(/l) d/l

for every £ € D(A) there is given an element of L((D(A), | |a), X) satisfying
Q0
|Acipplax < Ci=n"" J min{1~%2,247"2} da .
0

Further, it follows for £ € D(A), A4 > 0 that
A+21+6) " A+6)E=A+AD) A+ DE—AA+A+06)7 ¢
=A+D)MAE+A[A+ DT E—(A+a+06)71¢]
—(A4+D)Ae—A6(A+ )T A+A1+06)7 ¢
and hence that

[(A+2+06)""(A+6)¢— (A+1)'AZ] <5 (1+06)7"¢]

[(A +6)"2¢ — Aq. pé]

< [T a0 kol - (44 7 el
0

o0 o0
<a'6)é| J A2+ 6) T da=a"162 g J 7V (a+ 1) tda
0 0
and therefore that
lim [ (A + 82 — Agpé| = 0. (10.1.14)
From (10.1.10), (10.1.14), it follows that

AV = Ao,12¢
for every ¢ € D(A?). Finally, it follows by an application of Theorem 3.1.6 that

also AY?|psy € L((D(A), | |a).X) and therefore, since D(A?) is according to
Theorem 6.1.1 a core for A, that

Al/le(A) = Ao -
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Lemma 10.1.4. Let 7 := (0, o). For every k € N*, we define the derivative operators
D%, the Sobolev spaces W(I) with corresponding scalar products ¢, ), and their
induced norms || || as in Definition 5.3.1. In addition, we define W{ (1) for every

k € N* as the closure of Cf(1,C) in (WX(1), || [|«)- Then
®

L 2
A= =Dy o2y

is a densely-defined, linear, self-adjoint and positive operator in Lé I).

(ii) Forevery A > 0, f € LA(I)

[Ra(—A)f] (x) = % [f [ b0

psinh(VA) [P0 ] - [Tk o)

X

for all x € I where

Koa(rs) 1 e VArsinh(vay) ify<x
_a(xy) = —
ALY VA | sinh(VAx)e= YU ify > x .
for all (x,y) € I*.
(iii) 1
*
DI }W&C(I)

is a densely-defined, linear and closed operator in Lé (I) such that
f1D}8), = —<D] flg)

for all (f,g) € (W (1))
(iv) Further, W&C(I) ~ W2(I) is a core for D}*|W$,c(1) and A'/2,

D(A') = Wy (1) and A2 [ = D} [

forall f € W3 .(I).
(v) Forevery 1 >0,

D}*Ra(—2) © Ra(—A)D}* (10.1.15)
and for every 6 > 0
DF*[(A+6)Y 7' S [(A+6)V4'D}* . (10.1.16)
as well as
Di*(A+06)'2f = (A+06)/*D*f . (10.1.17)

for all f € D(A).
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(vi) (A commutator estimate) Let g € C'(1,C) n LZ (1) such that g’ € LX(I), and

denote by T, the corresponding maximal multiplication operator in Lé I) which
is a bounded linear operator on Lé (I). Finally, let § > 0. Then

(A +6)'Ty(A +6)~'* € LILE(D), LE(D))
and in particular
[(A+6)"*Ty(A +6)7"72) < 3glloo + 672 g oo - (10.1.18)

Proof. “(i)’: First, obviously, Ay : C5(I,C) — LZ(I) defined by Aof := —f" for
every f € C(Z)(I, C) is a densely-defined, linear, symmetric and positive operator in
Lé([ ). In addition, the deficiency subspaces of Ag are given by

[Ran(Ag — i)]* = C.f;, [Ran(Aq + i)]" = C.f_;

where f; : (0,00) —> R, f_; : (0,00) — R are defined by f;(x) := exp(—(1 + i)
x/v/2)) and f_;(x) := exp(—(1 — i)x/+/2)) for all x € (0,00). (For example,
see [179], Volume II, X.1, Example 2.) Further, A is a linear extension of Ag. We
note that

(fID}*8), = —<D} D} ), (10.1.19)
forall (f,g) € W(%,c (I) x WZ(I), which can be seen as follows. For this, we define
the sesquilinear form s, : W (1) x WZ(I) — C by

s1(f.8) = {fIDj*g), + (D} f|D ),

forall (f,g) € Wy (I) x W(I). By the continuity of D¥, D7* follows the continuity
of s;. Further,

{fIDT*8), = {f"18), = (f'IDf8), = — (D} fID} &),

for all f € C°(I,C) and g € WE(I). Since C{°(1,C) x WZ(I) is dense in W (1) x
W2(I), this implies that s; vanishes and hence that (10.1.19) holds for all (f,g) €
WEC(I) x WZ(I). Obviously, (10.1.19) implies that A is a symmetric and positive.
Further, we note that

(fID}g), = —<{Dj flg), (10.1.20)
for all (f,g) € Wy(I) x WL(I), which can be seen as follows. For this, we define
the sesquilinear form s, : W, (I) x Wi(I) — C by

52(f.8) := {fID} &), +{Dj flg),

for all (f,g) € W&C(l ) x WA(I). By the continuity of D¥, it follows the continuity
of s, and by partial integration that s»(f,g) = 0 for all f € C;°(I,C) and f €
C*?(1,C) n Wi(I). Since C{°(I,C) x ((C*(1,C) n W(I)) is dense in Wy (1) x
WL (I), this implies the vanishing of s, and hence the validity of (10.1.20) for all
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(f.g) € W&C(l ) x WA(I). In the next step, we conclude that A is closed. For this,

let (f,g) € G(A) and fy, f1,... a sequence in D(A) converging to f and such that
Afi,Afs, ... is converging to g. Since

- <fV|D?*fV>2 = ||D1*fv|\§

for all v € N, this implies that fy, fi,... is a Cauchy sequence in (W&(C (D, 1),
(W2(I), || l2), and hence by the completeness of (W (1), [l [[1), (WZ(D), || [|2). the
continuity of the inclusions of (WX(I), || 1) (WA(1), || ||2) into LZ(I) and the conti-
nuity of D7* that f € D(A), Af = g and hence (f,g) € G(A). In the final step, we
prove that the deficiency subspaces of A are trivial and hence that A is self-adjoint.
For this, we define the function f € C;°(I,R) by

f(x) :=sin(x/V/2) e/ V2

for all x € 1. Then

, 1 . —x " —x,
f(x) = % (cos(x/\/i) —sm(x/\/i)) e /ﬁ, f(x) = —cos(x/\/i)e /2

for all x € R and hence f € WZ(I). In addition, f € W, (/). For the proof let
h e C*(R,R) be an auxiliary function such that

—0  ifx<-2
h(x) {€[0,1] if—2<x<—1I
-1 ifx>-—1.

Obviously, such a function is easy to construct. We define h, € C*(I,R) by
hy(x) :=h (—(x—x" )2 ?)
for all x € I and v € N*. Then

nio) = 1° if x < (1+v/2v) orifx> 1+ v2v
! 1 ifv ' <x<v

and hence h, € Ci°(I,R) as well as Ran /, < [0, 1] for all v € N*. In particular,

2(x* 4+ 1) _
|xhy(x)| < i ' (—=(x—x7")?H?) |
2(x* + 1)
I
< Ao 2 <X[(]+\m)_1_v_l](x) T X s van (x)>
—1\2 / 4
<2(V2+ v R (£ + 1)/\([(”@)7%,,](@
+2v 1 o (6 Dy, s, ()

<2(1+ V22 |h' |0 (x* + 1) (10.1.21)
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for all x € I and v € N*. An application of Lebesgue’s dominated convergence
leads to

Vll)nolo Hth - fHZ = vli>nc}c H(th)/ - f/HZ =0

and hence to the fact that f € W ~(I). Finally,

=" (x) £ if(x) = fri(x)

for all x € I implies that the deficiency subspaces of A are trivial and hence that A is
also self-adjoint.

‘(ii)’: For this, let 1 > 0. Then it follows that K; € C(I?>,R) and hence that K} is
measurable. In addition, K (x, -) € LL(I) is such that

1

1 - X
Kl = 5 (1=eV) <<

for all x € I. Since K is in particular symmetric, this implies that by
0

[B.f](x) = f Ky f() dy

0

for every x > O and f € Lé (I), there is defined a bounded linear operator B, on
L% (1) satisfying

1
1Bl < =

In addition, it follows for every f € Co(I,C) that B, f € C*(I,C) and

Bl = [ Gitnriar,

0

for every x > 0 where

—e~ V4sinh(4/1y) ify <x

G_(x,y) =
a(x.y) {cosh(ﬁx)e‘ﬁy ify=x.

for all (x,y) € I? as well as that

[B1f]"(x) = A[Bif](x) — f(x) (10.1.22)
for all x > 0. Further, G, is measurable, G(x, ), G(-,y) € LL(I) and

1 1 1
Glx, )|, = —e 2V < — | |G(y)], = — (1 —e 2V <
1601, = = 7 166l = — ( )

for all x,y € I. This implies that by

sl-

€)= [ a0y

0
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for every x > 0 and f € L2 (1) there is defined a bounded linear operator C; on L2 (1)
satisfying
1
ICil € — .

Va

Hence it follows for every f € Co(1,C) that B,f € W2(I) and by (10.1.21) that
B,f € W&C (I) and therefore by (10.1.22) that

A+ 1)Baf=f.
Finally, since A + A is bijective and Co (1, C) is dense in L% (1), this leads to
Ra(—1) = B, .

‘(iii)’: First, it follows by the completeness of W&C(l ), the continuity of the canonical
imbedding of W&C(I ) into LZ(I), the continuity of D¥ and the denseness of W(%,c (I
in LZ(I) that the restriction D of D¥ to W] .(I) defines a densely-defined, linear
and closed operator in Lé (I). Further, it follows by (10.1.20) that

2Re ({fID] [,) = {fIDF [, + <Di f1f)y = = <DF f1f ), + {fIDFf), = 0

for all f € W, (I).
‘(iv)’: By Theorem 3.1.9, it follows that D(A) is a core for A'/? and hence that D(A)
is dense in (D(A'/?), || | 412). Further, by (10.1.19), it follows

A2 fl2 = ((FIAS))'? = | D} fl2

for all f € D(A). In addition, the denseness of D(A) in W, (/) and the continuity of
D imply that D(A) is a core for DF, too. Hence it follows that D(A'/2) = W (1)

and that [A'2f[, = |D}* | for all f € W, . (I).
‘(v)’: For this, let 4 > 0. Then

Ra(~)D}* € LW, (1), LA(1)) -
Further, it follows by direct calculation that

RA(—A)DI*f = —Ry(—A)f" = — fo Galx.y)f() dy

for f € C{°(1,C) and therefore by the denseness of C3°(1,C) in W (1), the conti-
nuity of the inclusion of W&C (I) into LS,C (I)and C, € L(L(z)’C (1), L(z)’c (I)) that

RA(—)D*f = Ra(— )" = — fx Galx.y) () dy

forall f € W} ~(1). Finally, since W.(I) = C(I,C), it follows by the proof of (ii) that

DIRa(-0f = - | " Gaey) f5) dy
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for all f € W .(I) and therefore (10.1.15). In the following, let f € W ~(I). Then
hy:= (I — L} .(I),A — Ra(—A)f) is continuous and satisfies

If1>

gl < 2

for all 2 > 0. In addition, it follows for for A, u > 0 that

|D7* (hp(4) = (hy ()2 = |ID7*Ra(=A)f — Di*Ra(=u)f ]2
= [Ra(=)D;* f — Ra(—)D;* f|2

1 1
= = A IRA(=)RA (=)D} Iz < [ID}* 12 |5 = ‘
and
D 2
IDF*he(D)]2 = |D}*Ra(=)f |2 = [Ra(=)D}*fll2 < —-7 .

As a consequence, it follows for § > O that ky := (I — W, (1), — A~ '2Rx(—(21+
€))f) is continuous such that

Ikr (Dl < 2772 (2 +8)7 £l

and hence the summability of k. Hence it follows by the continuity of D}* that

o0
[(A+6)2] "Dl f = L AVHA + 2+ 6)7' DY fda

Nl= 3|

o0
J A2DI*(A 4+ A+ 6)7! fda
0

1 0
=D~ L ATVA+A+06)7" fdd = D*[(A+ )7 f

and therefore (10.1.16). Finally, it follows by (10.1.16) for every f € D(A) that
Di*(A+6)7f = (A+06)"2[(A+06)"17'D}*(A+6)*f = (A+06)/°D}*f

and hence (10.1.17).
‘(vi)’: For this, let g € C'(1,C) n L¥(I) such that g’ € LX(I) and f € W&C(I). Then

gf € WA(I)

and
D*gf = gD*f —§'f -
Further, if fi, f5, ... is a sequence in C} (1, C) such that

sim ||y~ ]l = 0.
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then gfi,g/», ... is a sequence in Cj(1, C) such that
lim |lgf, —gf[li =0
v—00

since (WA(I) — WL(I),h ~— gh) is a continuous linear map. Hence gf € W, .(I).
Further, it follows for 6 > 0 by (10.1.13) that

(A + )" flo < |42 fla + 6"21gfl2 < DY 2f]a + 62 gl 1]
< Igloe 4211 + (18”1 +6"21gle ) /12

< lelool(a +6)2 7l + (Jg'lo +26"lgllc) 112
and hence for every f € L%)’C (I) that

(A +8)"2g(A +6)" ],
< Iglolsla + (I8l + 25 lglc) 1(A + )11,

< [3lgl +67"21g" o | 112 -
O

Lemma 10.1.5. Let n € N* and J, U be non-empty open subsets of R and R”",
respectively. In addition, let f € C!(J x U,C), h € C(J,R) such that f(t,-), f1(t,-) €
BC(U,C) and

|12 )loo < A(2)

forall t € J. Then (J — L¥(U),t — f(t,-)) is continuous.

Proof. For this, let #1,# € J, u € U. Then it follows by the mean value theorem that

|f(tu) = fr2,u)] < sup{|fi(nn + A2 — 1), u)| - A€ [0, 1]} - |11 — 1o

<
<max{|h(t; + At — 1)) : 1€ [0,1]} - |11 — 1]

and hence that

[f(01) = f(r2.)loo < max{|a(n + A2 = 11))] - A€ [0, 1]} - |11 — 1] -

O

Theorem 10.1.6. Let& > 0,7 := (0,0), f: (—1,1) — R twice differentiable with
a piecewise continuous f”, f/(0) = 0 and

1
7)< 5 V3
forevery v e (—1,1), U : (—=1,1) — LZ(I) plecew1se continuous such that, U(v) €

C'(1,C) and (U(v ))’eLw( ) forevery v € (—1,1) and such that U; := ((—1,1) —
LZ(I),v — (U(v))') is piecewise continuous,
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AY’ = (1 - flz(‘j))D%*’W(l)c(I)mwé(l) +e&, Bf’ = 721]“,(‘_})) D}*‘Wéc(l) 4
Cy = —f"(9) D}*]WO,C(I) +U®) -

for every v € (—1,1) and
X = Wye(I) x LE(I) .

(i) Letve (—1,1). Then X equipped with (| ); : X> — C defined by
1/2 1/2
((21,82)1(8580))v 1= (A7 8114y %g3) + (gala)s
for all (g1, g2), (g3,84) € X is a complex Hilbert space. Further,
G{; Y - X .

where
Y= (Wé,c(l) N Wé(l)) X Wé,c(l) )

defined by
Gi(g1.82) := (—g2. (As + Cy) g1 + iBsg2)

for all (g1,42) € Y, is the infinitesimal generator of a strongly continuous semi-
group T(5) : [0,50) — L((X. (| )5). (X. (| )r)) such that

ITE)@] < e

for all ¢ € [0, c0) where

wim (3) e (2) 1w - o

(ii) Let I be some closed subinterval of (—1, 1), [(I) = 0 the length of I,

Crr:=sup{|f"()|:vel},

Cu, = 0 such that
IU®) — &l < Cuu -

Then (Gy)ye; is a stable family of infinitesimal generators of strongly continuous
semigroups on (X, (|)), where (|) := (| )o, with constants

1/2 1/2
= ( ) Cri+ (z) Cyy . V3
i - g

(iii) Let A := Ag and (|) := (| )o. Then S : ¥ — (X, (|)) defined by

N W

S(g1,82) 1= (AV2g,, A1 ?gy)

for every (g1, g2) € Y is a densely-defined linear and closed operator in (X, (| )).
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(iv)
Gy e L((Y, |[5). X)

for every ¥ € (—1, 1). In addition,

G = ((=L1) = L((X [ ]s), X), v — Gs)

is piecewise norm continuous.
(v) Let

B) = (X = X.(g1.82) = (0.(4"2U(MA™ —U(M)a1)

for every v € (—1,1). Then B € PC((—1,1),L(X, X)). In addition, for every
ve (—1,1)and (g1,8) € D := D(A%?) x D(A),

SGi(g1,82) = (Gy + B(7)) S (81,82) -
Finally, for every ¥ € (—1, 1) there is 2 < 0 such that
(Gs—A)D=vY.

(vi) Let J be some closed subinterval of (—1, 1) and assume that Y is equipped with
| lls- Then there is a unique ¥ /X-evolution operator U € C,(a(J), L(X, X)) for
G|,

Proof. “(i)’: For this, let v € (—1, 1). It follows by Lemma 10.1.4 that A; is densely-
defined, linear, self-adjoint operator in Lfc(l ) which is semibounded from below with
lower bound &, that B; is a densely-defined, linear and symmetric operator in Lé(l ),
that Cj is a densely-defined, linear and closed operator in Lé (I) and by Lemma 10.1.1

that D(A5) is a core for Aé/z, B; and C; as well as that

12
D(AY?) = Wi (D) -
In addition, it follows for g € D(A;) that

4l

|Bsglz = 417" (0)* 1D g5 = 41" (7) P (el = Di*g), = =720 (glAvg),
_AFOP ane
=T 145813

and

_ _ 2 -
ICsgll3 < (1F" G 1D gl2 + U F) = el gl2)” < 21" (B)7 D83

U 2 » 270 A2 ol U( 2 2

+2(U) el gl < ———5= 14y"glz + 21U®) — el lelz
1 — f72(v)

12 _

g2 +2|U®) — el |83

v

5 _
<21/"m)P )4
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and hence also that

;o A

1/2

|As"el

5 _ 12 _
ICsgll3 < 5 1 @) 1A g2 + 2|U @) — &l g3

forall g € D(Aé/ 2). Since
Alf'®)P
1—f72(9)
the statement (i) follows by application of Theorem 5.4.3, Lemma 5.4.6 and

Theorem 5.4.7.
‘(i1)’: For v;, 7, € I and (g1, 82) € (Wéc(l) N Wé(l)) x LZ(I), it follows

<1,

l(g1.2)12

— 1452213 + 213 = (1= £2 () <a1| = D*&1), + el |3 + [ ga3
1 ”

— e [l — el ] + el + g1
B 1— 2@
-1 ;,zgviugl,gm +|1- T=5ms | Clalk + 1)

U700~

< (1025 g
< (14 V51D - £ e )l
< (14 VB¢l —5a) g2l < 541 (g1, e[,

1/2

Since W, (1) n W2([) is a core for A; /2 and A;/ ", it follows that

A

H(gl’gz)‘vl gl,gZ)H%Z

forall (g, g2) € X. Hence the statement follows by using part (i) and Theorem 8.6.4.
‘(iii)’: First, it follows that S is a densely-defined linear operator in X and

I(s1.82)[5 = 142113 + [1Ag1 15 + llg2ll3 + A" ?g2ll3

for all (g1,g2) € Y. Further, if (g11,821),(g12,822), ... is a Cauchy sequence in
(Y%, ]ls), the closedness of Al/? implies the existence of g, h € Wé (1) such that

lim [ g — gl =0, lim [A"2gy, —AY?g[, =0,
Vv—00 v—00

lim |A'2g,, —hl, =0, lim |Ag,, — Ak, = 0.
y—00 y—00
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Further, since A is bijective, it follows that

lim g, — g2 =0, lim [A"?g), —A'?g(|, =0, lim |Ag, —Agi|> =0,

y—00 v—00 V—00
where

g1i=ATAYV = (AT AV TIAY 2 = (AVA) T he W (T) n W)
and hence that (g, g,) € Y as well as that
Tim [ (g15» 820) — (81,82l = 0.

Hence (Y, || |) is complete and therefore S is closed.
‘(iv)’: For this, let v € (—1, 1). Then

Gyi(g1,82) = (=82, (A5 + C3) g1 + iByga)
= (=82, [~ (1= f2(")) DI* + &~ f"(») D}* + U(¥) —&] &1
+i(=2i)f'(%) D*g2)
= (~82.[(1 = @) A~ f"(7) DI* + UG) —£(1 - f2(0)] &1
+2f'(v) D;*g2)
for all (g1, g2) € Y. Hence it follows by using Lemma 10.1.4 (iii) that
Gi(g1.82)[3 = 42823
+[[(1= 2@ A= £ (3) D + UG) — e (1= £2(3))] 81 +2f'(7) D}*ga5
<A 3+ 5|11 = FREP A + ") 4213 + 1UG)E g3
1221 = RO P g3 + 417 )P 14 2gl3]
= S|P A1 + 511~ F2O)F [Agil3 + (1 +20[f()) [Agal3
+ U@ + 211 - 2P a3
<[SIEP+ (WEIE + & 1= £2ER) A7) 1472013
+511— 2P Az + (1+20[£'(3)) A3 < C2(9) [ (81.82) 3

for all (g1,g2) € Y where
C(v):= (max{5 P @F + (UG + & 11— f2)P) 1AV,

s @R 20l )
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Further, let ¥;,v, € (—1, 1) and (g1, g>) € Y. Then
|Gy, (g1, 82) — G, (g1, 82) [
= [ [(f?(2)) = f2E)) A+ (f"(72) = £ (7)) Dy* + U(91) — U(v2)
—&(f2(m) = 2] & +2(f'(1) = f/(72)) D 82) |3
<5(f2(m)) - 'Z(Vl)l [Agi15 +51f"(72) = £ ()P |4 213
) = Um)|% + & 1 2(3) = f200)1] g3
) = £ () A 2ga 3
sUF2@2)) = 2001 + 1" (02) = ()P
+[IU®) = U@)[% + & [ (52) = 20 P (A7
)

‘(v)’: By (10.1.18), it follows that
IBO)(g1,82)] = 10 (A2U@A™2 = U)en
~ [(APUEAT = U@l < [4||U<v>noo + e U)o | leal2
< A2 [HUG) o + & PIUG) | | 1421
< A2 (U@ + &2 noo] I(g1,8)]

and
1B(v1)(g1,82) — B(¥2)(81,82)

<A [41UG) = U@)le + & IUE)) = [0 | @8]
for all (g1,42) € X and 9, vy, 7, € (—1, 1). Further,
SGy(g1,82)

=S(—g2.[(1=f2E)A = f"®)D* + UE) —e(1 = £2(7)] &1
+2f'(v) D;*g2)

_ (—Al/zgg, [(1 6 ))AI/ZA e )Al/le* +A'/2U( )
e (1= f2@)AY | g1 +2f'(7) A'D}* )
= (A" [(1 = £2() A= £/ () D}* + APUF)AT

—e(1— 7)) A 2g +2f'(7) D;*Al/zgz)
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= (A" [(1 = 7@ A £ @) D} + U )
e (1= ()] A1 +21'(7) DA g, )
+(0,[AVPUF)AT2 — U(9)]A"g1) = (Gs + B(¥))S (g1.82)

for all (g1,g2) € D and v € (—1,1). Further, let ¥ € (—1,1). According to
Theorem 6.1.1, the restriction of G; in domain to D(G2) and in image to Y is the
infinitesimal generator of a strongly continuous semigroup. Hence there is 4 < 0
such that

(Gy — A)D(G2) =Y .

In the following, it will be shown that
D(G2) =D.
First, remembering that
Y = D(A) x D(AY?) = (Wyo(1) n WE(1)) x Woe(I)
it follows that

Gi(g1,82) = (—g2. [(1 = fP(V))A—f"() D* + UE) —e(1 - 2 (¥)] &
+2f' (") Dj*g2) € ¥

for all (g1,82) € D = D(A%?) x D(A) and hence that
Dc D(G?) .
On the other hand, if (hy,h;) € Y and (g1, g2) € Y is such that

(Gy — A)(81.82) = (—g2 — g1, [(1 = £ (7)) A= f"() D}* + U(9)
—e(1— ()] g1 +2f' (%) D;*g2 — Ag2) = (h1,ha) .

then
g2 = —(h +4g1) € D(A)
and
2
(1= 570 (A= e+ = )

= hy + 2f"(V)DY¥hy — Ay + f"(3) D gy — U(P)g1 + 241" (7)g1 € D(AY?)
and hence g; € D(A%?). Therefore (g1, g,) € D and
D> D(G?) .

‘(vi)’: The statement (vi) is an immediate consequence of Theorem 9.0.6 and the
statements (i)-(Vv). ]
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10.2 Non-Autonomous Linear Hermitian Hyperbolic Systems

In the following, we consider the solutions of the system

ou L ou L
—(t, Al(t,x) - —(t, B/(t,x) - u(t,x) =0
G 0+ 2400 5500+ 2, B0 a0 )
fort € R, x € R", CP-valued u, A', ..., A" assuming values in the set of Hermitian

p x p-matrices and CP-valued f where p € N*, - denotes matrix multiplication
and partial differentiation is to be interpreted component-wise.”> The main sources
for this section are the papers [107, 109]. Here these results are ‘adapted’ to the
late Kato’s most recent approach to abstract quasi-linear evolution equations [114]
given in this second part of the notes. For additional material on initial boundary
value problems for non-autonomous linear symmetric hyperbolic systems see, for
instance, [158,161,177,193,194].

Lemma 10.2.1. (A commutator estimate) Let n € N*, a € C'(R",C) such that a,
ai, ..., a, are bounded and b € C*(R",C) such that b, b ;, b j are bounded for all
J.k, 1€ {1,...,n}. Further, for every complex-valued function g which is a.e. defined
on R" and measurable, we denote by T, the corresponding maximal multiplication
operator in LZ(R"). In addition, let F, : LZ(R") — LZ(R") be the unitary Fourier
transformation determined by

(Eﬁ@ﬁﬁ%ﬁwfemﬁwﬁ

n

for all x € R", for every f € C°(R",C). Finally, we denote for every j € {1,...,n}
by p; the projection of R" onto the j-th coordinate.

(i) Forevery je {l,...,n} and f € WA(R")
(=n+ 1)V20if = dl(—n + 1)'2f .
(i) Forevery f € WA(R"), g € LZ(R")

1

PA+M”Wf:WPA+M”f,W%ﬂ+ﬂrﬁk<2%ﬂﬂm

(iii) For every f € WA(R"),

Ty(—a)f — (—8)Tpf =2 . b ;f — (Z b,j,«> f-
j=1

j=1

2 The elements of CP are considered as column vectors.
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(iv) Forevery f € LZ(R"),
[(=6 + DT [ (=2 + D)7 fla < Cala) | £z (10.2.1)

where

n
Ca(a) := 2n+ 1) lalo + 3 lalen -

j=1

(v) Inaddition, let j € {1,...,n}. Then
((o, 0) = L2(R", A 1V200(—p + A+ 1)—2f)
is weakly summable and

Q0
J 20 (—a+ A+ 1)72fda
0

o0 /11/2 |
N (fo FEE ‘“) Fy T, pyy-12Fof (102.2)

for every f € LZ(R").
(vi) There is K > 0 such that for every h € BC(R",C) n Lip(R, C) and every C > 0
such that | A(x) — A(y)| < C|x —y|forall x,y € R"

_ _ KC
ITh(=2 + )7 = (—a+2)7'Ty| < YR

(vii)
ITo(—a+ 1)'2 = (—a + 1)'2T|
2 n n
< <Z[2b,joo + B iloo] + K D |b,jk|oo> :
Jj=1 Jk=1

Proof. For this, note that F» W(’é (R™) coincides with the domain of the maximal mul-
tiplication operator in L2 (R") by (1 + | [*)¥/* for every k € N.
‘(i:Let je {1,...,n} and f € WA(R"). Then

(—a+ D)2/ f =iFy ' Ty pynFaFy ' Ty Fof = iFy ' T, (14 pynFa
= in_lTp/Fze_lT(l+| ‘2)1/2F2f = (7j(—A + 1)1/2f .

‘(ii)’: For this, let A > 0 and j € {1,...,n}. Then

[07(=a+ 2) gl = | iFy ' Ty, FaFy ' T (| py-1Faglo = | Ty, paay-1Fagl2
1

> el

<lpi- (1 P+ e gl <
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for every g € LZ(R"). Finally,
(—a+ ) f =iF ' T, 14 pypaFaf = (—a+ )7 f
for every f € WL(R").
‘(iii) : For this, let f € WA(R"). Then
ATy f = Z dobf = 2i b if + Z (bl f —b,f)
j=1 Jj=1 j=1

=Tpaf+2) 0'b,f — <2b,jj> f
j=1 Jj=1

“(iv)’: It follows for j € {1,...,n} and f € W} (R") that

[(=8)"2flla = |1F2(=a)"2fl2 = [ [ Faf |2 < | D] 1Pl Faf 2 < D) Pl Fafll2
j=1 j=1
= piFafla= Y IF20fla = > |07 f] (10.2.3)
j=1 Jj=1 j=1
and
107 fllo = |F2 &/ fll» = |p;Fafl2 = l|pj|Fafl2 < || | Faf |2 (10.2.4)
= [(=2)"*f]> .

Further, by using Lemma 10.1.1, (10.1.13) and af € WA (R"), it follows that
(=2 + D" Tufla < |(=2)"afl2 + laf 2 < D] 10%afls + lalo If]2
=1

lafll2 + D lad fl + laloo 1£]2
1

j=1

M:

n
< D llasf +adfla+ lalo If]2 <

j=1

<[l + D lalo 1 Ifl2 + laloo D] 107 f 12 < [llalo + D lasloo 1 1f]2
j=1 j j=1

=9

—1

+nllale (=) fla < [0+ 1) lalw + D lajlo 1 1£]2
j=1

n
+nlalo [(=a+ 1) fla <[ @n+1) alo + ), lajlo] - (=5 + 1)1
j=1

and hence, finally, (10.2.1).
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‘(v)’: First, it follows for 11,4, > 0, f € Lé(R”) that
|09 (=a+ 4+ 1) f = (—a+ A+ 1)
— =] P (—a+ 4+ D) (—a+ b+ D)7

< | = | Ty praen— |- (=2 + 2+ D)7 - [ f]l2

|41 — A
< I£12
2(}.2 + 1) VA + 1

and hence the strong continuity of

((0,00) — L(LZ(R"), LA(R")), A > &/ (—a + A+ 1)71)
and therefore by Lemma 8.1.1 (ii) also the strong continuity of
hi= ((o,oo) — LLA(R"), LA(R"), A — A2 0/ (—a + A+ 1)—2) .
Further, it follows for f, g € LZ(R") and A > 0 that
flh()gy = id 2 (Faf pj- (| P+ A+ 1) Fag)

iV 2k
= |, T P R W e

In addition, by change of variables

o0 /11/2 ‘kj|
JO e |(F2f) (k)| - |(F2g)(k)| da

g

for almost all k£ € R". Since

w  1/2 A
L (/11 1?2 dl) (|k|2]_<;|1)1/2 |(F2f)(K)] - [(F2g) (k)]

(D7) 0 D) = Rok o s (D W ()0

is summable, it follows by Tonelli’s theorem the summability of

((0700) x D(F2f) n D(Fag) — C,(4,k) —

il 2k; %
T (Faf)* (k) - (Fzg)(k)>

and therefore by Fubini’s theorem and change of variables the summability of

((0,0) = C, 1= (flr(2)g))
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and

0 0 /11/2 ikj .
[ e ar= ([ mar) [ mmis - 00 (R e

o0 /11/2 1
- <Jo m[M) SIE; Tip( pry-12F28)

Finally, since (X,{|)) is reflexive, from this follows by Theorem 3.2.2 the weak
integrability of
((0,0) = LE(R"), 4+~ h(A)f)

and (10.2.2).

‘(vi)’: In a first step, we find a representation of the operator (—A + 1)~! where
A > 0. In this, we consider the cases n = 1,n = 3 and n € R*\{1,3}. Forn = 1, we
define By, : R* — R by

1
Bia(x) := —2ﬁe*ﬂ|x|

for every x € R*. Then

(F\By,)(k) = 227"/? foc exp(—(ikx + VA |x|))dx

-0

0
= 2_1/1_1/2.[ exp(—(ik + VA) x) dx
0
Q0

+2*1/l*1/2f exp(—(—ik + V1) x) dx
0

1 1
— 2722 =
ik + /2 —ik+ /A4 K+2a

for every k € R. For n = 3, we define B3, : R*\{0} — R by

— -l p-12

1 e ﬁlxl

Bsa(x) := Fra

for every x € R*\{0}. The calculation in this case employs change of variables to
spherical coordinates, r € (0,0),6 € (0,7),¢ € (—n, ). Then

(F1B31)(0,0, [k])

= (4m)~! J exp(—i [k| 7 cos(6)) exp(— /Ar) rsin(6) dr dp do
(0,00) x (—m,7) x (0,7)

1 «© . .
- 2—k|f [exp(—(—ilk| + V) r) — exp(—(ilk| + V) )] dr

1 1 1 1
2ilk| li|k + VA ik V| kP2
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for every k € R*\{0} and hence it follows because of the spherical symmetry and
continuity of the Fourier transform that

B 1

W

for every k € R?. The calculation in the remaining cases n € N*\{1, 3} uses the facts
that

(F1B3a)(k)

Fre"exp(—| |?/(26%)) = exp(—€*| |*/2) ,

where € > 0, as well as that

j e—a(x-‘riﬁ)zdx _ f e—axzdx _ (E) 12
R R a

forall @ > 0 and 8 € R. Then
1 217,12 20112 foo —([k*+2) ¢t
— —&|k|7/2) = —&"|k|7/2 dt
T P 2) = exp-kP/2) | e
© 2 2
:j o~/ g
0

for every k € R”. Since (| [* + 1)~! exp(—&?| |*/2) € LL(R") n LL(R"), it follows
by Fubini’s theorem

[F (1P + )7 exp(=€2(] 2+ 2)/2)1(x)

a0
_ (271’)_"/2 exp(—/l 82/2) f e—/lt |: eixke—[r+(52/2)] k|2 dk:| dt
0 R

n

Q0

= (27) "2 exp(—A &2 e M
)" expl-/2) |

[f exp (-[t+ (£°/2)] (k— MX> 2) exp (—M) dk} dt

212 exp(—/2) LOO (t+ (£2/2) ™ exp (‘“ N M—szm]) .

0 2
— /2 /2 exp [ —Ar— X dt (10.2.5)
2 4¢

for every x € R" where we used that
h:=((0,00) x R" — C, (t,k) > exp(—At + ixk — [t + (g/2)] [k]*))

is summable since £ is continuous and hence measurable and that || is majorized by
the summable function

((0,0) x R" - R, (t,k) — exp(—At — (¢2/2) |k]*)) .
We define B,, : R"\{0} — R by

. 1 * —n/2 1 x2 d
B,,,l(x) = W X t exXp\{\ — t—z t
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for all x € R"\{0}. Note that

st = s [ e ([E i) e
] B eG D exp <—|x| VA cosh [T—I—ln< il )]) dr

[ o
_ 4,3),1/2 (2 | ) [ et uexp(— x| VA cosh(u)) da
(5

—
N
3

a

S
~
(3]

=

—
ig
PN

)1 K L(VAR)

o

for all x € R"\{0} where the modified Bessel function K, ), is defined according
to [1]. 3 Further, it follows for every x € R"\{0} that

1

o0 P x2
— —n _
Ba(x) = @) j exp( At P ) dt
1 "/2 g 1
= ( _”/Zexp (— x| VA (T + —)) dr
7r)” 2 T
1—(n/2) Vi |
_ n/2 |x| 1
n/2 ( l T exp( 3 (‘r—I—T)) dr

/2 exp X f 1)) dr]
- n/z ( n/z) 772 exp (—M (r+ %)) dr

5
)
(5
5
: n/2< 5 "”{ e (L (3))
(5
)
§

2 exp

()

1—(n/2) 1
[ U2 exp <XI2\WM> "

)

n/2 (

—n/2

exp

3 See [1] formula 9.6.24.
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1 ‘X‘ 1—(n/2)
<G (m) exp(—[x| v2/2)

ljwu(”/z)_zexp<—|xT\ﬁ(u—1)> du+ —2 ]

x| Va

and hence in the case n = 2 that

Ba(x) < %r exp(—|x| V1/2) lﬁw exp (— ‘x‘z\a(u - 1)> du + 2 ]

V2
v SRV,

whereas it follows in the case n # 2 that

1 )\
Bui(x) < (471')”/2 (2ﬁ> exp(—|x| \/1/2)

-U:O(Hl)("/”2exp<—x2ﬁy> dy+ — 1

x| V2

| x| 1—(n/2)
<o o) el van)

© A
: U Y2 exp ( |X|2f y) dy +
0

2
x| VA
1 x| !~ r((n/2)—1) 2
- o) el ﬁ/z>l 1

(2 VA/2)2—1 5 V2
X 2-n X —(n/2)
(4771)”/2 exp(— x| v4/2) lr((”/z) —1) ( |) + ! <L> ]

2 A\2+2
As a consequence, h, € LL(R"). Further, it follows for every x € R"\{0} that

0 2
J (4m)~"/? JZ/ 2 exp (—/lt - %) dt — B,(x)|dx
" & /2

£2/2 2
= (471)7"/2J J 2 exp </1t - 4—) dt|dx
n 0

t

&2 /2 1
= J exp (—At) dt = ¥ [1 —exp(—1e/2)] .
0
Note that in this Fubini’s theorem can been applied since the continuous and hence

measurable function ((0,£2/2) xR, (t, x) — 1% exp(—A1—(x?/(4t))) is integrable
by Tonelli’s theorem. Finally, since

li_r% lexp(—=&*(] |* + 2)/2) = X

(13:07
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it follows from (10.2.5) that
B 1
Y

for every k € R”. In the following, we drop additional restrictions of n. We note that
it follows by a standard criterion for integral operators * that for every G € L(lc (R") by

Int(G)f:=G=x f

(F1Bya) (k)

for every f € Lé(R") there is given a bounded linear operator Int (G) of norm equal
or smaller than ||G|;. The representation of the operator (—A + 1)~! follows by the
convolution theorem for elements of L{,(R"). For this, let f € LL(R") n LA(R").
Then

i
| 2+ 2
= (Q2n) 2 Fy'Fi(Byy* f) =B * f
Since LL(R") n LZ(R") is dense in LZ(R"), from this it follows that
(=2 + )7 f=Buxf
forall f € LZ(R"). We note that

_ _ 1 /2 e
(—a+2) 1f=lemF2f=(2ﬂ) P2 F;! Fif

Bu(17'2x) = 37'B, (%)

for all 2 > 0 and x € R". For the cases n = 1,3, this is obvious. For the cases
n € N*\{1, 3}, this follows from

o 2
Bua(A7"?x) = 1 f 2 exp (—/lt - x_) dt
0

(471-)11/2 47t
/1%71 0 . x2 y
- (4ﬂ)n/2 Jo 2 exp (—T — 4_‘r> dr = A2 anl(X)

for all 2 > 0 and x € R". Further, it follows for A € BC(R",C) for which there is
C > 0 such that |h(x) — h(y)| < C|x—y| forall x,y € R" and f € L(R") that

([Th(=2+ )" = (=2 +2)7'T}] £) (x)
= [ Bulx =)0~ B)SO)
for every x,y € R" and hence

ITh(—2 + )7 = (—a+ )7 'Ty| < C J |x| Bua(x) dx

n

—ca! J x| Bya(1V2 x)dx = C A3 J |x| By (x) dx .
R» R~

4 Sometimes referred to as ‘Schur’s Lemma’ (for integral operators). For instance, see the
Corollary of Theorem 6.24 in [216] or Theorem 6.18 in [68].
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Finally, note for future use that

1 (© 1 (*®

! f A2, (x — y)dd = —~ J AT B (A2 (x —y)) da
7T Jo
1

T Jo

n—1

o0
- - J A7 b, (A% |x—y|)da
0

T

11 ©
=———J AT by(12)dA

ﬂ-|x_y|n+l 0

2 0 1
- _= "y (t)dr | ———
n“ 7n(7) ) P

for all x,y € R" such that x # y where b, : (0,0) — R is well-defined by b,,( |x| ) :=
By (x) for all x e R”.

“(vii)': For this, let f € WZ(R"). By Lemma 10.1.3

(—a+1)1V2f = foo A2 (—at 2+ 1) (=a+1)fda
0

N= =

Q0

f ATV f—A(—a+2+1)""f]da.
0

Further, since T, € L(LZ(R"), LZ(R"))

[Ty(—a+ D2 — (=a + 1)'2T,]f

1 0
- J A2 [Ty(=a+ A+ 1) f—(=a+A+1)7'T,f]dA
0
1 0
-~ J M2 (—a+ 2+ 1) YaTy —Tpa)(—a+ 21+ 1)7'fda
0
o n

N

DA (—a+ A+ 1)y, + Ty, 0))(—a+ A+ 1)7' fda

o n

= DA (a4 A+ 1) Ty, +2T,,0)) (o + A+ 1) fdA.

—

In addition, it follows for A > 0 that
202 (=2 + A+ )Ty, (—a+ A+ 1) f
=227, (a2 + A+ 1) (—a+ 2+ )7
+ 202 (=2 + A+ )7, = Ty (—a+ A+ )7 (—a+ 2+ 1)7'f
and by (vi)

222 [(=a + A+ 1)7'Ty, = Ty (=8 + A+ 1)1 (=2 + 2+ 1) ]
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n
<212k (Z b,,-koo> A+ 07227 a4+ )72 f

k=1

<K (Z kaoc) A+ D721
k=1

1/2 -1 1
|22 (=8 + A+ D)7y (=2 + 2+ 1) f]2
< b jjlleo | £l AV (A + 1) 7

and hence by (v)

I[Ts(=2+ 1) = (=8 + )2 T3] ]

2 n n
<7 (2[2|b,j|oc + bilo] + K Y b,jk|00> I£12 -

j=1 Jk=1

From this follows (vi), since W2(R") is dense in (WL(R"), ||| [[1) and T}, (—a+1)/?
define continuous operators from (W.(R"), || [|1) to LZ(R").
o

Theorem 10.2.2. Letn, p € N*, X := (LZ(R"))”, Y := (WL(R"))?,
P
§:i= X (-a+1)"?
j=1

and J be a non-empty open interval of R. Further, let / be some closed subinterval of
J, I(I) = 0 be the length of I, A',...,A" : J x R" — M(p x p,C),B: J x R" —
M(p x p,C) such that A/(z, x) is Hermitian for all (¢,x) € J x R" and j € {1,...,n}
as well as such that

a) Forall je {l,...,n},kle{l,...,p}andte I A']il(t, -) € C2(R",C) such that
all partial derivatives from zeroth up to second order, inclusively, are bounded.
By (t,+) € C'(R", C) such that all partial derivatives from zeroth up to first order,
inclusively, are bounded. '

b) Forall je {l,...,n}, k, 1€ {1,...,p},me {1,...,n}: The restrictions OfAiz,m’
By to I x R" are bounded. S '

c¢) Forall jymy,my e {l,...,n}, k1€ {l,...,p}: A}, Ail,ml’ Ail,mlmz’ By, By are
continuously partially differentiable with respect to time with derivative defining
a bounded function on 7 x R".

Note that here we associate the index 0 to ‘time’, i.e., the coordinate projection of
J x R" onto the first coordinate and the indices 1, .. ., n to the coordinate projections
of R”. Finally, for every complex-valued function g which is a.e. defined on R” and
measurable, we denote by T, the corresponding maximal multiplication operator in
LZ(R"). Then
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(i) S is a densely-defined linear, self-adjoint and bijective operator in X. In particu-
lar,

/2

P 1/2 1
' <Z |uk|%> < uly < 2n+ 1) ( >, |uk|2) (10.2.6)
k=1 k=1

forall u = (uy,...,up) €Y.
(i1) For every t € I, by

(YHXMHZAJ Nolu+ B(t,)u) ,
j=1

there is defined a densely-defined linear and quasi-accretive operator in X with
bound

1/2 1/2
2 Z < Z ”Aklj ol ) < Z |Bu(t,-) 1% ) (10.2.7)
j 1 k=1 ki=1

whose closure A(?) is the infinitesimal generator of a strongly continuous group
on X.

(iil) (A(#))ser is a stable family of infinitesimal generators of strongly continuous
semigroups on X with constants

| 1/2 p 1/2
Hi = E Z <k1231 HAkl]‘lx]R" > + <k[Z:1 H Bkl|l><R” <2>O> . L.

(iv) For every t € I,

Ay € L((Y,

O.X) (10.2.8)

Further,
A= (I— L((Y || ls). X). 1 — A(t)ly)

is continuous.
(v) Define forevery t € [

Bo(t)u =

[(—a+ 1)1/2TA{I(L,) ~ Ty (=2 + D210/ (= + 1)y

P
[~

4
Il
—
-~
Il
-

[(—A + l)l/zTB”(t,.)(—A + l)_l/z — TB”(,,.) ] up,...,

=+
TP

D1~

[(—a+ DTy ) = Ty (-2 + D)1 (=6 + 1)

<
Il
-
—
Il
-
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+

NE

[(—A + l)l/zTBp[(,,.)(—A + 1)_1/2 TB/:I( )]M]) eX

=1

for every u = (uy,...,u;) € Y. Then
SA(Hu = (A(t) + By(1))Su

for all u € D := (W2(R"))”. Further, By(r) has an extension to an element
of L(X,X) which we denote by B(f) and B := (I — L(X,X),t — B(1)) €
C(I,L(X,X)). Finally, for every ¢ € I, there is A < 0 such that

(A() + B(t) — 1)SD

is dense in X.
(vi) Assume that Y is equipped with | ||;. Then there is a unique ¥/X-evolution op-
erator U € Cy(A(I), L(X, X)) for A.

Proof. “(i)’: Obviously, S is a densely-defined linear, self-adjoint operator in X as
direct sum of the densely-defined linear and self-adjoint operator (—a + 1)!/2 opera-
tor in LZ(R"). Also is S bijective as a consequence of the bijectivity of (—a + 1)/2.
In particular, it follows by Lemma 10.1.1, (10.1.13), (10.2.3) that

p p
[Suli = D 1(=2+ D2l <2 ul} +2 > 1(—a)" w3
k=1

4 n 2 p n
<2ulx+2)] (Z ||<9’uk|z> <2ulk +20 Y] ) |3
k=1 \ j=1

k=1 j=1
p

<2n ) [}
k=1

forall u = (uy,...,u,) € Y. Further, it follows for every f € Wé (R™) that
[(=a+ D213 = fl(=a + Dy = 1(=8)"2£15 + I£15
and since WZ(R") is dense in (WA (R"), || [[l;) that

[(=a+DV2FI3 = [(=8)22F13 + 113 (10.2.9)
for all f € WL(R"). Using this along with (10.2.3), we conclude that

P

|Sulk > Z )" uy > 2 073

for every j € {1,...,n} and hence that
n o p
[

DLl + 1731 > Z\Hukl\l2

j=1k=1

:I'—‘

1
Jully = —n[ulk + ISulx] =
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‘(ii)’: For this, let ¢ € 1. First, since By(t,) are bounded for all k,1 € {1,...,p}, it
follows for every u € X that

0~
=]
S

ZB” M[,...,

and

p [P 2
|B(t, July = Z I ZBkz Juil3 < Z (Z | Bu (2, ')|oo|u1|2>
— = =

( 20 1Bus )% > Jul% -
Ki=1

Hence, obviously, it follows that by (X — X, u — B(z, -)u) there is given a bounded
linear operator B(z, -) on X such that

|B(z, (Z | Bu(t. )% )1/2-

kl=1

Further, according to Corollary 5.5.3, by Ag(7) := (Y — X,u — 3J;_, Al(t,-)0'u)
there is defined a densely-defined, linear operator in X whose closure is the in-
finitesimal generator of a strongly continuous group on X. In addition, defining

C(t) € L(X,X) by
1
=3 Z;A{j(t, Ju
s

for every u € X, it follows that
Re (ulAo(r) u)y = Re <iu\ i(Ao(1) + C(1))u)y — Re <u [ C(1)u)y

—= ZRe<u|A’ —= 2 A% (e, ulx | x

\Y

-5 Z ( PN LACOIE )1/2 Jul3

,1 ki=1

for all u € Y and hence that Ay(#) + B(t, ) is quasi-accretive with bound given by
(10.2.7).

‘(iii)’: The statement is a simple consequence of (ii), the boundedness of the re-
strictions of Akl,Aklm,Bk,, k,l e {1,...,p} and jm € {1,...,n}, to I x R" and
Lemma 8.6.4.

‘(iv)’: For this, let t € I. Then

HZA’ ) oy < HZHA’ ) Oux
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2 ( i L0 ) ol
( 2 2 L ||2>Z|uk||2

for every u € Y and hence by using the continuity of the inclusion of (¥, | |s) into X
the validity of (10.2.8). Further.

213

| D A () u— ) Al ) du i
=1 =

n 4
n<2 2 1A ) ~ Ao |2>Z|uk||2,
j=1 kl=1

|B(t2, - Ju — B(ty, - )ul 3 < ( D IBulta,-) = Bu(tr, )%, ) 2 el -
k=1

forall t,1, € I and u € Y. Since by the mean value theorem
HAkz b, ) - Ai1<t1’ )HOO < ”Ail,ohxgn HOO |t2 - tl‘ s
[Bii(t2, ) —

Bia(t1, )0 < |Biio],on loo |12 — 1]
forall k,l e {1,...,p}, je {1,...,n}, it follows also the continuity of A
(v)’: For this, lett € [, u € D. Then Sue Y

u—(iZA afu,+ZBl,

(10.2.10)

u,,...,
j=11=1
ZZAJ 8’u1+23p1 >€Y
j=1l=1
and

14
() &+ > (= + 1)'2By (8 Yuy,
=1

5’u1+2 1)'2B (1, -)u )
1 I=1

n p
—( DAL ) (= +1 1/2u1+231, N=a+ 1)y, ...,
j=11=1 =1

D=
S

=1

V4
() (= + 1) Pu 4+ Bt ) (—a + 1)1/2u[>
1
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[(~8+ 1)'2A(1) — At ) (-6 + 1)1 (6 + 1)~ (Sw),

I
¢ .Ms‘
D=

T
T

[(—a+ DY2By(t, ) (=a + )2 = By(t, ) |(Su)s . ..

Jr
D=

ME
D=

[(=a+1)"2A0 (1) = AL (6,-) (=2 + 1) 2] 0 (= + 1) 7 (Su),

~

Il
=

Il
-

Jr
D=

[(—a+ 1)"2By(e, ) (—a + 1) = By(t.) ](Su)1> — By(1)Su

Further, by Lemma 10.2.1 (ii), (iv), (vi), it follows that By (¢) is a densely-defined and
bounded linear operator on X, which hence can be uniquely extended to a bounded
linear operator B(¢) on X of the same norm as By(¢). Noting that

[(—a+ 1)'V2Ty, — Ty (—n + 1)/ (—n +1)712

—[(=a+ 1)'Ty, = Th,(—a+ 1)1/ (—a+ 1)7'/2
=[(—a+1)"?Ty_p, — Tbl—bz(*AJr1)1/2]61(7A+1)71/2

[(—a+D)'"2T, (—a+1)"2 =T, | = [(—a+ D)'2Ty (—a+ 172 =T, ]
=[(=a+ 1)"2Ty 4, (—2+ 1) =T, ]

for all by, b, € C'(R",C) such that by, by x, b2, b are bounded for all k € {1,...,n},
it follows by Lemma 10.2.1 (ii), (iv), (vi) along with the estimates for the higher
derivatives analogous to (10.2.10) the continuity of 8. Finally, for every ¢ € I, the
closure of the operator A(r)+ By(¢) is the generator of strongly continuous semigroup
on X. Hence SD = Y is a core for that operator and as a consequence it follows the
existence of 4 < 0 such that (A(f) + By(t) — 1)S D is dense in X.

‘(vi)’: The statement (vi) is an immediate consequence of Lemma 6.2.2 (ii), Theo-
rem 9.0.6 and the statements (i)-(Vv). m]

Remark 10.2.3. By the stronger commutator estimate given in [113], it follows that
all statements in the previous theorem are true with conditions a) and c) replaced by
the following weaker conditions:

a) Forall je {l,....n},kle {l,...,p}and 1t € I A]{l(t,~) e C'(R",C) such
that all partial derivatives from zeroth up to first order, inclusively, are bounded.
By(t,+) € C'(R",C) such that all partial derivatives from zeroth up to first order,
inclusively, are bounded. '

c) Forall jyme {l,....n}, k1€ {1,...,p}: Akl, ’ ,, are continuously partially
differentiable with respect to time with derivative deﬁning a bounded function on
I xR".
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The Quasi-Linear Evolution Equation

In this chapter, it will be proved the well-posedness (local in time) of the initial value
problem for quasi-linear evolution equations of the form

W' (1) = —A(tu(0))u(r) + £ (1, u(r)

under certain assumptions. See also [82,109,111,112,119,168,188,209]. For the so-
lution of the analogous second order equation, see [207], and for abstract quasilinear
integrodifferential equations of hyperbolic type, see [163,164]. See also [150]. Here ¢
is from some non-empty open subinterval I of R, ’ denotes the ordinary derivative of
functions assuming values in a Banach space X; A(1,£), (¢,£) € I x W is a family of
infinitesimal generators of strongly continuous semigroups on X where W is a subset
of X; f: I xW — Xandu : I — X is such that u(r) € D(A(z)) n W for every
t € 1. The proof proceeds by iteration using Theorem 9.0.6 for non-autonomous lin-
ear evolution equations and Theorem 11.0.5 which is a variation of Banach’s fixed
point theorem. The result will be strong enough to allow for variable domains of the
operators occurring in the equation.

Theorem 11.0.4. (Banach fixed point theorem) Let E be a closed subset of a
Banach space (X, |||), and let F : E — E be a contraction, i.e., let there exist
a € [0, 1) such that

|F¢ = Fnll <a-[&—n| (11.0.1)

for all £,n7 € E. Then F has a uniquely determined fixed point, i.e., a uniquely deter-
mined &, € E such that

Ff* = E* .
Further,
6 e < LT (1.02)
—a
and
vlglolo F'é=¢&, (11.0.3)

for every & € E where F” for v € N is inductively defined by F° := idg and FF+! :=
F o F¥, fork e N.
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Proof. Note that (11.0.1) implies that F is continuous. Further, define f : E — R by

f(é) =& — F¢|
for all £ € E. Now let & € X. Then it follows

W =1 w—1 v
) (0
[ — P < 3 PR = P <Y @) < 7 f(6)
k=u k=p

forall v, u, i’ € N such that i/ > u. Hence (F”€), is a Cauchy-sequence and hence,
by the completeness of (X, | |) and the closedness of E, convergent to some & € E.
Further, it follows by the continuity of F' that &, is a fixed point of F. Further, if
£ € E is some fixed point of F, then

|éx — & = |Féx — FE| < - | — €]
and hence £ = &, since the assumption & # &, leads to the contradiction that 1 < a.
Finally, let  be some element of E. Then
In—&«ll = |In — Fé«| = In— Fn + Fn— Fé&|
<= Fnll + |[Fn— Fé| < f(n) + @ |n— &

and hence (11.0.2). O

Theorem 11.0.5. Let (X, | ||x), (Z, || |z) be Banach spaces, Y a subspace of X, | |y a
norm on Y such that (Y, || |y) is a Banach space and such that the inclusion ty.,x of
(Y, |l lly) into X is continuous. Further, let S € L((Y, | |ly),Z) be such that

[y < - ([€]x + [S¢lz)

for all £ € Y and some ¢ > 0. Finally, let E be a nonempty bounded closed subset of
(Y| ly), F : E — E, D a closed subset of Z containing SE, E the closure of E in
(X, |x) and G : E x D x D — D a continuous map such that

(i) F is a contraction with respect to | ||x, i.e, there is @ € [0, 1) such that

|Fé = Frlx < a-[§—nlx
forallé,ne E,
(i)
SF§ = G(£,5¢, SF¢)

forallé € E,
(iii) there are B8,y > O such that 8 + v < 1 and

IGEny.m5) —GEnm)lz <B- |y —mllz +v-lm—mlz  (11.0.4)

for all ¢ € E, n1,m2, 1), 15 € D.
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Then F has a uniquely determined fixed point, i.e., a unique determined &, € E such
that

Ff* = f* .
Further, for every
¢ — Fé|x
le — £l <
—a
and
lim FV§ &y
y—00,Y

for every & € E where F” for v € N is inductively defined by F° := idg and F¥+! :=
F o F¥, fork e N.

Proof. For this, let ¢ € E. Since F is a contraction with respect to | |x, it follows
that (F”¢),, is a Cauchy-sequence in X and hence, by the completeness of (X, | |)
and the closedness of E, convergent to some & € E. Further, G¢, : D — D, defined
by Ge,.n := G(&4.1m,n) for all g € D, is a contraction as a consequence of (11.0.4).
Hence there is a uniquely determined 7, € D such that

Nx = G(f*,ﬂ*aﬂ*) .

Further,
|SF™* & —nslz = |G(F'é, SF'E,SF™ ) — n4z
= |G(F",SF'¢, SF"'&) — G(&x,n 1) 2
< |G(F'¢,SFYéE,SF'1é) — G(FYé, 114,114 |z
+ [G(F €15, 15) — G(Exs o114 ||z
<B-[SF'é—nulz+v - [SPHéE —nyl2
+ |G(F 14, 1m%) — G(Ex, 15,114 |12
and hence
B
ayy) < a, + b, (11.0.5)
l—vy
for every v € N, where
1
= |SF¢ =4[z . by = E |G(F €, 150 m5) — G(Ess My 1) |2

and lim,_,, b, = 0, since G is continuous and lim,_, o |F"¢ — &x]x = 0. In the
following, we prove that lim,_,,, a, = 0, too. Note that

= [SF'¢ = nulz < [SF'élz + |n«llz < [Sloprz - [F€lly + |4z

and hence that ag, a, . .. is bounded since E is a bounded subset of (¥, (| )y ). There-
fore, by the Bolzano-Weierstrass Theorem, there is a convergent subsequence of
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ap, ay, . . . . Further, it follows from (11.0.5) that any such sequence has 0 as its limit.
(Note that B/(1 —y) = (B+v —vy)/(1 —vy) < 1.) Hence for given &€ > 0, there is
vo € N such that a,, < & and at the same time such that b, < ¢ for all v € N such
that v > vy. Hence it follows by (11.0.5) inductively that

e ()
i\

for all u € N and hence that

< &
a, &
1- £

5
for all v € N such that v > vy and hence, finally, that lim,_,, a, = 0, i.e., that

lim |SF'& — .z = 0.
v—00
Therefore, since
|FHé — FYé|ly < c- (|F'é — FYé|x + |SF'é — SFE)

for all u, v € N, it follows that (F"¢),en is a Cauchy sequence in Y and hence con-
vergent to some element of E. Hence, since the inclusion ¢y ,x of (¥, ]| |y) into X is
continuous, it follows that &, € E,

lim ||F"§ — &y =0
y—00

and by the continuity of F : (E, | |x) — (E, | |lx) that F€, = &,. Further, if € € E is
some fixed point of F, then

|65 = Ellx = [F&x — F&lx < e+ 5 — &[x

and hence & = &, since the assumption & # &, leads to the contradiction 1 < a.
Finally, let 7 be some element of E. Then

|7 — &xlx = |ln — Féxl|x = |n — Fn+ Fn— Féx|x
<|n—Fnlx + |[Fn— Féx < |n— Fnlx + a - |n—&|x

and hence F
I — &alx < 2 Félx
1l—a

O

Lemma 11.0.6. Let (X, | |x), (%] |ly) and (Z, | |z) be normed vector spaces. Fur-
ther, let K < X be non-empty and compact, A < Y be closed, U < Yand V < Z
be non-empty open sets, v € C(K,Y), w € C(K,Z), (v,)yen € (C(K, Y))" uniformly
convergent to v and such that Ran(v,) = A for all v € N and (w,),en € (C(K, Z))Y
be uniformly convergent to w.
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(i) In addition, let g € C(K x A x Z,Z). Then there is C > 0 such that

“g(S’ VV(S), WV(S)) HZ <C

forall s € K.
(ii) In addition, let B € Cy«(K x A x Z,L(Z,Z)) and (Wy)yen € (C(K,Z))" be
uniformly convergent to w € C(K, Z). Then there is C’ > 0 such that

|B(s,vy(5), wy (5))Wy(5) ]z < C’

forall s € K.

(iii) In addition, let Be C(K x U x V,L(Z,Z)), (Z,| |z) be complete and K; < U,
K, < V be a non-empty compact subsets of Y and Z, respectively. Then there
are p > 0 and C” > 0 such that

Spi= |J KxBoy(&xByz(n) = KxUxV
(.f,l])GK]XKz

and
|B(s,€",n")|opz < C"

forall (s,&',p") € S.

Proof. “(i)’: The proof is indirect. Assume that there is no such C. Then for every
n € N, there are s, € K and v,, € N such that

|8 (sns vy, (50), Wy, (s0)) |z =1 .

Since g(-,v,,w,) : K — Z is continuous and hence Ran g(-,v,,w,) is compact, for
every v € N also the union of a finite number of Ran g(-, v,, w, ), v € N is compact and
hence bounded. Therefore, we can assume without restriction that (v, ),ey is increas-
ing. Further, because of the compactness of K, we can assume without restriction
that (s,).en is converging to some s € K. Because of the uniform convergence of
(v )ven € (C(K,Y))M to v, of (w,)yen € (C(K,Z))™ to w, the continuity of v,w and
the closedness of A, it follows that
nanolo v, (sn) =v(s) € A, lim w, (s,) = w(s)

n—ao0

and hence by the continuity of g that

lim g (s, vy, (sn), Wy, (s2)) = g(s,v(s), w(s)) £ -

n—aoo

‘(ii)’: The proof is indirect. Assume that there is no such C’. We define the auxiliary
functionh : K x A x Z x Z — Z by

h(s,&m.n') == B(s,&m)n’
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for every (s,&,m,m') € K x A X Z x Z. Then it follows by Lemma 8.1.1 (ii) that
he C(K x A x Z xZ,Z) and by our assumption that for every n € N there are s, € K
and v,, € N such that

| (s, Vv,,(sn)’ Wv,,(sn)’ Wv,,(sn)) lz=n.

Since A(-,v,,w,,w,) : K — Z is continuous and hence Ran A(-, v,, w,, w,) is com-
pact, for every v € N also the union of a finite number of Rana(-,v,, w,, w,),
v € N is compact and hence bounded. Therefore, we can assume without restric-
tion that (v,),en is increasing. Further, because of the compactness of K, we can
assume without restriction that (s,).en is converging to some s € K. Because of
the uniform convergence of (v,),en € (C(K,Y))" to v, the uniform convergence of
(W, )ver € (C(K,Z))M to w and the uniform convergence of (W, ),en € (C(K, Z))" to
w, the continuity of v,w,w and the closedness of A, it follows that

nlinolo vy, (s2) = v(s) €A, nlgg) wy, (52) = w(s) , nlgrolo Wy, (1) = W(s)

and hence by the continuity of /4 that

1im A(sn, vy, (Sn)s Wy, (Sn)s W, (50)) = h(s,v(s), w(s),w(s)) ¢ .

n—0o0

‘(iil)’: First, it follows the existence of § > 0 such that K; + Bsy(0y) < U and
K> + Bsz(0z) < V. Hence it follows Ss < K x U x V. Now, assume that B is
unbounded on every S, for every p > 0 such that p < 6. Further, let (n,),en+ be
some unbounded sequence in N*. Then for every v € N* there are s, € K, &, € K,
ny € Ky and €] € By, (€,), 1, € Bs)yz(n,) such that

HB(Sv’fxf’U\i)”Op,Z =n, +1

Hence there is )/ € B; 7(0z) such that

|B(sy.&5.m)ny |z = ny

for all v € N*, Because of the compactness of K, K; and K,, we can assume with-
out restriction (replacing (n,),en+ by some unbounded subsequence) that (s, ),en,
(&)ven= and (1,),en= are converging to some s € K, & € K; and 57 € K,, respec-
tively. As a consequence, also lim,_,o, &, = ¢ and lim,_,o, 17, = 7. It follows from
the strong continuity of B that

lim B(sy, &,my)n" = B(s.&mn"

for every n” € Z and hence by the principle of uniform boundedness' also the bound-
edness of the sequence of operator norms of

( B(SV’ f;’ n;) )VEN*

! See, e.g, Theorem II1.9 in the first volume of [179].
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and hence because of |77,/ < 1 for v € N* also the boundedness of the sequence

( HB(SV".{::V/’U\Z)U;/ ”Z )veN* .

Theorem 11.0.7. Let K € {R,C}, (X, ), (Z,|| |z) K-Banach spaces, a,b € R be
such thata < b, I := [a,b], @ : (L(X,X),+,.,0) — (L(Z,Z),+,.,0) a strongly
sequentially continuous nonexpansive homomorphism and S a closed linear map
from some dense subspace Y of X into Z. Then (Y, | |y), where | ||y := || |s, is a
K-Banach space and the inclusion ¢y ,x of (¥, || |y) into X is continuous. Further, let
X be a subspace of X containing ¥ and || | be a norm on X such that (X, | |) is a
Banach space, ||¢||x < |¢]x forall ¢ € X, ||€]|x < ||y for all £ € ¥ and such that the
identity on any bounded subset of (¥, | |y), equipped in domain with the topology
induced by | |x and in range with the topology induced by || ||x, is uniformly contin-
uous. In addition, let W be a bounded open subset of (¥, || ||y) such that the closure
W of Win (X,| |x) is contained in Y. If not said otherwise, in the following, we
assume that every subset of ¥, X and Z, (see (iv) below) is equipped with the topol-
ogy induced by | ||y.|| [.]]o. respectively. Finally, let (A(t,&))(¢)erxw be a family
of infinitesimal generators of strongly continuous semigroups (7' (t,£))(.)erxw On
X,Be Cy(I x W x Z,L(Z,Z)) be such that

1B(t,£,8¢)|opzz < B »

B(t,é,m) — B(t,€,1 ) |lopzz < usln — 1|z

for all (t,¢) € I x W, n,1' € Z and some pp € [0,00) and A4, Ag, Ay, fia, ptg € [0, 0)
such that

(i) (Stability) For every u € C(I, W) n Lip(I, X), the corresponding family
(A(t,u(t)))ser is stable and there are common stability constants for all elements
C(I,W) n Lip(I, X) sharing a Lipschitz constant.

(ii) (Continuity) Y < D(A(t,£)), A(t,€)|y € L(Y,X) for every (t,&) € I x W and
A= (I xW— LY, X),(t,¢) — A(t,€)]y) € C(I x W, L(Y,X)). Moreover,

[A)lopyx < Aa » [A(E) — At.6) lopyx < ualle’ — &lx

forallte I, &6 e W.
(iii) (Intertwining relation) For every (7,£) € I x W

S o [T(1,6)](s) o [T(1.€)](s) o S (11.0.6)

for all s € [0,00) where T'(z,&) : [0,00) — L(Z,Z) is the strongly continuous
semigroup generated by @(A(1,£)) + B(t,£,S€).

(iv) Further, let Z, be a dense subspace of Z contained in D(®P(A(t,£))) for all
(t,£) € I x W, | |o @a norm on Z, such that (Zy,| |o) is a K-Banach space
and such that the inclusion tz,.,z of (Zy,|| |o) into Z is continuous. Finally,
let (A(1,€))|z, € L(Zo,Z) for all (1,¢€) € I x Wand ®A := (I x W —
L(70.2), (1.8) > DA(1,8)lz,) € Cull X W.L(Z0,7)).
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(v) Inaddition, let f € C(I x W,Y) be such that

If(8E)y < ar . [f(t.8) = f(1.8)]x < prlé —&lx

forallre Iand &,& € W.
(vi) Finally, let g € C(I x W x Z, Z) be such that

Sf(1.6) = g(1.£.5¢)

forall (z,&) € I x W and

lg(t.ém) — g(t. &)z < pgln—1'llz

forall (1,£) e I x Wand 5,77 € Z.

Then for every compact subset K of W, there is T € (a, b] such that for every £ € K
there is u € C([a, T], W) n C'([a, T], X), where we define C!([a, 1], X) to consist of
those functions that are differentiable on (a, t) and whose derivatives have continuous
extensions to [a, t], such that

(1) + At u()u(t) = f(t,u(r))

for all t € (a,T) where differentiation is with respect to X and u(a) = & If v €
C([a,T],W) n C'((a,T),X) is such that v/(¢) + A(t,v(t))v(t) = f(t,v(t)) for all
t€(a,T)and v(a) = &, thenv = u.

Proof. In the following, we are going to apply Theorem 11.0.5 where (X, | |x),
(Z|lz) are (C(I", X), |l[0x). (C(I".Y), |[0.y) and (C(I",Z), |[|x.z), respectively,
I’ is a non-empty closed subinterval of I and

S:=(I,Y)>CI',Z), f—>Sof).
Then the inclusion
(CI"Y) - C(I'.X), ftyexof)

is continuous, because of ||f(¢)|x < ||f(z)|y for all + € I’ and hence |f]lox <
| flloo.y forall f € C(I',Y). Further, S is linear and, because of

IS (FO)lz < IF D)y

for every ¢ € I’ and hence
ISfllowz < [ fllooy

for every f € C(I’,Y), also continuous. In addition,

IF@ly = [FOI + IS (OB < 1FO1x + S (F0)]
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for every ¢ € I’ and hence

[0y < 1 loox + [SF o0z

for every f € C(I',Y). Finally, E, F, D and G will be defined below.

First, obviously, it follows from the assumptions that the inclusions tf. ,y, ty.,
and ¢y gy, 1 (v,x) are continuous. In the following, let & € W, p € (0, o0) be such that
the closed ball By, (¢) := {n € W : |n — &||y < p} is contained in W. If K is some
compact subset of W and & € K, p is chosen such that B,(¢) < W forall ¢ € K.

Further, let 7" € [0,b — a], I’ := [a,a + T'], L € [0, 0) and

E:={veC(I'Y) nLip(I',X) : Ranv < By, (&) A |v(t) — v(s)|lx < L|t — s|,
t,sel'}.

E is a non-empty subset of C(I’,Y) since it contains (I’ — Y,t — £). E is bounded
in C(I',Y) since for every ¢ € I it also follows that

v@Oly < [v(@) = &lly + €y < €y +p

forall ¢ € I'. Finally, E is closed in C(I’, Y) since for every (v,),ey € EN,v e C(I',Y)
such that

lim ||v, = v|wy =0,
v—00

it follows for every 7 € I’ the convergence of (v,(?)),ex in Y to v(¢) and hence v(z) €
By, (€) since By, (¢) is a closed subset of Y. Further, since ty., ¢ is continuous, it also
follows for every ¢ € I' the convergence of (v,(t)),ey in X to v(¢) and hence

Jim v, (1) = v(s)lx = [v(5) = v(s)lx < Llr = s
forallt,s € I'. For each v € E, we define
A1) = At () o But) = Blv(1).Sv(r) o file) = f(t.v(1))
for every t € I'. Note that, obviously, there is an extension » of v to an element of
C(I, W) n Lip(1, X) such that Ran§ < By, (¢) and [[9() — ¥(s)||x < L|t — s| for all
t, s € 1. In addition, because of

Ay i= )y A S (I = I x Wt — (1,v(1)))
= (I' > LX), = A(t.v(1))|y) € C(I'. L(Y. X))
and
B,=Bo(I' > IxWxZt— (t,v(t),Sv(t))) € Cxc(I',L(Z,2Z)) ,
note that § : Y — Z is continuous, it follows by Theorem 9.0.6 that there is a

unique Y/X-evolution operator U, € C,(A(I'), L(X, X)) for A, and, if y;, € R and
cr € [1, o0) are the stability constants common to the elements of E, that



224 11 The Quasi-Linear Evolution Equation

U8, ) opx < Cr := cp e =0 Uy (1,1)|opy < Cf i= cp elHetetsl b=a)
(11.0.7)
for all (z,r) € A(I'). Since

fo=fo(l' > Ix Wit (tv(r) e C(l.Y),

it follows by Corollary 9.0.7 and its proof that u, : I’ — X defined by

!

u,(t) :== U,(t,a)é + J U,(t,s)f(s)ds

aY

for all + € I’, where the integrand is a continuous Y-valued map and integration
denotes weak Lebesgue integration with respect to L(Y, K), satisfies u, € C(I',Y),
u,(a) = &, uyl; is differentiable and in particular

uy(t) = —Au(Ouy (1) + £i(1)
for all 7 € I'. Note that also f, € C(I’, X). By Theorem 3.2.4 (ii), it also follows that

t

u,(t) = Uy(t,a)é + f Uyt 5)fu(s)ds

a,X

for all + € I’ where integration denotes weak Lebesgue integration with respect to
L(X,K). Since for every s € I’ and h € R such that s + h € I',

|Av(s + (s + 1) = Au(s)u(s) |z < || (Av(s + k) = Au(s)) w(s)] ¢
+ [ (Au(s + h) = Ay(s)) (un(s + 1) —uu(s)) %
+Au(s) (s + 1) — u(s))

< [[(Av(s + k) = Au(s) uy(s)

this implies that (I’ — X, s — A,(s)u,(s)) is continuous. Finally, for every (¢,7) €
D:={(t,r):rel’ nte[r,T']} and all h,h’ € R such that (t,r) + (h,h’) € D

[A,(t + "YU (t + h',r + h) f,(r + h) — A () U (8, 7) £, ()| 5

= |A,(t + h")[U,(t + h',r + h) f,(r + k) — U,(t,7) £,(r)]
+ (At +h") = A1) Uy (6, 7) /()] 2

S| U+ R r+ ) f(r+h) = Uy (6,7) /() |y
+ [ (At + h") — A1) Un(t, 1) /(1) 2

= WUt + 1,1+ h) (fi(r +h) — fi(r))
+ (Ut +h'sr +h) = U (t,1) f(r) |y
+ [ (At +h") = A1) Un(t, 1) £,(r) %
<A Uloyy - [/ +h) = £(r)]y
+ A Ut +h' e+ h) = U6, 1) fi(r) |y
+ [ (At + h") = A (1) Un(t, 1) £,(r) %

X
+ 34 - Juy(s + ) —u,(s)|ly ,

%
)
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and hence that (D — X, (t,r) — A,(t)U,(t,r) f,(r)) is continuous. As consequence,
it follows by Theorem 3.2.4 (ii), Theorem 3.2.5, the Theorem of Fubini, and (9.0.14)
that

£+ j (A~ AsJu(9) ds

—¢+ f [ﬁ(s) —A) (Uv(s, Q)¢ + f

a,Y

s 50 ') |
et [ [0 -awusar [ a0 as
oo [ ads— [ At

[ Awvssnnishas) s

—e+ [ _nwas—e-vean- | (

X a,X

= U,(t.a)é + YfV(S)ds—ff((fv(S’) = Uy(t.s")fu(s")) ds’

=U,(t,a)¢ + J U,(t, 5)fo(s)ds = u,(t)

a,X

for all + € I'. Hence, finally, it follows by the auxiliary result in the proof of
Lemma 8.5.2 that ty_, 5 o u,|}, is differentiable and in particular that

ul () = —Ay(Dun(t) + £,(1) (11.0.8)

forall t € I’ , where differentiation is with respect to X, and hence also that u, €
C(I',Y) n CY(I', X) where we define C'(I’, X) to consist of those functions that are
differentiable on I’ and whose derivatives have continuous extensions to I’. Further,
it follows by Lemma 9.0.8 for every ¢ > 0 the existence of some R € [0, 0) such
that

[ (U,(t,r) —idx) €|y <e+R-(t—7) (11.0.9)

for all (¢, r) € A(I') and hence by Theorem 3.2.5 that

<e+(R+AC))- T
Y

() — Ely < |Unl(t a)é — €]y + j U, (1. 5)fuls) ds

aY

and

(1)

x < [A@u(@)x + [£O]x < Alw @]y + 27
< Aaflu(t) = &lly + Aalélly + A < Aa[lgly + &+ (R+ A, C) - T'] + Ay
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for all t € I'. If K is some compact subset of W and ¢ € K, we choose R such that
(11.0.9) is true for all £ € K which is possible according to Lemma 9.0.8.
In the following, we choose € := p/2,

Li=x- (o +[€ly) + 4y
or, if K is some compact subset of W and ¢ € K,
L:= 2 (p+max{|é|y : £ € K}) + Af

and T’ such that
(R+4,C))-T' <

NI

Then
Ranu, < By,(€) , ||uy(1)|

xsL

for all t € I’ and hence also |u,(t) — u,(s)|x < L|t — s| for all ¢, s € I’ and, finally,
u, € E. We define Fv := u, in this way defining a map F : E — E. In the following,
it will be shown that

[Fv — Fw|owx < @ v —w||eox (11.0.10)

for all w,v € E and some « € [0, 1). By the proof of Theorem 9.0.6, it follows

t

Uy(t,r)n — U,(t,r)n = f U,(t,s) (Ay(s) — A,(s)) Uy(s,r)nds ,

r

for every n € Y and (¢,r) € A(I') where the integrand is a continuous X- valued
map and integration is weak Lebesgue integration with respect to L(X, K). From this
follows by Theorem 3.2.5

[Us(t.r)n = U (6. )| < pa CLCL v = wleox [y T (11.0.11)
forevery n € Y and (¢,r) € A(I') and hence

U (2, 5)£(s) = Un(t, 5) fiu(s)]
<Ot 5) = Uslt,5)) Li(s)] + [ Ut 5) (fi(s) = fu(5)) |
S Crlps +pady CLT') v = wleox

(¢, 5) € A(I') and finally
s (1) = o ()| < pa CLCL v = Wloox ] ¥ T*

+CL(uy +pady CLT) v = wloox T’
= Crlpr +paCL(Ar T+ [T [v = wloox
and hence (11.0.10) for small enough 7”. In the following, we derive an integral equa-

tion for S u, where v € E. Since § : Y — Z is continuous, it follows by Theorem 3.2.4
(ii), the proof of Theorem 9.0.6 and Lemma 8.1.1 (ii), (iii)c) that
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t

Su,(t) =SU,(t,a)é + J SU,(t,5)f,(s)ds
a,z

=U,(t,a)S¢ + J U,(1,5)S f,(s) ds
a,Z

_ B(U,(1,a))S € + f (@0 U,) (1, 5)S fuls)ds — [(® 0 U)B,O,] (1, a)S ¢

a,z

!
- f [(®oU,)B,U,t s)S f,(s5)ds
a,z
for every t € I’ where
U,(t,r) := volt(® o U,, —B,)

for all (¢,r) € A(I'). Further, it follows by Lemma 8.1.1 (ii) the continuity of [(® o
U,)(t,-) o pri](B, o pr)U, [(S © £,) o pry] where pry := (I” — R, (s,s’) — )
and pry := (I — R, (s,s’) — s’). Hence it follows by the proof of Lemma 8.1.1
(iii)b), the Theorem of Fubini, the change of variable formula and Theorem 3.2.4 (ii)
that

and hence, finally,

t

Su,(t) = &(U,(t,a))SE + J (Do U,)(t,s) (S f(s) — By(s)Suy(s)) ds

- BUa)SE
+ JZ((D o U,)(t,5) [g(s,v(s),Sv(s)) — B,(s)Su,(s)]ds  (11.0.12)

for every t € I'. In the following, let £ be the closure of E in C(I’,X). E coincides
with the closure E of E in C(I’, X). For this, note that C(I',X) <= C(I',X) since
Lz is continuous. Further, since ty. , is continuous, it follows that E = C(I’, X).
Also for every (v,),en € EY, ve C(I, X) such that

gim vy~ v]x =0,
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it follows because of ||£]|x <

« for all € € X also
lim |v, —v|enx =0
v—00
and hence v € E. Finally, let (v,),en € E™, v e C(I, X) be such that
lim [v, —v|ox =0.
v—00

Since the identity on By, (¢) equipped in domain with the topology induced by || x

for given &€ > 0 the existence of § > 0 such that for all n,n’ € By,(¢) satisfying
In —n'|lx < 6 it follows "llx < &. In particular, if N € N is such that for all
w,ve{N,N+1,...}

e = vllox <6,
then it also follows that

Ve =wloox <&
and hence that (v,),ey is a Cauchy sequence in C(I’, X) and therefore convergent.
Moreover, since |€]x < [£]g for all & € X, it follows that its limit is given by v
and hence that v € E. In the following, we define U : E — Cy(a(I'), L(X, X))
by Uv) := U, forallv € E, U¢ : E — C(a(I'),X) by (U&)(v) := (a(l') —
X, (t,r) — U,(t,r)€) forevery é € X and U : E — Cy(a(I'),L(Z,Z)) by U(v) :=
®oU,forallve E.By (11.0.11), (11.0.7), it follows for all v,w € E, (t,r) € A(I'),
¢ e X, neY that

I[(UE)W)](t,r) = [(UE)W(E )| = Uy (2, 7)€ — Un(t, 1)é| (11.0.13)
|U(2,7)(é =) = Uy(t,r)(€ = )| + || U (2. r)n — U, (2, 7)1

<
<2CL ¢ = nll +paCLClL v = wlox Inly T" .

Obviously, since Y is dense in X, from this it follows the continuity of U¢ where E
is equipped with the topology induced by | || x. Further, let v € E and (v, ),ex € EY
such that lim, . |V, — v|oox and & > 0. Then (v,),en € EY is in particular a
Cauchy sequence in C(A(I’),X). Since Y is dense in X, it follows from (11.0.13)
that (U€)(vy))ven = ((a(I') — X, (t,7) — U,,(t,7)€))ven is a Cauchy-sequence
in C(a(I'),X) and hence convergent to some (A(I') — X, (t,r) — U,(t,r)€) €
C(a(I'),X). By (11.0.13) along with the denseness of Y in X, it also follows that
this limit is independent of the approximating sequence (v,),en € E'. Further, it
follows by the linearity of U,, (¢, r) and the chain property of U,, for every v € N*,
the linearity of U, (¢, r) and the chain property of U, and by (11.0.7)

|U(t.1)é]x < Col€]x
for every £ € X and hence U, (¢,r) € L(X, X) and

|U,(t,7)]|opx < Cr (11.0.14)
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for all (#,r) € A(I"). In this way, we arrive at an extension U : (E — Cy(a(I’), L(X,
X)) of U. Further, by a simple argument using ‘diagonal sequences’, it follows that
U¢ . E — C(a(l'),X) defined by (U&)(v) := (a(I') — X, (t,r) — U,(t,r)é)
for every v € E, £ € X is continuous and hence that U is strongly continuous.
Therefore, since @ is a strongly sequentially continuous nonexpansive homomor-
phism, the extension U := (E — Cy(a(I'),L(Z,Z)),v — ®oU(v)) of U is strongly
continuous, too. In particular, it follows by (11.0.14) that

10,(t,7)opz < Ci (11.0.15)

forall (z,r) € A(I').
In the following, we define for every (v,w,w) € E x C(I',Z) x C(I',Z) a corre-
sponding G(v,w,w) € C(I', Z) by

[G(vow, W)](1) := U, (1, a)S¢

!
#0009 5. ¥(5).w(s)) — Bls.v(5)w(s))w(s)] ds
aZ
for all r € I'. Note that for every v € E, it follows that Ranv < By,(¢§) < W <
W and hence also that Ranv < W for all v € E. In addition, for every (v,w) €
E x C(I',Z) the corresponding inclusion t(,,y : I' — I' x W x Z, defined by
Lty (8) = (s,v(s),w(s)) for every s € I, is continuous. Therefore, because of
g€ C(IxWxXZ2Z),Be Cy(l x W x ZL(ZZ)), it follows g o 1, € C(I', Z),
B o, € Cyx(I',L(Z Z)) and hence by Lemma 8.1.1 (ii) (B o () w € C(I', Z)
for every w € C(I',Z) and U, (t,") [0 tww) — (Botuw) W] € C([a,1],Z). In the
following, let k := g o ¢(,,) — (B o L(V’W)) w € C(I',Z). In particular, it follows by
Theorem 3.2.4 (ii) and Theorem 3.2.5 for every r € I’ and h > O such thatr + he I

t

t+h
J U,(t + h, s)k(s)ds — f U,(t, s)k(s)ds

a,z a,’z

zZ

J*t (ﬁv(t + h, $)k(s) — U,(t, S)k(s)) ds

a,z

S -

t+h
f U,(t + h, s)k(s) ds
7z t

Z

z

< H(lzfv(t + ht) — U, (1, t)) f U, (1, 5)k(s) ds

a,’z.

z
- t+h
HOlzze | )lzds
t.Z

forh < Osuchthatt +hel

~ t

t+h 5
f U,(t+ h,s)k(s)ds — f U,(t,5)k(s)ds

aZ aZ

z
< +
z

J " (11,(:, )k(s) — Oy(t + h, s)k(s)) ds

a,z

L t U, (1, 5)k(s) ds

+hZ

Z
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t+h
< J
a,z

and hence by U, € C(a(I'), L(Z,Z)) and Lebesgue’s dominated convergence theo-
rem that G(v,w,w) € C(I', Z).

In the following, it will be proved that G is continuous where E is equipped
with the induced topology by the uniform topology of C(I’,X). For this let v €
E, w,w be elements of C(I',Z) and (v,)uen € E" uniformly convergent to v and
(Wu)pen, (Wy)uer sequences in (C(I’, Z) which are uniformly convergent to w and w,
respectively. Then it follows

1T, (2.5) L85, vu(5), W) = B, viu(5), wa()) 4 (s)]

~ ~ ~ !
00t k(s) = Bule + hosh(s) | ds + 100 ez | k() ds
t+h,

— U(t,5) [8(s,v(s), w(s)) = B(s, v(s), w(s))(s)] |12
< 03, (1, 5) [g(5, V() Wi (5)) = (s, v(5), w(s))
—B(s5,vu(8), wu(5))Wu(s) +B( ( )sw(s))w(s)] |z
(8, 09) = ul9)) g (5), w(s)) = B, (), w(s)w(s)] |
< Crg(s,vu(s), wu(s)) — g(s,v(s ) w(s))|
+ CL||B(5,vu(s), wu(s))Wu(s) — B(s,v(s), w(s))w(s) |z
(8, 00.9) = 0u(t,)) Tl v(5), w(s) = B, vls) w(s))(s)] |
for every (¢, s) € A(I') and v € N and hence for every ¢ € I
Lt l ﬁvﬂ (1, 5) [8(5,vu(5), wu(s)) — B(s,vu(8), wu(s))wu(s)] (11.0.16)

= 00069 [3(5.(5).w(5)) = B5:(5).w(9) ()] | ds
< Cu [ 153051 wy () = gl 0(5).w(s) . s

+Cy f[/ |B(5,vu(s), wu(8))Wu(s) — B(s,v(s),w(s))w(s)|zds

[ (809 = 80069 L5051, w(5) = B 05w

a

Further, since U is strongly continuous for every € Z and given £ > 0, there is
Ho € N such that _ ~

[ Uvﬂn - UVUHOQZ <¢€
for all v € N such that v > vy. That such an yy € N can be found uniformly for
all elements of some compact subset K — Z can be seen as follows. For this, let
6 > 0 be such that 4C; < &, n € N* and ny,...,1, € K be such that the union of
Us.z(m), ..., Usz(m,) is covering K. Then there is o € N such that

~ =~ &
” Uv“r]k - Uv77k||OO,Z < E
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forallk € {1,...,n} and all v € N such that v > vy. Forn € K, thereis j € {1,...,n}
such that n € Us z(n;) and hence

HUVHU - UVUHOO,Z < Hvan - Uv“njHOO,Z + ”UV,,nj - UvnjHOO,Z
~ ~ E
+ HUVT]j — Uﬂ]”soz < 2CL6+ z <e€.

Applying this to the compact range of g o ¢(,,,) — (B o L(V’W)) w, it follows from
(11.0.16) by Lemma 11.0.6, (11.0.15) and Lebesgue’s dominated convergence for
given ¢ the existence of yy € N such that

f 180, (1 5) [, V(). Wi () — Bls. v(). wi ()5, (5)]
— 0,(t,8) [g(s v(s) w(s)) — B(s,v(s).w(s))(s)] | ds < &

for all v € N such that v > vy. and hence finally by Theorem 3.2.5 and the strong
continuity of U that

lim GV W W) = G(v,w, W) |0z =0 .
Further, it follows by Theorem 3.2.5 for v € E, wi, Wi, wy, Wy € C(I’,Z) and t € I'
G (v, wi, w1)](2) — [G(v, w2, W2)] (1) ]z

f 10,(2.5) [g(s.v(s), w1 (5)) = g(s. v(s), wa())] | ds

a,z

+ f 102, 5) [B(s, v(s), w1 ()1 (s) = B(s, v(s), wa(s))a(s)] |z ds

a,zZ

A

<pCr T' [wi — wallooz
t
+Cr f I1B(s,v(s), wi(s))w1(s) — B(s, v(s), wa(s))W2(s) ]z ds
a,z
Spg CLT |wi —wallwz

+Cr ft | [B(s,v(s), w1(s)) = B(s, v(s), wa(s))] w1(s) [z ds

a,z

o | ’Z IB(s. v(s). wa(5))(2(5) — 1 () | ds
S CLT' (g + pp [Wilooz) Wi — w20z

#Co [ 1B a6 5a(5) = 3 (9) s
SCLT (g + pp [Wiloz) [wi — waloz

+Cr ft | (B(s,v(s), wa(s)) — B(5,£,5€)) (Wa(s) — wi(s))[zds

a,z
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‘e f IB(s.£.5€)(Wa(s) — Wi (s))] s

SCLT (g + pe Wi oo.z) Wi —Wallooz + CL A T/ Wi — Wa ooz

+Co f | (B(s,V(s),Wa(s)) — B(s,£,5¢)) (Wa(s) — Wi (s))]zds .

az

Further, for every s € I’

| (B(s,V(s),Wa(S)) — B(S,£,5€)) (Wa(s) — W,
< | (B(s,V(s), Wa(s)) — B(s,V(8),S¢)) (W2
+ [ (B(s,V(8),S¢) — B(S,£,S€)) (Wa(s) — Wi (s))]z
< s (IWalooz + [S€lz) - Wi — W2 oz
+ [ (B(s,V(8),S¢) — B(s,£,S€)) (Wa(S) — Wi (s))]z

By Lemma 11.0.6 (iii), there are py > 0 and C” > 0 such that if p < pg, which is
assumed to be the case in the following,

IB(s,£".S¢)[opz < C” (11.0.17)

forall ¢” € By ,(£) (5 By,(£)) and s € I'. Note that according to Lemma 11.0.6 (iii)
po,C" exist such that (11.0.17) is true for all ¢” € By ,(¢) (2 By,,(¢)) and s € 1" and
all £ € K if K is some compact subset of W. Hence

| (B(s,v(s),Wa(s)) — B(s.£,5¢)) (Wa(s) — Wi (s))]z

<pg - (IWalooz + IS€z) - M1 = Waf ooz + (A +C") - [Wa — Wi oz
for all s € I’ and, finally,
H[G(V,Wl,wl)] — [G(V’WZ’WZ)]HOO,Z (11018)

SCLT (ug + p Wi looz) [Wi —Wa ooz
+CLT [ue - (IWallooz + [S€]z) + 28 +C" ]+ Wy —Wa|eoz -

for all t € I'. Further, it follows by Theorem 3.2.5 for v e E, w,w € C(I’,Z) and
tel’

I[G (v, w,w)](t) — Us(t, a)S¢]z

< f lgls.v(s). w(s))zds + Co f IB(s.(S). w(s)w(s) ¢

a a

<c f la(s.v(5) W(s)) — g(8.V(5).02) |65+ Cu f J9(s.v(5). 07 ds

a, az

+CL fz IB(s,v(s),w(s))W(s) — B(s,v(s),0z)W(s)|zds

a,
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t

+Co f [B(s,(5), 02)W(s)[zds < CLT" - (ug + pp [W[oo.z) - [W]loo.z
az

t

‘e f l9(s.v(5).02)|z ds + C. j B(s.v(5). 02)W(s) | ds .

az a

By Lemma 11.0.6 (iii), there are p; € (0,p0] and C”,C" > 0 such that if p < p|),
which is assumed to be the case in the following,

lg(s.&,02) |z < C", |B(s,&",02)|opz < C" (11.0.19)

forall ¢” € Bg ,(£) (5 By,(£)) and s € I'. Note that according to Lemma 11.0.6 (iii)
pg»C",C" exist such that (11.0.19) is true for all for all £” € Bg (&) (o By, (£))
and s € I’ and £ € K if K is some compact subset of W. Hence

[[G(v,w,W)](t) — Uy(t,a)Sélz < CLT - (kg + i [W]ooz) - [W]ooz
+ CL T/ . (C " +C IVHV_VHOO,Z)

and

G (v, W, W)]|oz < CL|SE]z +CLT" - [(ug + pg [W]oz) - [W[eoz  (11.0.20)
+C" +CV|W|wz -]

‘We define
D := Bc, |s¢y+p(Oc(1r2)) = C(I',Z) .

If K is some compact subset of W and ¢ € K, we define

D := Be, max{s¢lzeek}+o(Oc(rzy) = C(1,Z) .

Then it follows by (11.0.18) and (11.0.20) that for small enough T’ > 0 that G maps
E x D x Dinto D and the existence of 8,7 > 0 such that 8 + y < 1 and

[G (v, Wi, Wi) = G(V, W2, Wa) oz < B+ [Wi = Wallooz + ¥ - [ W1 — Wa ooz
for allv e E and wy, W;,W,,W, € D. In particular, it follows for every v € E
[Sv(®)lz < [Sv(t) = S&lz + [[Séllz < [v(t) — £lly + [Sélz < CL[Sé&lz +p
for every t € I’ and hence that SE — D. By (11.0.12) also
SFv = G(v,Sv, SFv)

for all v € E. Hence, finally, it follows by Theorem 11.0.5 the existence of a unique
u € E such that Fu = u. This implies (see (11.0.8)) that u(a) = ¢, that ¢y, x o U, is
differentiable and in particular

u’(t) = —A(t u(®)u(t) + f(tu(t)
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forallt € I°’, where differentiation is with respect to X, and hence also that U €
Cl,Y)n Cl(l’,X).
Ifve C(I',W) n C'(I, X) is such that
V(1) + At v(t)v(t) = f(tv(t))
forall t € I” and v(a) = & Then

Iv'(t)

x < [AGVOIVOlx + TG V)3 < alvOly + ¢
< Aa|v(t) = &llv + AnliElly + A

forallte I’. Hence thereis T” such that 0 < T” < T’/ and
Ranv < By, (¢) , |v/(t)]z <L

forallte |” := [a,a+ T”]. Then it follows by Corollary 9.0.7 (ii) that u, = v on |”
and hence that the restrictions of U and v to |” are both fixed points of the contraction
F associated to 1” and hence equal. Hence it follows the equality of u and v on a
neighbourhood of a. Now assume that

{tel” :v(t) # u(t)}

is non-empty. Then
to ;= inf{t e I’ : v(t) # u(t)}

is smaller than b. Then applying the same reasoning to the interval [ty, b], where
among others £ is replaced by v(ty) = u(tp), it follows the contradiction thatv = u
on a neighbourhood of t;.4 Hence v = u. m]
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Examples of Quasi-Linear Evolution Equations

This chapter gives examples of the application of Theorem 11.0.7 to quasi-linear evo-
Iution equations. Here the main stress is on quasi-linear Hermitian hyperbolic sys-
tems. The treatment of a generalized inviscid Burgers’ equation is included mainly
in order to display the steps needed for the application of Theorem 11.0.7 to quasi-
linear Hermitian hyperbolic systems in a technically simpler situation. Note that in
all the examples of these notes, we consider solutions whose component functions
are complex-valued because this generalization simplifies the application of spec-
tral methods. In general, in the case of quasi-linear systems of partial differential
equations taken from applications, this forces to extend coefficient functions, that
are usually defined only in the real domain, into the complex domain. In general,
this is easy to do in such cases and solutions corresponding to data with real-valued
component functions lead to solutions with this property which don’t depend on the
extension. The main sources for this section are the papers [102, 109, 110]. Here,
these results are ‘adapted’ to the late Kato’s most recent approach to abstract quasi-
linear evolution equations [114] given in this second part of the notes. For additional
material on initial boundary value problems for quasi-linear symmetric hyperbolic
systems see, for instance, [195, 196]. For examples of applications of Kato’s older
results [102, 109, 110] to problems in General Relativity and Astrophysics, see, for
instance, [5,17,29,33,37,44,45,61,70-77,117,135,147,166,215].

12.1 A Generalized Inviscid Burgers’ Equation

In the following, we consider the solutions of the 1 + 1 equation

ou

ot (t,x) = b(u(t, x)) u(t, x),

(t,x) + a(u(t, x)) %

for complex-valued u where ¢, x € R and a, b € C?(R?,C).!

! Note that C = R2.
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Lemma 12.1.1. (Elementary inequalities) Let n € N*, m € Nand k = (ki,...,k,)
€ R". Then

1
DK< A+ <2 > k)

1)m/2
(l’l-l— ) aeN", || <m aeN", || <m

Proof. First,

(1+ k)" < <1+Z|k|> <2k

aeN",|a|<m

where the last inequality follows by induction over m € N*. Further, it follows by
the Cauchy-Schwartz inequality for the Euclidean scalar product on R"*! that

12
1+Z|k| (n+1 ‘/2<1+Z|k2>
j=1

and hence that

(1+ k™ = (n+ 1) (1 + ) |k,~|> >+ > K
j=1

aeN",|a|<m

O
Lemma 12.1.2. (Sobolev inequalities) Let n € N*, k € {1,...,n} and m,m’ such
that m > n/2,m’ > (n/2) + 1. Further, let ¢y,. .., e, be the canonical basis of R".
Then

W2 (R™), %W (R") < Co (R", C)
and
HhHOO < Cnmlmhmm’ HaethOO < Cnm’thmm”

for all 2 € WZ(R") where || [|; denotes the Sobolev norm on W, (R") for every [ € N
and

Comt i= 2" 270) 2 |(1 + | )™/,
Comrz 1= 2" (2m) "2 [(1 + | [2)=" =D/,

Proof. For this, let Fy : LL(R") — C(R",C) and F, : LZ(R") — LZ(R") be the
continuous Fourier transformations defined by

(RN = [ e™r0)ay
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for all x € R” and determined by F,f := (21)~"2F,f for every f € Cr(R",C),
respectively. Since F>, W{(R") coincides with the the domain of the maximal multi-
plication operator in L2 (R"), by (14| |*)™? and m > n/2, it follows for h € W (R")

Foh = (14| P)™"2 (14| ))"? Fah € LL(R") A LE(R").
Hence
h=F;'Fsh = 2r) ™" [(F1F2h) o (~idz»)] € Co (R",C)

and

@m) "2 |Fahly = Qo)™ (14| )72 (1+ | )" F2hy
Qo)A+ [Pl (1 + | )" Fahla
Qo) P2 (L | )R] Y, (K Fah

aeN" |a|<m

=27 2x) "2 (L + [P [l

10

NN N

Further, since F; Wg/ (R™) coincides with the domain of the maximal multiplication
operator in L(R") by (1 + | [2)"/2, it follows for h € W' (R") that

Fyo%h=(1+|)~=D21 4| 2)"=D2F,0%n e LL(R") A LZ(R").
Hence

0%h = Fy'Fy 0%h = (2) "2 [(F1F2 0%h) o (~idg)] € Coo(R",C)

and
[0 hloo < (27) ™" | F2 0 Ay

= 2m) (L[ PR | ) YRE, 0%l
< o)A+ | )R (U4 | BV RR 0%,
= (2m) ([ P) TR flpr (1 | )V Fahl,
< o)+ [ P)TDR [(1 4 | PP Fahl
<27 o)+ | )R A

where pr, denotes the k-th coordinate projection of R". m

Corollary 12.1.3. Let n € N*, k € N, m € N such that m > (n/2) + k, @ € N" such
that |@| < k. Then
"W (R") < Cop (R",C)
and
[0 Flloo < Caim—son 1 lm
for all f € WZ(R").
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Proof. Since m > (n/2) + k, it follows by Lemma 12.1.2 that

and

W RY) < WI(RY) © WITHRY) < Cop (R, C)

HaafHOO < Cn(m—k)l H|aaf‘”m—k < Cn(m—k)lmem

for all f € WZ(R"). =

Theorem 12.1.4. Leta,b € C*(R?,C) and

@o(R) := [ al g0 o> @1 (R) := || |Val |5, (0) [0:Bo(R) := [B]s,(0) 0
B1(R) := [ [VD] |e(0) 0> @2(R) := max{|a,, | (o) loo : Lm € {1,2}},
B2(R) := max{||8,, |s,(0)llc : Lm € {1,2}}

for k € {0,1} and R € [0,0).? In addition, let X := LZ(R), Y := W2(R)(c
C'(R,C)), S := (Y = X,h > (—D** +1)h),R > 0,

Wi={heY:|h], <R}

where ||| ||, denotes the Sobolev norm for WA(R) and I = [c,d]. Here ¢,d € R are
such that ¢ < d.

®

(i)

(iii)

S is a densely-defined, linear self-adjoint and bijective operator in X. In partic-

ular,
V3
— Ml <1 < V3 2.

For every (1,h) € R x W2(R), by
Ao(t,h)k := —(a o h)D"*k

for every k € Wé(R), there is defined a closable linear operator Ag(z, 2) in X,
whose closure A(z, k) is quasi-accretive with bound

1
=5 @1(CilAll2) C: ]2 (12.1.1)

and is the infinitesimal generator of a strongly continuous group on X. Here
C1 = C121, C2 = C122 where C121, C122 are defined as in Lemma 12.1.2.
The family (A(z, u(t)))er is stable with stability constants

RCzal(RCl)/Z,l

foreveryu:1 — W.

2 Note that C = R2.
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(iv) Y < D(A(t,h)), A(t,h)|y € L(Y, X) for every (z,h) € I x W and
A:=(IxW->LYX),(t,h) —» A(t,h)|y) € C(I x W,L(Y,X)).
Moreover,
JAG )] < A, Al ) = At o) | < palley = oy
forallt € I, hy, h, € W where
= (2V/3/3) ao(RC)), ua := (2+/3/3) C2 1 (3RC).
(v) LetD:= WZ(R). Then
A(t,h)k = (A(t,h) + B(t,h,Sh))Sk (12.1.2)

foreveryte I,h e Wandk € D where B: I x W x X — L(X, X) is defined by

2
= — Y \(a, 0 h) [(h— 1)D"™*S 'k + 2h/D**S k|

~

Vh/h.,D'*S "k

lm

1
2
=1

+ 2 a
Lm

for all (t,h,h) € I x W x X and k € X. Further, B is strongly continuous and
such that

|B(t.h, Sh)|| < Ap. | B(t. 1. hy) — B(t.h. ha)| < ps |y — a2

for all (t,h) € I x W, hy, hy € X where
Ag = al(R)[l +4C2(2 + \6) ] + 2C2 (1’2( ) (4/3) \sz (Il(R)

(vi) Let (t,h) € I x W and T(t,h) : [0,00) — L(X,X), T(t,h) : [0,00) —
L(X, X) be the strongly continuous semigroups generated by A(z, 1) and A(t, h)
:= A(t,h) + B(t, h, Sh), respectively. Then

ST(t,h)(s) > T(t,h)(s)S
forall s > 0.
(vii) By
f(t,h) ;== (boh)h
for all (¢, h) € I x W, there is defined an element f € C(I x W, Y). In particular,
If @)y < g, [ f (6. ) = f(5h)l2 < pg [y = hal2
forall t € I and hy, h, € W where

As := V3R[3B0(RCy) + 2R B1(RC))(C + 3C3) + 4R*C2B2(RC)) ],
Hr Z=,30(RC1) + RC]ﬁ] (3RC1)
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(viii) By
2 2
gt hk) := Z b,oh)hk — Y (b, oh)hh
=1 l 1
2
— > (b, oh) hjhyh — 22 o h) h/h'
Lm=1

forall (¢,h,k) € I x W x X, there is defined an element g of C(I x W x X, X).

In particular,
Sf(t,h) =gt h,Sh)
forall (z,h) € I x W and
lg(t, b ki) — g(t, hk2) |2 < pellkr — ka2
forall (¢,h) € I x W and k;, k, € X where
< :ﬁo(RC]) + 2RC|ﬁ] (RC]).

(ix) Then for every compact subset K of W, there is T € (c, d] such that for every
h e K thereis u € C([c,T],W) n C'([¢, T], X) such that

W' () + At u(t))u(t) = f(tu(t))
=hIf
f(v(0))

for all t € (¢, T) where differentiation is with respect to X and u(c)
veC([e,T],W) n C'((c,T), X) is such that v/ (¢) + A(t, v(t))v(t) =
forallz e (¢,T) and v(c) = h, then v = u.

Proof. (i)’: For this, let the Fourier transformation F, : L%(R) — L(R) be defined
as in the proof of Lemma 12.1.2. Obviously, S is a densely-defined linear operator
in X. Note that F,W(R) coincides with the domain of the maximal multiplication

operator in LZ(R) by (1 + | |*)™? for every m € N. Let h € W2(R), then
|43 = lAl3 + 1(=D* + Dal3 < 3[4l + 2[D**A[3 < 3||A]l3
and

|3 = 1A]3 + |(=D* + D)Al3 = Al3 + HFz(—Dz* + Dhl3

w

= [l + I(id + 1)F2h]5 > |l + HidéthHg + lidz Fahl > 7 [lll2

N

and finally
Sl < Wl < V3 Il

Hence (D(S), | |s is complete and therefore S is closed. In addition, since
—D* +1=F; 0T, oF,,

S is self-adjoint and bijective.
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“(ii)’: For this, let (£, h) € Rx WA(R). Thenh € C'(R,C), ach € C'(R,C), (ach)’ =
(a’ o h) h'. Then it follows by Lemma 12.1.2 thata o h, (a o h)’ € B(R,C) and

la ke < ao(Cillhll2). [(@o ) o < ar(Cillk]l2) C A2
Hence it follows by Corollary 5.5.3 that by
Ao(t,h)k := —(a o h)D"™k

for every k € W (R) there is defined a closable linear operator Ag(7, i) in X whose
closure A(t, h) is quasi-accretive with bound given by (12.1.1) and is the infinitesimal
generator of a strongly continuous group on X.
‘(iii)’: The statement is a simple consequence of (ii) along with Lemma 8.6.4.
“(iv)’: First, D(A(1,h)) > WA(R) D Y and A(1,h)|y € L(Y, X) since the restriction
of D'* to Y defines an element of L(Y,X) and a o h € B(R,C) for all (t,h) € I x W.
Further, it follows for (#;, k), (t2, h2) € I x W and x € R that

ol (3) ~ o) = | max | (B 2) + Alha(a) — ()|

i (x) = ha(x)]
and hence because of

th + /l(hg — hl)“oo < Clmhl + /l(hz — h1)|H2 < 3RC,
for every A € [0, 1] that
|aoh(x) —aohy(x)| < a1(BRCy) | hy(x) — ha(x)].

Using this, it follows for every k € Y

I(A(t1, ) — A2, h2))k|2 < @1 (3RCy) [hy — ha||> | D K||oo
< Caai(3RCy) [y — hal|a [[[k[l2

and hence
HA(Z‘l,hl) — A(l‘g,hz)H <G 0’1(3RC1) th — I’lz”z <Gy a’1(3RC1) |H/’l1 — ]’lzmz

Further, since
Inlleo < CilAn |2 < RC,

it follows that
|A(t1, h)kl2 = (a0 ki)D" k|2 < ao(RC1) [D™k|2 < ao(RC1) |k
for every k € Y and hence

|A(t1, h1)| < ao(RCy).
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‘(v)’: First, it follows for (¢, h, 71) eI x W x X and k € X by using the boundedness
ofa,oh,a, oh, D'*S~'kand h’ that B(t, h,h)k € X. In particular,

2
|B(t,h, B)kla = | = Y (@, 0 h) [(r — 1)D™*S 'k + 21/ D**S ~'k]
=1
2
+ > (a,, o h)h/h,D"*S k[

I,m=1

2
a1(R) [D™*S koo ) Il + 4 e (R)CR [ DS 'k,
=1

+2 (@1(R) +2C; @2 (R)R?) [D'™*S k|

A\

2
< Car(R)||S™ k]2 Y. Iulla + [e1 (R)(1 + 8CaR)
=1

+2C5 a2 (R)R?] |k

< (2/3)V3Cai(R)[S ks D Iul2 + [ (R)(1 + 8CaR)
=1

+2C5 a2 (R)R?] |k|2

2
< (2/3) \/ECZ (071 (R) Z H}_Z]HZ + (R)(l + 8C2R) + 2C§ Q'Z(R)RZ Hk“g
I=1

Since B is obviously linear, it follows that B(z, h, h) € L(X, X) and since
IShl, < |Rls < V3R

that
|B(t,h,Sh)| < Ap

for every (¢, h) € I x W. Further, it follows

(@, o h) (7 — ) D'*S ~ k] 2

Ml\)

|B(t, h, h1)k — B(t, h, hy)k|, <
I

1
< ugllhr — ha|2|lk[2

for all (l‘,/’l) el xW, }_11,]712 € X. Let (I,h,}_l) el xWxX, (l‘],]’l],;l]), (2‘2,]’12,}_12),...
asequence in I x W x X which is convergent to (z, 1, h) and k € X. As a consequence
of

|hy = hlloo < Cillhy = A2, [y = 1l < Call Ay = Rl2,
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and the continuity of a,, a,, for all ,m € {1,2}, it follows that

slm

2
B(ty, hy. )k = = (a, o hy) [(hy — 1)D"™*S ~'k + 2h),D**S k]
=1

2
+ Z (axlm © hv)h‘ilh\ile*Silk

Lm=1

is a sequence in X which is everywhere pointwise convergent to B(t, h, h) and which
is majorized by the square summable function

2a1(R) [ (V6/3)Ca|k||2|lu| + (1 +2C3R*)|D'*S ~'k| + CoR|D**S ~'k|].

Hence it follows by an application of Lebesgue’s dominated convergence theorem
that
lim |B(t,,h,,h)k — B(t,h,h)k|> = 0

V— 00
and hence because of
|B(t,, hy, h,)k — B(t, h, h)k|, < | B(t,, hy, h,)k — B(t,, h,, h)k|>
+[|B(ty, by, )k — B(1, b, h)k|2 < pg|hy — A2 ]k|2
+|B(ty, hy, ﬁ)k — B(t,h, B)kHz

also that . )

lim ||B(t,, hy, by )k — B(t,h, h)k|, = 0

y—00
and finally the strong continuity of B. Further, letr € I, he W n W2(R) < C*(R,C)
and ke D = C3(R,C). Thena o h € C*(R,C) n BC(R,C) and

MN

(aoh) =) (a,oh)h/ € B(R,C),

N
Il
_

M.\)

(@aoh)" =Y(a,oh)h + Z o h) h/h! € B(R,C)

Lm=1

N
Il
—_

and hence
A(t,h)k = —(aoh)D¥k = (aoh) k' € Y n C*(R,C).

In particular,

/

2
— D*A(t,h)k = —[(aoh)k']" = — [ (@oh) k" + Y (a, o h) h k'
=1
2 2
—(@oh) k" = (a, o h)(h/' k" +21/K") = > (a,, o h)h/h,k’
=1

1""m
lm=1
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2
—A(t,h)D*k = Y (a, o h)[(—=D**h),; D"*k + 2h/ D**k]
=1
2
+ > (a,, o h)h/h),D"*k = —A(t,h)D**k + B(t,h, Sh)Sk

1""m
Im=1

and hence
SA(t,h)k = [A(t,h) + B(t,h, Sh)]|Sk.

Since R > 0 is otherwise arbitrary and W2(R) is dense in WZ(R), it follows,
by the continuity, strong continuity of A and B, respectively, the continuity of
S : (Y| |s) — X, the equivalence of the norms | ||s, || ||2 as well as the closed-
ness of S, also that

SA(t,h)k = [A(t,h) + B(t,h, Sh)]|Sk.

forall (t,h) e I x W, ke D.

“(vi)’: For this, let (¢,1) € I x W. Then SD = W2(R) is a core for A(t, 1) and hence
the statement follows from (12.1.2) by Theorem 6.2.2 (ii).

‘(vii)’: In a first step, we show that for 4 € Wé(R) it follows that

(boh)h e Wi(R) (12.1.3)
(note that (b o h)h € LZ(R)) and

2
D"*(boh)h = Hy := (boh)h Zb o h) hih (€ LA(R))
2 B 2

D*(boh)h=Hy:= Y (b, 0h)h(D**h);+ . (b, oh)h/hh
=1 Im=1

2
Z b, oh)h/h' + (boh)D*h (€ LA(R)). (12.1.4)
For this, let &, hy, ... be a sequence in Wé (R) = C*(R,C) such that
lim ||A, — A = 0.
v—00
Note that this implies that
lim |h, — ko = lim | —h'| =0
v—00 v—00

and the uniform boundedness of the sequences hy, hy, ..., h{,h;,.... Thenbo h, €
C?*(R,C) n BC(R,C) and

(boh,)h, € LE(R)

[(bom)h] = Z (b, © hy) hyh, € Lé(R)
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2
[(boh)h]" = > (b, hy h!s + Z J)h !

I1=1 lm=1

+ 22(17,1 o hy)h!h! + (b o h,)h! € LA(R) (12.1.5)

and hence (b o h,)h, € W2(R). We note that for any sequence g1, g2, - - - € BC(R, C)
which is uniformly bounded by some C > 0 and converging almost everywhere on
R pointwise to some g € BC(R, C) and any sequence ki, k2, - - - € L2(R) such that

lim |k, — k[, = 0
v—00

for some k € L2 (R), it follows that
lgvky — gkll2 < gv(ky — K)l2 + [ (g — &)kl < Cllky — k2 + [|(gv — &)k
and hence by an application of Lebesgue’s dominated convergence theorem that
lim | gk, — gkl = 0.
v—00
Hence it follows that
lin;O |boh,)h, —boh|, = 1irr01O [[(&ohy)h)" — Hil2
= lim [[(boh)hy]" = ol =0
and therefore (12.1.3) and (12.1.4). Hence it follows that f := (I x W — Y, (¢, h) —

(boh)h) is well-defined and by the previous arguments also that f € C(I x W,Y). In
particular, it follows for (z,h) € I x W that

|f(z.h)]2 < RBo(RC1)
ID™ f(t,h))[2 < R[Bo(RC1) + 2RC, B1 (RC1) |
ID* £(t,h) > < R[Bo(RC1) + 2RB1(RC1)(Cy + 2C2) + 4R*C3B>(RCY) |

and, finally,
If(.h)y <2

Further, it follows for t € I, hy, h, € W that
|b o hy)(x) — (bohi)(x)|* < B (BRCY) |ha(x) — b (x)?
for all x € R and hence

It h2) — f(t,h2) ]2 = [ (b o ha)hy — (b o h)hi[2 < [[(b o hy)(hy — hy)2
+[((bohy) = (boh))hi|2 < g |ha — bl
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‘(viii)’: The well-definedness of g as a map is obvious. Also the continuity of g
follows by an application of Lebesgue’s dominated convergence theorem by using
the remark after (12.1.5). Further, for (7, k) € I x W, it follows by (12.1.4) that

2 2
Sf(t.h) = (boh)Sh+Y.(b, o h)yh(Sh), — > (b, o h) hhy
=1 =1

2 2
— Y (b, o h)hihjh =2 (b, o h)h/h' = g(t.h,Sh).
Lm=1 =1

Finally, it follows for (z,h) € I x W and ki, k, € X that

lg(t, b, ki) = g(t, b, ko) |2 < [[(b o h)ky = (b o h)ks 2

2
+ (b, 0 h) hky — ko) |2 < prgllkr — koo
=1

‘(ix)’ Is a consequence of (i) - (viii) and Theorem 11.0.7. ]

12.2 Quasi-Linear Hermitian Hyperbolic Systems

In the following, we consider the solutions of the system

0 L 0
a—btt(t, X) + ; AV, x,u(t, x)) - a—;‘j(z, xX) = F(t,x,ut, x))
fort € R, x € R", CP-valued u, A', ..., A" assuming values in the set of Hermitian

p % p-matrices and CP-valued F where p € N*, - denotes matrix multiplication and
partial differentiation is to be interpreted component-wise.

Lemma 12.2.1. (Commutator estimates) Let n € N*,

"

(i) In addition, let m,m’,m"” € N such that m’ > m, m" > m and m’ + m" >

m + (n/2) Then for all f € W (R"), g € W2 (R")
fg e WZ(R")

and
H|fg|“m < Commm H|fH|m’ |Hg|Hm”

where

Cnmm’ m" -

= D/ (g Y2 /2 (1 | [2) ) 12

and || |[; denotes the Sobolev norm for WX (R") for every I € N.

3 The elements of C” are as usual considered as column vectors.
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(i) Letm e Nsuchthatm > n/2,q € N* ki,...,k, € Nsuchthatk,+---+k, < m.
Then there is C > 0 such that

11 gl 4oy < C Bl - g s,

for all by € W (R, ... hy € W2 N(RM).
(iii) Let m € N such that m > n/2, g € N\{0, 1}, ki, ...,k; € Nsuch that k; + - - - +
ky < m — 1. Then
fioo fy€ WAR™)
and
e fg) = fi) fou Syt + i fm1- 09,
for all f; € Wg_k’(R”), j€{l,...,q} where ey,...,e, denotes the canonical
basis of R".

(iv) Let m € N* such that m > (n/2) + 1 and a € C'(R",C) n BC(R", C) such that
aje ngl(R”) (c Cx(R",C)) forall je {l,...,n}. Then

I[Ta(=6+ 1" = (=a+ )" Ta] [(=2 + D" D27 f

. 1/2
< Dun | f]2 <Z Ia,jl,z,l_l)
j=1

for all f € WL(R") where

Dnm =m [Ci(m—l)l + 22(’”*1) m2n C2

]1/2
n(m—1)(m—1)(m—1) .

Here T, denotes the maximal multiplication operator in Lé (R™) corresponding
toa, (—a + 1)V := [(—=a + 1)"/?] for all I € N* and Cy(,,—1y1 € [0, 0) is
defined according to Lemma 12.1.2.

(v) Letm e N* such that m > (n/2) + 1, a € C"*!(R" x CP,C) such that

Ao | R (UR(0))7

is bounded for every @ € N"*2”_|a| < m + 1 and every R > 0 . Finally, let
a(-,0,...,0) = 0.
a) Inaddition, let ..., h, € WZ(R") (¢ C'(R",C)). Then

a(-,hi,...,hy,) € WH(R").
Hence according to (iv) the restriction of

[ Ta(yy) (A + D" = (—a+ "2 Ty, h)
[+ e
to WA (R") gives a densely-defined bounded linear operator in LZ (R") whose

unique extension to a bounded linear operator on Lé(R”) will be denoted by
bi(hi,... hy).
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b) The map
b= (WE(RM)? — LR, LE(RY)), (.., hy)
— by(h,....hp))

is continuous as well as bounded on bounded subsets of (W (R"))?.
(vi) Let m € N*, ¢ € C"*1(R",C) such that a,, is bounded for every @ € N", |a| <
m + 1. By the restriction of

[Ta(—a+ 1) = (=a + D)"?T, ] [(—a + 1)m= D/

to WL(R"), there is given a densely-defined bounded linear operator in L2 (R")
whose unique extension to a bounded linear operator on Lé (R™) will be denoted
by b2. In particular, there is C > 0 such that for all such a

152l <€ 3 laal

aeNm+1
Proof. ‘(i)’: For this, let Fy : LL(R") — C,(R",C) and F, : LZ(R") — LZ(R") be

the continuous Fourier transformations defined by

(FLf)(x) = j IV F(y) dy

n

for all x € R” and determined by F»f := (2x)™"/*F, f for every f € CL(R",C),
respectively. In addition, let f, g € C;°(R",C). Then

(14 [kP)"2(Faf) (k) = (27) ™" (1 + k)" (F1 f3) (k)
= )72 (L4 [kP)"2 (Fof = Fig) (k)

— (2n) " f (1+ KPY"2(F, ) (k — K)(Fig) (k) di

n

for all k € R”. Further, let k, k' € R". If
k= K| < K],
then
(1+ k)2 < [0+ (k= K+ K22 < (1 + 4lr )
<2"(1+ [KPY™2 = 2m(1+ [P 2 (1 + K2y mmm2
<21+ K'Y (1 + [k — K [P)m=r2,

If
k—K| > |K

s



12.2 Quasi-Linear Hermitian Hyperbolic Systems 249
then

(1 k)™ < [ (k= K]+ K2 < (1 + 4l = K"
< 2m(1 + |k _ k/‘Z)m/Z _ 2m(1 + |k _ k/|2)m’/2 (1 + ‘k _ k/|2)(m7m’)/2
< 2m(1 + |k . k/‘Z)m'/Z (1 + |k/|2)(mfm')/2-
Hence it follows for k € R” that
(1 + [k[?)" (Ffg) (k)

= (2ﬂ)’”/2f (1 + |k (Fyf) (k — K') (Frg)(K') dK'
k=K' |< k|

+ (27) 2 f

(1+ K22 (F1f) (k= k) (Fig) (k') dk'.
[k—k' | =|K'|

Further,

2

J|k K<k ‘(1 k= K'Y (E ) (k= K1+ (K22 (Fig) (K') di
—K <K

2
<27

ﬁk IO G Ol

2

(L [KP)" 2 (Frg) (K')] dk

<2 (U k= KPY PR (k= K| - (1 k= K==
Rﬂ

1" 2
(L P2 (F1g) (K') i

< (1 +] Iz)”"/z(Flf)IEJ (14 [k — K== (14 )72
RVI
(Fig)(K)* K

as well as

2

ﬁk k'|>|k"(1 t |k o k/‘z)ml/z(Flf)(k - kl)(l + |k/|2)(m_m/)/2 (Flg)(k/) dk/
<[ KPR )
|k—k'|= k|

, 2
(L K20 (Frg) (K') | dk!

<2 [ (04 e KPR K] (14 = K)o
]Rn

1" 2
(L WP 2 (F1g) (K) dik’
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< (1 +] Iz)”"/z(Flf)Hgf (L k= Ky = =m (1 g2y
Rn
(F1g) (k) dk.

Hence it follows by Fubini’s theorem that

I(L+ [ P2 (Fafe)l3 < 22r)" (1 +] )=+ =)

N+ | PY"PELG 1+ | PP (Fag) 3.
From this, we conclude by Lemma 12.1.1

2

178017 < 222 G 1y (PR - gl
and therefore, since C°(R", C) is dense in WL (R") for every [ € N, the statement of
the theorem.

‘(ii)’: The proof proceeds by induction over ¢ € N*. The statement is obviously true
for g = 1. Let g be some element of N* for which there is C > 0 such that

11 Pglmtio k) < C [ty - Mg s,

for all by € W28 (R"), ..., h, € W “(R"). In addition, let h; € W2~ 1(R"), ...,
hgr1 € Wg ~f+1 (R, Then by assumption

[z gt =) < C M2 fllm—ty - (gt llm—r, -
Further, we define

/
m

"
m-

=m—k; 2m—(k1—|—-~-+kq+1),
=m—(k2+~-~+kq+1)Zm—(k1+---+kq+|).
Then

m+m" =m—ki+m—(ky+-+kgp1)>n/2) +m— (ki + -+ kg1).
Hence it follows from (i) the existence of C’ > 0 such that

Ittty < € Wi llmts 12 e e est

< cc’ W’l |Hm—k1 |th+l H\m—ml-
‘(iil)’: For this, let j € {1,...,n}. By (ii), it follows that by

m— n m*kz/ n
(W2 R 5o x WETH(RY) —

m—1—(ky+-++k,)
Wc ]

(R"), (f1, - fq)
= 09(fi - fq))
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and

(Wg—kl (R”) X ngkq (Rn) N nglf(k1+~-.+kq)(Rn)’ (f17 o 7fq)

'—>(ag-fﬁ)fz...fq+"'+f|...f;,_1ag-’f;1

there are defined continuous multilinear maps whose restrictions to (Cy°(R",C))?

coincide. From this follows (iii) by the denseness of (Cg°(R",C))? in Wg_k‘ (R") x
x W (R,

‘(iv)’: For every complex-valued function g which is a.e. defined on R" and measur-

able, we denote by T, the corresponding maximal multiplication operator in Lé(R").

Note that according to the proof of Theorem 12.2.2 (i), (—a + 1)/? is a linear, self-

adjoint and bijective operator in LZ (R") with domain W, (R”) satisfying

Fr(—n + 1)1/2F;1 =T( pyryr-

Since m > n/2 + 1, W (R") is closed under pointwise multiplication of its elements
according to (i). In the first step, we assume in addition that a € Lé (R™) which
implies that a € W (R"). Hence it follows that W/ (R") is contained in the domain
of

Kam = [Ta(=0 + 1) — (—a + 1)"?T, | [(—=a + 1)~ D21,
In addition, since the restriction of 7,, to W (R") defines a continuous linear operator
on (WZ(R"), || [lm). it follows that the restriction of K, to W}(R") is a continuous
linear map from (WL(R"), || [I1) to L (R"). Further, it follows for f € F, C{°(R",C)
and almost all k € R" that
(FZKasz_]f)(k)
= (F2aF (I P4+ )2 = (| P+ 1)"2F2aF; (] P+ D7) (k)
= )" ((Faa) (| P+ 1)1

—(| P+ 1)"2(Faa) = (| P+ 1)(1—m>/zf> )
= Jn(zn)nﬂ(an)(k — )[4+ D)™ = (k> + D)™ (K> + 1)0-m72
f(K) dK'.
Since

|(k[> + 1)"2 = (K + )" <m [ m[ax]( k4 Ak —k)[> + 1)<m1>/2]
A€(0,1

)

k=K <m [( K2+ 1)m=D72 4 (K2 + 1)<m*1>/2] Ik — K
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where in the last estimate it has been used that ( [0,0) — R, x — (1 4 x?)("=1/2)
is increasing and that the polynomial ([0,1] — R, — [k + A(kK' — k)]*) assumes
its maximum at one of the endpoints of its domain,

|KanF5 ' £ < m (27" [T(| pyryonr (1F2Va] % T(| piyy-oenef ) + [Fa2Val = £,
a.e. on R"” where F,Va := (Faay,..., Faa,). Note that
|F2Val € D(T(| py1yon-r2)
and hence that
Fy'|FaVal, (Fy ' |FoVal) - Fy ' f, (Fy ' [FaVal ) - Fy T pggy-m-nef
e Wi '(R") = BC(R",C)

where it has been used that ! fiFy 1T( | 241)=(n=1)/2 f have bounded derivatives to
any order as a rapidly decreasing functions. As a consequence,

mF5[(Fy ' |FVal) - Fy ' f] = m (2n)"? |FyVal = f € D(T(| |21 1yo-0r),
mF>y[(Fy ' [FoVal) - Fy ' T pgry-o-n f]
= m (27)" |FVa|  T(| pyry-o-nef € D(T(| pyryomnr)

and therefore

lm ()" |F2Va = £

<m? | Fy [FaVa| 1% - |F1B < m2 C2yy, | F5 ' FaVal [y I11B

= Cr i IFI3 D 10°F,|FaVal |3

aeN",|a|<m—1

—m?

n
2 i B Y a1
j=1

where C,,—1y1 € [0,00) is defined according to Lemma 12.1.2. Further, it follows
by Lemma 12.1.1 along with (i) that

Hm (27r)"/2 T(| ‘2+1)(m—l)/2 ( |F2Va| * T(‘ ‘2+1)—(m—])/2f)H%

<22 2y 3 [ pr® |- ([FaVal # T pyry-oennf) I3

@eN" |a|<m—1

<222 N e e ([FaVal 5 T pgry-oenaf) I3

@eN", |a|<m—1
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= 22(m—1) mn+2 Z H&”(Zn)"/z Fz_l (‘F2V61| * T(‘ |2+l)7(n171)/2f) H%

aeN", || <m—1

_ 22(’"*1) m”+2 H(Zﬂ')n/z F;l ( |F2V(l‘ % T(| |2+1)7(m*1)/2f) ”i—l
= 200 2 | (Fy | FaVal ) - Fy T py-omne f I

< 22(»171) mn+2 Crzt 1|F2V(1| ”rznfl

(m—1)(m—1)(m—1) HFZ_
—1
NFT'T( prny-e-vnfls

< 22(m_]) m'+? C,zl(mq)(mq)(mq) “FJIT(\ \2+1)_(’”_])/2fH3n—1 Z ‘Ha,jmi—l
j=1

2(m—1 2 2 2
=20 ey 20 PTG e
aeN" || <m—1
n
3 a3
j=1

< 2D 2 2 R a2
j=1

where
n
@
j=1

for every a € R" and pr; denotes the coordinate projection of R" onto the j-th coor-
dinate, j € {1,...,n}. Hence we arrive at

; 1/2
| KanF5 " fll2 < Dam |F5 " £ (2 Ia,jlfn_1> :
j=1

Since C(R",C) is dense in (WL(R"), || [l1). the restriction of K, to WA(R")
is a continuous linear map from (WL(R"), | [[;) to LZ(R") and the inclusion of
(WE®R™), || I1) into LZ(R") is continuous, finally, it follows that

; 1/2
|Kamgl2 < Dum g2 - (Z IIa,jlfn_1>
j=1

for all g € W(é (R™). In the final step, we drop the additional assumption that a €
LZ(R") and define for v € N*

122
a, = hya, h, :=e '/,
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Since a is bounded and £, and all its partial derivatives are bounded as well as square
integrable, it follows that a, is satisfying the assumptions for a from the previous
step. In particular, for j € {1,...,n} and 8 € N" such that |[8| < m — 1,

Payj = (Phyj)a+ Z Z <’f/1> (ﬁ:) (P Vhy ;) O ay

k=1 vyel

S $ Bi B o
o AT (oh) P a
" %Z=:o %z:lo <7’1> <y >( ) a,j

n

where
Ie:={ye{0,....61} x - x{0,....8,\{(0,....,0)} :yy = =y_1=0
Ay # 0}
forke {1,...,n} and ey,...,e, is the canonical basis in R". Since for every y € N"

the corresponding 0”hy, 0", . .. converges in LZ(R") to the zero function if |y| # 0
and the constant function of value 1 if |y| = 0 and at the same time is a bounded
sequence in BC(R", C) converging everywhere pointwise on R” to the zero function
if |y| # 0 and the constant function of value 1 if |y| = 0, it follows by Lebesgue’s
dominated convergence theorem that

lim Hﬁﬁav,j — &Ba,sz =0
y—00

and hence that
V1Lr1010 llay,; — ajllm=1 = 0. (12.2.1)

In the following, we denote by I_(L,V the unique extension of K, to a bounded linear
operator on LZ(R"). Then

” (Ka,,m - Kavm)fHZ =
I[Ta,—a (=6 + 1) = (= + 1Ty o, 1 [(=2 + )" D27 1

" 1/2
2
< Dun | f]2 ( > Ml — av,jlml)
j=1

for all f € WL(R") and hence

”Ka#m - Kavm

. 1/2
‘ < Dnm <Z H'Clﬂ’j - a"’j|12n—l) .
j=1

Hence it follows by (12.2.1) that K, Kaym, - - - 18 a Cauchy sequence in L(Lé(R”),
LZ(R")) and hence convergent to some K, € L(LZ(R"), LZ(R")) satisfying

. 12
| Kam| < Dom (Z |a,j|12n—l> :
=
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Further, since a;, a,, . .. is a bounded sequence in BC(R", C) which is everywhere on
R” pointwise convergent to a, it follows for f € W(é (R") by Lebesgue’s dominated
convergence theorem that

lim [T, (2 + D)2 = To(—a+ 1) f] =0,
Tim |7, (—a+ D2 = To(—a+ )2, = 0
and therefore also the convergence of
(—a+ D)"2T, [(—a + DI f, (=8 + 1) T, [(—a + 1)UM2]f,
in L2 (R"). Since (—a + 1)"/? is closed, this implies that
T.[(—o + U2 f e D((—a + 1)"?)
and

lim ||(—a + 1)™2T, (—a + 1)0=m/2f

v—00

— (=2 + 1)"PT (s + )2 f] = 0
as well as

I[Ta(—2+ 1)"2 = (=2 + )T ] [(—a + )" D27 g,

; 1/2
< Dun || f1l2 (Z Ia,jlfm) :

J=1

“(v)’: For this, let hy, ..., h, € WE(R") (¢ (C'(R",C))”) and & € N" x {0}*” such
|a| < m.* Then

ao(- hi,... hy) € LA(RY). (12.2.2)
For the proof, we notice that a,(-, hi,...,h,) € C(R",C) and that hy,...,h, are
bounded according to Lemma 12.1.2. Hence it follows by the mean value theorem
that

lao(x, hi(x),..., Hy(x)) |2 =|aqe(x,hi(x),....hp(x)) —ae(x,0,...,0) |2
2

< | max | (Vaa) (% (x), ... Ay (1] |- | (i (x)...... By () ?

<C |y (x),... hy(x))?

for all x € R” and large enough C > 0. Hence it follows (12.2.2). Then it follows by
(iii) and induction over || that

(a(- h,... hy)) o
4 Note that C = R?. Also we identify R" x C? and R"*27.
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is a linear combination of
A (ay,0,0,..0) (5 Ls o hp) (12.2.3)
and, if |@| # 0, of terms of the form
ag(-h,... hp) (k) -+ (0%, (12.2.4)

where 8 € N"*27 is such that || < ||, g € N satisfying 1 < ¢ < |
{1,...,2p} satisfying |y, |,...,|y;,| = 1 as well as

,jl,...,jqe

a<ypl+-+ly,l<lel
and ry,...,ry € {1,2}. Hence it follows by (12.2.2) and (ii) that
(a(', hl’ . ’hp)),a/ € L((Zj(]Rn)

and therefore that
a(-, hi,...,hy) € WE(R").

Hence b, is well-defined. By help of Lemma 12.1.2, (ii) and Lebesgue’s dominated
convergence theorem, it follows that all derivatives (12.2.3), (12.2.4) define con-
tinuous maps from WZ(R") to LZ(R") which are bounded on bounded subsets of
((Wg(R™))? and therefore by (iv) also that b} is continuous as well as bounded on
bounded subsets of (W (R"))?.

‘(vi)’: The statement is obvious for even m and a simple consequence of Lemma
10.2.1 (vii) if m is odd. ]

Theorem 12.2.2. Letn, p € N*, m € N* such that m > (n/2) + 1, X := (L&(R"))?,
Y= (WZ(R"))” (< (C'(R",C))P),

Si=Y - Xu=(u,...,up) = (=8 + )" 2up,..., (=& + 1)"u,))

where (—a+1)"?2 := [ (—a+1)"2]™, J be a non-empty open interval of R, ¢,d € J
such that ¢ < d and I := [c,d]. Further, letA!,..., A" : J xR"x C? — M(p x p,C),
F : JxR"xCP — C be such that A’(t, x, u) is Hermitian for all (¢, x,u) € I x R" x C?
and j e {1,...,n} as well as such that’ for every j € {1,...,n},k,l€ {l,...,p} and
R>0 ‘
A/Jd(t’ . .), Fj(t, . ) c Cm+1 (Rn+l+2p’ C)

for every + € J and such that the restriction of A,{Ld, ftol x R" x (Ug(0))? is
bounded for every a € {0} x N"*27 satisfying |a| < m + 1. Also, for any such a,
Ai/,a’ F/ continuously is partially differentiable by time with a corresponding partial
derivative whose restriction to I x R” x (Ug(0))? is bounded. In particular, we define

w:je{l,...,nhkile{l,...,p}},

5 Note that C = R2. The index ‘0’ associated to time, i.e., the coordinate projection of
R x R" x (R?)” onto the first coordinate. Finally, R x R" x C” and R"+!+27 will be identified.

@0(R) = max {|| AL | 1xrex (ug(0))



12.2 Quasi-Linear Hermitian Hyperbolic Systems 257

@1 (R) := max {|| A7, |ixwx eyl s j € {L.....n} ke {1,....p},
me{0,...,n+2p}}.
In addition, let F be such that
(I - Y,t— (F'(t,-,0,...,0),...,FP(t,-,0,...,0))) € C(I,Y).
Finally, let R > 0 and

={he Y|y + .. hyl5 < R?}.

m

Then

(i) S is a densely-defined linear, self-adjoint and bijective operator in X. In
particular,

1/2 12
,n/2<2||uk||m) <y <[1+ (n+1 ”2<Z|uk|m) (12.2.5)

forallu = (uy,...,u,) € Y where || ||,, denotes the Sobolev norm for W (R").
(i) Foreverytel,he W,by

((Wé(R"))" — X,u > Zn:Aj(t, L h)ou

—(ZZ 6u;,.. ZZA 8/u1)>

there is defined a densely-defined linear and quasi-accretive operator in X with
bound

—np (1 +2pRC,) a1 (RC})/2 (12.2.6)

whose closure A(t, h) is the infinitesimal generator of a strongly continuous
group on X where C| := Cy1, Cy := Cpp and Cpyy, Cypyp are defined accord-
ing to Lemma 12.1.2.

(iii) The family (A(z, u(t)))ses is stable with stability constants

np (1 +2pRC,) @1 (RCy)/2,1

foreveryu:1 — W.
(iv) Y < D(A(t,h)), A(t,h)|y € L(Y, X) for every (z,h) € I x W and

A= (I x W — L(Y,X), (t,h) — A(t,h)|y) € C(I x W,L(Y,X)).
Moreover,
lA(t h)| < A JA(t ) — At )| < pallhy — oy
forallt € I, hy,h, € W where
A= p(n+142p) 2 nm+2/2 o (RC)),
pa i= p(n+1+2p) 20"+ (2C))"% a1 (3RC)).
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(v) LetD:= (WZH'(R"))P. Then
SA(t,h)k = (A(t,h) + B(t, h,Sh))Sk, 12.2.7)

foreveryte I,he Wand k € D where B: I x W x X — L(X, X) is defined by
n P /
A 1 v _ —1/24j
B(t,h,h)k : ]; ; Byt oyt oy ) (50 D)2,

n

P
1 1250
. ) ) (— 1 L
Z bAjl(fs',')—A;,(l,',O)( ) ( A+ ) 0 l)

j=1i=1 "

n r
2 N —1/21j
+<‘ 2B gy (A DT K
J

)4
ijjl(t,"o) (—A+ 1)1/2(3//q>

for all (t,h,h) € I x W x X and k € X. Here b', b* are defined according to
Lemma 12.2.1. Further, B is continuous and there is Ag = 0 such that

|B(1, 1, Sh)| < Ag, | B(t, 1, hy) — B(t, b, Ty = 0

for all (t,h) € I x W, hy,hy € X.

(vi) Let (t,h) € I x W and T(t,h) : [0,00) — L(X,X), T(t,h) : [0,00) —
L(X, X) be the strongly continuous semigroups generated by A(z, 1) and A(t, h)
:= A(t,h) + B(t, h, Sh), respectively. Then

ST(t,h)(s) > T(t,h)(s)S
for all s > 0.
(vii) By
f(t.h) == (F(t,-,h),...,FP(t,-, h))

for all (¢, h) € I x W, there is defined an element f € C(I x W, Y). In particular,
there are Ay, uy > 0 such that

£ )y < g, | f(the) — f(8h2) |2 < pgllhy — 2l

forallte Iand hy,hy, e W.
(viii) By
g(t,h k) := S f(t,h)
forall (¢,h,k) € I x W x X, there is defined an element g of C(I x W x X, X).
In particular,
lg(t,h, ki) — g(t.h, k2)[2 = 0

forall (t,h) € I x W and ky, k; € X.
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(ix) Then for every compact subset K of W, there is T € (¢, d] such that for every
he K thereis u € C([c, T], W) n C'([¢, T], X) such that

W' () + At u(t))u(t) = f(tu(t))

for all 7 € (¢, T) where differentiation is with respect to X, and u(c) = h. If
ve C([e,T],W) n C'((¢,T), X) is such that v/(1) + A(t, v(2))v(t) = f(t,v(1))
forallz e (¢,T)and v(c) = h, then v = u.

Proof. ‘(i)’: For this, let || ||¢ denote the Sobolev norm for WX(R") where k € N.
Further, let F, : LZ(R") — L%(R") be the unitary Fourier transformation deter-
mined by

(Fa)x) = @02 [ ™p0)dy

for all x € R” and for every f € Cj°(R",C). Finally, for every complex-valued func-
tion g which is a.e. defined on R" and measurable, we denote by T, the corresponding
maximal multiplication operator in LZ(R"). Then (—a + 1)"/? := [(—a + 1)/2]™
is a linear operator as composition of linear operators. Further,

Fz[(—A + l)l/z]sz_l = [T(| |z+1)1/2]m c T(‘ |24 1)m/2-

Further, for every f € D(T(| ‘2+1)m/2) and ke {1,...,m}

1
[(| P+ D)) = W (| P+ 1)"2fe AR

and hence f € D([T(| o41y12]™). Therefore,
[T paaye]™ = T() oy

and hence (—a + 1)"/? is self-adjoint and bijective with domain given by W (R™)
since F,W{!(R") coincides with the domain of T ;| |2)n2. As a consequence, S is
a densely-defined linear, self-adjoint and bijective operator in X. In the next step, it
will be proved that

1
— If k1 < (=2 + D2 £l < Vn+ 1[I fllisr (12.2.8)
NG

for all f € W5 (R") and k € N. For this, let k € N and f € WX (R"). Then by
(10.2.9), (10.2.3),

I=a+ D"l = X =2+ D)2

aeN" |a|<k

D I (G Rari i S I 1

aeN" |a|<k aeN",|a| <k

<n Y 2SI+ IAE < o+ DA

@eN" |a|<k j=1
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Further, it follows by (10.2.9), (10.2.4)
[(=a+ D)2 113 = 107115 + If1
and hence L
[(=a+ DZ2F = 1715+~ > 107F 1
J=1
for all f € WL (R") and hence for f € W5 (R")

I=a+ D27l = X0 I(=a+ D)2

aeN",|a| <k
1 - ;
> ) 1B+ X DSl
aeN" |a| <k @eEN" |a| <k j=1
1 2
= - .
> Lirig,,

Inequality (12.2.8) implies that
7"l < 1(=a+ D)™ fla < (a4 D)™ | £l (12.2.9)
for all f € WZ(R"). Hence it follows

P P
Jal2 = 3 (el + N=a + 12l ) < [0+ G+ 177 Y el
k=1 k=1

and
P

P
2 = 3 (el + U=+ 123 ) =0 3
k=1

k=1

forall u = (uy,...,u,) €Y.
‘(ii)’: For this, let t € I, h € W. By Theorem 10.2.2 (ii), it follows that by

P n

((vvw))p — X,u — (Z DAL )Y, Y A -,h)afu,>>

j=11=1 j=11=1

there is defined a densely-defined linear and quasi-accretive operator in X with bound

. » ' 1/2
_% D ( 3 |[A1,(t,-,h)],j|§o>

j=1 \ kI=1

whose closure A(z, h) is the infinitesimal generator of a strongly continuous group
on X. Further, it follows for every j € {1,...,n}, x € R"

I[AL (1, )] ()] = 1AL (8, x h(x)

+ DA gy (X 1(X)) By ()

r=1
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+ AL (62, 1(X)) i (1)
< (1 + 2pRC2) 03] (RCI)

‘(iii)’: The statement is a simple consequence of (ii) along with Lemma 8.6.4. ‘(iv)’:
First, D(A(t,h)) > WL(R") > Y and A(1,h)|y € L(Y,X) since the restrictions
of 0',...,0" to WZ(R") define elements of L(W(R"), L%(R")) and A;,(t,-,h) €
B(R",C) for j € {1,...,n}, k,l € {1,...,p} and (t,h) € I x W. Further, it follows
for (t,h), (f2,h) e I x Wand je {1,...,n}, k1€ {1,..., p} that

AL (01, %, 71 () — AL (12, %, 7o (x)))|

< | max, [ (VAL (1 + At — 1), % ki (x) + A(a(x) — 1 (%))

—~

1(t1 = 12,0, k1 (x) — ha(x))]

< | max | (VAL) (11 + Aty — 11), %, 1 (x) + Ao (x) — i (x)))]

1/2

p 2
A =02+ 30 he(x) = hy(x)?
k=1r=1

and hence, because of
[k + A(hok — hik)|loo < Cil|hik + Aok — hig)||m < 3RC)

for every A € [0, 1], that

AL (11, h1) — A (2, - 1) [ oo
12

P
< (I’l + 1+ 2p)1/2a1(3RC1) l(l‘] — t2)2 + 2C, Z mhlk — h2k|“%n
k=1

This implies that

P
JA(, hi)u = At ho)ul < (n+ 1+ 2p) pr* @F(3RC)) Y a5,
k=1

P
=) 20 ) [lhi— h2k|51]
k=1

for every u € Y and hence that
|A(11, b)) [y — A2, )y |

< p(n+1+2p) 220, (3RC)) - [0 = o] + 2Cn™) Py = ol
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Hence A is continuous and
[A(t, hy) — A(t, 1) || < palhy — By
forall t € I, hy, h, € W. Analogously, it follows that

lA(zB)| < Aa
foralltel,he W.
‘(v)’: For this, let t € I, h € W and k € D. Then it follows by Lemma 12.2.1 (v) that

thk—(ZZA n)o'k,... ZZA afk,>

j=1l=1 j=11=1

= (Z DALt ) = AL (5., 0)) %Ki, .
YIAL () — AL (2, ,0)]afk,>

(R S
J

ji=11=1 j=11=1
and hence that
SA(t,h)k — A(t,h)Sk
n p
= (Z > {(—A + 1)"2[A] (1, h) — Al (1,-,0)] — [A](t,-,h) — Al (1,-,0)]
j=11=1

(—a+ 1)'"/2} (—a+ DI=2(Zp + 1)71200 (—n + 1)k, ..,

=

3 {(—A + 1Y"PAD (1, ) — AL (2,-,0)] — [AL (¢, ) — A (1., 0)]
(—a + 1)'"/2} (=n 4+ D=2 (Cp 4 1)71200 (—a + 1)m/2k,>

n p
+ ( D {(=a+ 12401, 0) = Al (1, 0) (-5 + 1)}
J
(= 4+ D)2 a 4 1)7V200 (—n + 1)k, ..,

i {(=8+1)"240(1,-,0) = AL (1,-,0) (=5 + 1)2}

(= 4+ D)U=2(—a 4 1)71V200(—n + 1)"’/2k,>

— B(t,h,Sh)Sk.
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The remaining statements are obvious, see the proofs of Lemma 12.2.1 (v)b), (vi).
“(vi)’: For this, let (t,h) € I x W. Then SD = (WL(R"))” is a core for A(t, ) and
hence the statement follows from (12.2.7) by Theorem 6.2.2 (ii).

‘(vii)’: The statements are obvious, see the proofs of Lemma 12.2.1 (v)b).

‘(viii)’: The statements are obvious consequences of the definition of g and (vii).
‘(ix)’: Is a consequence of (i) - (viii) and Theorem 11.0.7. O
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Appendix

Lemma 13.0.3. (Peetre’s inequality) Let n € N*, s € R and k, k' € R”. Then
(14 k)72 < 26121 + [k — K P12 (1 4 |K2)¥2. (13.0.1)
Proof. If s = 0, it follows that
(L+ k)72 < [1+ (Jk—= K|+ K47 < [+ 20k — K + 21K ]2
< L2010+ k=K P)(1+ k)]
= 221 + [k — K|?)? (1 + [K)?)*.
If s < 0, it follows from the previous inequality by exchanging k and k’ that
(1K) < 2BV2 (14 = K2 (14 )2
and hence that
27BI2(1 4 k=K P) B2 (1 4 KPP < (1 + [k2)I2
and, finally, that

221 4 k= KPR (14 K P72 = (1 + (k).

Lemma 13.0.4. (Sobolev’s inequalities) Let n € N* p e Rsuchthat 1 < p <n
and m € N* such that n/m > p. Then

m n—1
|l n-mpy < [H %] 2

m' =1 aeN",|a|=m

of
0x“

(13.0.2)

P

forall f € C(R",C).
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Proof. Forthis, letn € N*, f € C}(R",C) and j € {1,...,n}. We define f; : R"~! —
R by

0
Filxn, s X, X1y ooy X)) = f |fi(x1, .o xn)| dx;
—0

for all (x1,...,Xj—1,Xj41,.... %) € R, Obviously, f; is continuous with a com-
pact support and

Xj
|f(x1,...,x,,)\ = ‘J ]fj(xl,...,xj_l,t,xj+1,xn)dt
—©

< ‘f‘.j(-xl,' .. sxjfly-ijr],.- .,x,,)

forall (x,...,x,) € R"and j € {1,...,n}. Hence it follows that
) O < TG xjn s x) ]
=1

for all (xq,...,x,) € R", which by integration and application of the generalized
Hoélder inequality for (n — 1)-factors leads to

J |f R P ¢ |n/(n l)dX1
< [fi(xa.cx,)] V0 1)_[ nfj (X1 e s X s X1 e X) ] dy

1/(n—1)
< [fi(x ... 1/(n I)H <J filxn, .o xj l,xﬁl,...,xn)dxl)

for all (xp,...,x,) € R". Note that only n — 1 of these factors in the last expression
depend on x,. Hence it follows by integration, Fubini’s theorem and application of
the generalized Holder inequality for (n — 1)—factors that

J | xts e x) |7 dixy dixy

1/(n—1) 1/(n—1)
(J-fl (x2,...,x dxz) (sz x1,x3,---,xn)dx1)
n 1/(n—1)
(j filxn, .o 1,xj+1,...,xn)dx1dx2>
3

for all (x3,...,x,) € R". Repeating these previous steps (n — 2)—times leads to

. 1(n—1) n =)
J LF1 =D gy < H ( fjdv”1> = (H f,j|l>
Rn o1 R =1

| & n/(n—1)
< <; > f,j|1>
i=1

Jj=
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and hence, finally, to
1

sy < = Z 17511 (13.03)
Now let pe Rsuchthatl < p < n,
—1 —1
g P el
n—p n—p

and f € C}(R",C). Note that | [" € C'(R?,R). Obviously, since | [" = (| |*)7% it
follows that | |r|R2\{(0’0)} eC! (Rz\{(O, 0)}, R) Further,

lim M— lim |(0’h)| lim |h|

r—1 __ 0
h—0h20  h ho0h20 B h—0h20 K [l '

Hence | |" is partially differentiable with continuous partial derivatives (| |")1,
(] "2 : R? — R given by

[t if (xy) # (0,0)

N (xy) = 4 Tl
(111(69) { 0 - 00
ooy |G if (x,y) # (0,0)

N y) = 4 T
(112(x) { 0 if (x,y) = (0.0).

for all (x,y) € R%. As a consequence, |f|" € C}(R",R) and by (13.0.3) and Holder’s
inequality

. 1
I lnpsn=py)” = 1A npnry < = Z (171751

== ZH A2 Re(f* )l < ZH A Al

S

r r— r r—1
< Z LA™ ooy 1£ilp = - (1S Nnpycn—) Z 1.1llp-
j=1 j=1

where we use the conventions that the arguments of || ||; are zero in all zeros of f,
and hence

pin—1)
Flupnmy < 225" 1£51- (13.0.4)
1 llnp/(n—p) pY ; 1l
For the final step, let p € R such that 1 < p < n and m € N* such that n/m > p.
e [p(n— 1)/ g
pn—1)/n|" "
1 np/(n—mp) < = (13.0.5)
p/( D) Hm'=1(" _ m/p) QENW’Z”l_m ox@ »

for every f € C°(R",C). The proof proceeds by finite induction over m. The case
m = 1 is a special case of the previously proved. Now let m € N* be such that
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n/m > p and such that (13.0.5) is true for every f € C°(R",C). Then, if n/(m+1) >

p, it follows for f € Cg°(R",C)

p(n—1) "
W= (m+ 0)p] ]; 1f:lnp/ (n—mp)

pln = /™ 5| 2
= m+1 j C
Hm’Jr:l (}’l - mlp) J=1aeN" |a|=m 0xJ 0x® P
_ oo =/t i
R N o |
Hm’-il(n - m/p) aeN" |a|=m+1 ox< P
We define p := np/(n — mp). Then
2
_ mp _ n n
p=p+ =zp=21lp= < =n.
n—mp Som o (m+1)—m

Ile 1CC .Il I(D“()WS )y (I:;.().:;), (I:;.().4)
HfH”P —p < ( —) z H H
/(n ) S ( ) = },] P

and therefore, since
pn—1)  imp=1  pn—1)
n(n—p) n(n_ i) n[n — (m+ 1)p]
n—mp
_ np
np _ n—mp _ np
p 2 p—(m+ 1)p’

n—p n— o

aerlf

it follows that
ox®

p

[p(n — 1)/n]"*!
”f||np/[n—(m+l)p] < m
H Al (n - m/p) aeN",|a|=m+1

m'=1
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Index of Notation

Ranf, range of amap f, 1

kerf, kernel of a linear map f, 1
ids The identity map on a set S, 1
N, Set of natural numbers, 1

R, Set of real numbers, 1

C, Set of complex numbers, 1

N* N\{0}, 1

R*, R\{0}, 1

C*,C\{0}, 1

strictly positive, 1

strictly negative, 1

el,...,e,, canonical basis of R", 1
M(n x n,K), n x nmatrices, 1
det A, determinant of a matrix A, 1
CH(M,K), 1

Ct(M,K), 1

CH(M,K), 1

L1

far 1

f'(x), derivative of f in x (matrix), 2
Vf, gradient of f, 2

', ordinary derivative, 2
BC(R",C),2

Cx(R",C),2

V", Lebesgue measure on R", 2

LY (M,p), weighted LP-space, 2

| 1p, LP-norm, 2

(| )5, L*-scalar product, 2

L?(M ), 3

| |loo, Infinity-norm, 3

L(X, Y), Bounded linear operators, 3

| lop.x,y, Operator norm, 3

Cc(U,Y),3

Lip(U,Y), 3

V¢, Spectral measure, 6

Al/2, Square root of A, 9

—A, Negative Laplace operator, 10
Jo, Bessel function of order 0, 11

Ji, Bessel function of order 1, 11

Ky, Macdonald function of order 0, 11
K, Macdonald function of order 1, 11
Ixxv, 13

< | >X><Y’ 13
D(A), Domain of A, 14

G(A), Graph of A, 14

A < B, Bis alinear extension of A, 14
B o A, Bis alinear extension of A, 14
A, Closure of A, 14

Ila, 15
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A*, Adjoint of A, 17

s—lim, Strong limit, 22
po(A),Resolvent set of A, 24

R4, Resolvent of A, 24

exp(A), Exponential of A, 36

4, Contradiction, 38

Wi (I), Sobolev space of order n, 78
Dk, k-th weak ordinary derivative, 78
0%, a-th weak partial derivative, 97
WL (R"), Sobolev space of order n, 98

(5,98
*, Convolution product, 98

w—lim, Weak limit, 108

Il lllx> Sobolev norm of order &, 133
C«(K,L(X,Y)), 138

PC.(I, L(X,Y)), 138

| |loo, Infinity norm, 138

A(I), 138

[UBV], 138

volt(U, B), 138

In(A), Natural logarithm of A, 181
F,, Fourier transformation, 199
K(n/2)~1, Macdonald function, 205
F 1, Fourier transformation, 236




Index of Terminology

Boundary condition
Engquist-Majda, 78, 127
Sommerfeld, 78, 124

Chains, 146
finitely generated, 148
juxtapositions, 147
Commutator estimates, 186, 199, 246
Commutator function, 9
Conventions, 1
Couette flow, 74

Difference method, 78

Equation
abstract evolution
linear, 171
quasilinear, 221
Burgers, 235
Dirac, 103
Klein-Gordon
in Minkowski space, 11
on the real line, 10
Maxwell’s equations, 132
wave, 8, 84

Evolution operator, 149
associated differential equations, 150
finitely generated, 151
for the linear evolution equation, 165
uniqueness, 150

Exponential function, 35

Group
strongly continuous, 63
associated differential equation, 63
infinitesimal generator, 63, 65

Inequalities
Elementary, 235
Peetre’s, 265
Sobolev, 236
Sobolev’s, 265
Infinitesimal generators, 42
bounded, 42
bounded perturbations, 61
characterization, 51
exponential formula, 155
fractional powers, 180
homogeneous IVP, 42
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inhomogeneous IVP, 66, 67 resolvent, 24
logarithm, 180 resolvent set, 24
maximality, 42 self-adjoint, 17
resolvent estimates, 42 maximality, 17
resolvent representation, 42 spectrum, 24
spectrum property, 42 symmetric, 17
uniqueness, 42 unbounded, 16
Integration
Bochner, 30 Nonexpansive homomorphisms
Pettis, 26 properties, 117
weak, 26 Numerics of PDEs, 78
existence, 26, 27
Fubini’s theorem, 30 Quantum system
properties, 27 conservation of probability, 7
substitution rule, 34 example, 7
Intertwining relation, 112 Hamilton operator, 6
equivalent conditions, 114 measurement, 5
sufficient conditions, 115 probabilities, 5

observables, 5
expectation value, 6
spectral measure, 6
spectrum, 5
quantization of a classical system, 5
representation space, 5
Schrodinger equation, 7

Kernels, 137
Convolution, 137
Volterra, 137

approximation, 145
distance, 143
Volterra equation, 137
Kreiss condition, 78

states, 5
Linear operators, 14 superposition principle, 6

1st resolvent formula, 24 time evolution
2nd resolvent formula, 24 unitary, 6
accretive, 54

characterization, 55 Regularity, 105

closability, 56
adjoint, 17 Scalar field
closable, 14 in black hole background, 178
closed, 14 in Minkowski space, 11
core, 14 on the real line, 10, 78, 123, 127
densely-defined, 14 Semigroup
essentially self-adjoint, 17 strongly continuous, 42
extension, 14 approximation, 54

weak vs strong, 100 associated differential equation, 42
graph, 14 contraction, 56
mollifiers, 98 infinitesimal generator, 42
non-closable, 16 integral representation, 59
quasi-accretive, 54 quasi-contraction, 56

closability, 56 uniformly continuous, 42



Spaces
admissible, 109
sufficient condition , 112
Banach
direct sum, 13
Hilbert
direct sum, 13
Sobolev, 98
Stable families of generators,
155
bounded perturbations, 162
criterion, 160
equivalent conditions, 158
Systems
Hermitian hyperbolic
linear autonomous, 103

Index of Terminology

linear non-autonomous, 199
quasi-linear, 246

Tangent functionals
normalized, 54
Theorem
Banach fixed point, 215
variation, 216
Closed graph, 14
application, 17
E. Noether, 113
Hellinger-Toeplitz, 17
Hille-Yosida-Phillips, 51
Inverse mapping, 14
Lumer-Phillips, 56
Mazur, 108
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